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THEOKY OF KQUATIONS. 



SECTION I. 
OK THE GENERAL PEOPEETIES OF EQUATIONS. 

DEFINITIONS AND PRINCIPLES. 

1. Evert equation under a rational form involving tlie 
powers of only one unknown quantity x, may, by dividing 
its two members by the coefficient of the highest power of x, 
and transposing the terms, be reduced to the form 

where ic", the highest power of x, is positive, and its coeffi- 
cient is unity; and p^, 2\i —Pn, the coefficients of the other 
powers of x, arc known quantities which may be positive, or 
',, or zero. 



Tlie equation is said to be of the number of dimensions, 
or of the degree, which is expressed by the index of the 
highest power of x which it involves ; and to be complete, 
when it contains all the other inferior powers of x, and a con- 
stant or absolute term ; otherwise, to be incomplete. 

Every quantity or expression, real or imaginary, which, 
when substituted for x m the expression x" +^,3;""' + ... +p„, 
makes the whole tanish, is called a root of the equation 

x"^ + p,x'~'- + p^""^ -i- ... +p„_jX+p^ = 0. 
To solve an equation is to find all its roots. 

Obs. To effect the general solution of equations, would 
be to find the expressions for all the roots of an equation of 
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any assigned degree in teims of its coefficients, tlie coefficients 
being general symbols. This has hitlierto been done only 
for equations of a degree not exceeding the 4'" ; and even for 
cubic eq^natione, it will be seen that the functions of the co- 
efficients which express the roots, are insufficient to give the 
numerical values of the roots when they ai'e all real ; hence 
we are led to suppose that if we could obtain general formulse 
for the roots of equations of the 5"' and superior degree, we 
should be unable to obtain from them the numerical values 
of the roots by the simple substitution of the numerical values 
of the coefficients. 

This supposition has been confinned by the successive 
investigations of Geometers, who have shewn that the general 
solution of an equation whose coefficients are indeterminate, 
and whose roots have no particulai relations to one another, 
is impossible beyond the fourth degree. It has also been 
shewn by Abel that, if two roots are so connected that one 
of them can be expressed rationally in terms of the other, 
the equation, if its degree be a prime number, is solvable by 
radicals ; and if a composite number, its solution depends on 
that of equations of inferior degrees. And more recently 
GalloJs has demonstrated that, in order that an irreducible 
equation, whose degree is a prime number, may be solvable 
by radicals, it is necessary and sufficient that, any two of its 
roots being given, the others can be obtained rationally from 
them. 

2, It has therefore become necessary to invent methods 
for obtaining, either exactly or appi-oximately, the roots of 
numerical equations; and which, although only applicable 
to such equations, depend for their demonstration upon cer- 
tain general properties of equations. The investigations con- 
stituting the Theory of Equations, which may in general be 
conducted by processes purely algebraical and elementary, 
besides affording a knowledge which wiU have its use in 
almost every branch of Analysis, will be found particularly 
serviceable as an exercise to the mathematical student; they 
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naturally distaibute themselrcs under these three heads, let 
those relating to the general theory of equations, that is, to 
the propei-tiea which are common to all equations ; 2ndly, to 
the solution of numerical equations, that is, to the determina- 
tion of Talues either exact or approximate of the roota of an 
equation whose coefficients are given numters ; and 3rdly, to 
the algebraical solution of equations, that is, to the determi- 
nation of an expression composed of the coefBcients of a given 
equation, which, substituted for the unknown quantify, shall 
identically satisfy the equation. These investigations it is 
the object of the following Treatise to exhibit ; not undei- the 
separate lieads above named, but intermixed in such a manner 
as shall seem most convenient to the leai'ner. 

3. If the signs of the terms of any equation be all posi- 
tive, it cannot have a positive root ; and if the signs of a com- 
plete equation be alternately positive and negative, it cannot 
have a negative root. 

For, in tlie former case, every positive quantity, substi- 
tuted for X, will give a positive result, instead of making the 
whole vanish, and therefore cannot be a root; and in the 
latter case, every negative quantity, substituted for x, will 
give a positive or negative result, according as the degree of 
the equation is even or odd, instead of making the whole 
vanish, and therefore cannot be a root. 

4. If a quantity a be a root of the equation 

a;" +^,ic''"' +^^3f~^ + ... +p„ =^ 0, 
the first member ia divisible hy x — a without a remainder, 
and conversely. 

Suppose the expression x"+p^x''''+J)^x''~^+ ...+^„, which 
we shall hereafter denote by. /(a), to be divided by a; — a ; 
now since x — aia only of one dimension with respect to x, 
the division may be carried on till we obtain a remainder in- 
dependent of a; ; let ^ be the quotient, in which only positive 
powers of x will enter, and B the remainder ; 

.■.f(x)-Q.{x-a)+B (1). 
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In this identical eq^uatlon write a for a;, then the first 
memher hecomes zero, because o is a root of /(ic) = ; also 
the term Q. {x — a) vanishes, since one of its factors vanishes 
and the other cannot hecome infinite ; therefore ^ = ; and 
since R does not contain x, it is not altered hy substituting 
a for X, and therefore zero is the value of ^ in ecLuation (1), 
whatever be the value of x ; that is, f{x) is exactly divisible 
hj x — a. 

Conversely, if the expression a!'' + ^,3;°'"'+ ... +^^ be 
divisible hy x — a witliont a remainder, a is a root of the 
equation 

ar" + ^j 3;"""' + jj^a;"^ + . . . +^„ = 0. 

For,_/(a!) = ^.(3! — a), where ^ is a polynomial containing 
only positive powers of a; ; if therefore x = a, f(a) = 0, or a is 
a root of the equation y(iB) = 0. 

5. Hence, since a is evidently a root of x"— a" = 0, 
a" — a" is divisible by x — a, whether n bo odd or even; 

and the quotient = ai""' + ax'^ + a^af + . . . + a''"^ 

Also, when n is even, a;" — (["is divisible by a; + a ; since in 
that case, — 0; is a root otaf — c^=0. 

When n is odd, — o; is a root of tc" + a" = ; therefore in 
thia case, a" + o" is divisible by a; + a, but not by a: - «. If n 
is even, a;" + a* is divisible hy neither x + a nor x — a, 

6. To find the quotient and remainder, when the ex- 
pi-esaion x^+^^x^''^ ... +^„ is divided hy x — a, a being any 
quantity. 

Let the division be carried on till the remainder is in- 
dependent of X, and let Q be the quotient and H the re- 
mainder ; 

.-. x''+p,3r'+p^''-^+...+^^=Q{x-a)+It (1), 

in which identical equation, since M does not contain x, and 
Q contains only positive powers of x, if we write a for x, 
wc get 

«"4??,«''""'+Pja"-^4-... +2'„ = Ii; 
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that is, the remainder, after dividing f[x) 'by x — a, ia equal 
to /(a), the value assumed hy /(x) when in it a is written 
for ST. 

Next, sulistituting this value of B in equation (l) and 
transposing, we have 

cc" - a" + j)j (a:""' - a""') +p^ (a;""' - a""^) + . . . 

+p^,{x-a) = Q{x-a); 

hut the quantities a;" — «", a;""' — a""'', . . . are all divisible hy 

x — a; therefore, effecting the division, we get (Art, 5) 

a;""' + <KC^° + a°a!'^+ ■■■ +a'^' 

4-^, (a^V aaf^ + «'iB'^+ ■■■ + a"-=) + ■■. +i'^i = (?; 

or, arranging the result according to powers of x, 

Q = re"-' + {a + j),) x'-^ + (a" +i',« +i>2) af-° + 

that is, in the quotient oi/{x) divided hy x — a, the coefficient 
of the first term rc'^^ is tmity; and the coefficients of the other 
terms are formed, one from the other, by multiplying the 
coefficient of the preceding tenn hy a, and adding the co- 
efficient of that term in f{x), which involves the same power 
of X as the preceding term docs. 

EXISTENCE OF EOOTS AND FACTORS. 

7. If two quantities a and h, when substituted for a; '^> ^^^■^''f^ 
in the expression /(a;), give results affected with different *>!■ 
signs, one root at least of the equationy(ic) =0 lies between « ^l 
them. 

Suppose a<b, and suppose a to give a positive result, and 
h a negative result, when substituted for x in the expression 
f{x). Let P be the sum of the positive, N the sum of the 
negative terms in f{x) ; then when x = a, P—N h positive 
ori'>iV, and wliencc^J, P— Wis negative or P<N; let 
X change by insensible degrees from a Xoh, then P and N 
both increase, but P inci'eases slower than N, since when 
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x = h, P<N; consequently, for 8ome intermediate value of 
X between a and h, P—N, or P—N=0, orf{x) becomes equal 
to zero ; this value therefore is a root of the eijuation. 

If the smaller quantity a gave a negative result, the proof 
would be precisely aimilai-. 

Also, since the first member of the equation may pass 
several times from positive to negative, or from negative to 
positive, by the substitution of gradually ascending values 
between a and 5, it follows that several roots of /(ic)=0 
may be comprised between a and b, and we are certain that 
one is. 

8. Hence, if there exist no real quantity which, sub- 
stituted for X, will make f{x) vanish, f(x) must be positive 
for every value of a;; for ify(a;) became negative for any 
value h, since by putting it under the form 



/(x) = x-(l 



and substituting co , that is a quantity indefinitely laige, for x, 
we necessarily obtain a positive result (co)" (the quantity 
■within the brackets being reduced to unity), the equation 
y(a;)=0 would have a real root, lying between h and co 
{Art. 7), which is conti-ary to the supposition. 

Also, if mf{x), we substitute -oo for x, we evidently 
get a result (— x)"; i.e. +00 , or — qo , according as n is 
even or odd. 

9. It is always possible to assign such a finite positive 
value to X, that for that and every greater value, /(a;) shall 
be positive ; and such a finite negative value, that for that and 
every greater negative value, f{x) shall be positive or negative, 
according as n is even or odd. 

Let p be the greatest coefficient without regard to signs; 
then if 

ir" — 1 
ic" >^ (a;"""^ + ic""" + ... +a;+l) >p—^ , 

we shall of course have 

x" > p,af~^ + pjx"'^ + ... +j?^iX+p^; 



Hosted by 



Googh 



because in the latter inequality some o£ the terms may be 
negative, and no positive term is greater than the correspond- 
ing term in the former case. Now the inequality 

a;" > « is aatiafied, if ai" = or > x" " . , 

■^ a! — 1 x — i 

or if a; = or >jo + 1 ; therefore p + 1, and every greater number, 
is a value of a; which makes the first terra of a^ + V-^'^ +• ■ ■ 
+i'ri greater than the sum of all the other terms; or makes 
the value oif{x) positive. 

Again, let ic = — y ; then, according as n is even or odd, 
a!"+jpjaf-'+ ... +j?,i^,a;+j:)„ becomes 

or -{f-py-'+... +/'„-i*/~p„). 

Now by what has already been proved, the value ^j + i, 
and eveiy gi-eater value for y, makes the former expression 
positive, and the latter negative ; but this value of y coiTe- 
sponds to — Q? 4- 1) for x, at the same time that the preceding 
functions of?/ correspond tof(x) ; therefore the value — {p+1), 
or any greater negative value for x, makes x^+p^x'-^+.-.+p^ 
positive or negative, according as n is even or odd. 

This pi-oposition shews what term in f{x) is the most im- 
portant, when very large values are given to x ; viz. the term 
which involves the highest power of x ; since a moderate value 
p + 1 for a; makes x" exceed the aggregate of the remaining 
terms oif{as), 

10. Every equation of an odd degree has at least one 
real finite root of a sign contrary to that of its last term ; and 
every equation of an even degree with its last term negative 
has at least two real finite roots of different signs. 

First, let the equation he of an odd degree with its last 
terra negative; then x = gives a negative result, andic=p-M 
gives a positive result [p being the greatest coefficient with- 
out regard to signs) ; therefore the equation has at least 
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one real positive root lietween and^ + ]. If the \sisi terra 
be positive, then x=0 gives a positive result, and x = — (j>+l) 
gives a negative result; therefore the equation has at least 
one real negative root between and — {p + 1). 

Secondly, let the equation be of an even degree ivith its 
last term negative; then x = gives a negative result, and 
each of the values, x—j> + l, x = — (^ + 1), gives a positive 
result ; therefore the equation has at least two real roots, one 
positive between and p-i-1, and the other negative between 
and-{^ + l). 

Obs. The mere existence of the roots may be proved, 
without reference to Art. 9, as follows. 

In an equation of an odd degree, if the last term be 
negative, x — gives a negative result, and ic = a> gives a 
positive result ; therefore, there is at least one real root be- 
tween and 00 , or one positive root. Similarly, if the last 
term be positive, x=0, x = -ca , gives results with different 
signs, and therefore include between them at least one real 
negative root. 

If the equation be of an even dcgi-ee with its last term 
negative, then x = gives a negative result, and x~ + cq, 
a positive result ; therefore the equation has at least two real 
roots of different signs, 

11. If an equation have only one change of signs, it can 
only have one positive root. 

Since the equation has only one change of signs, it will 
have one or more positive terms, and all the rest will be nega- 
tive; therefore (Art. 10) it will necessaiily have a positive 
root a ; let p,a^ be the last positive term, and let the equa- 
tion be divided by a;"^', and it will be 

rt' + py-+...+i.,-(|™+...+&,) = 0; 

then when x=a, the two parts become equal, but if ic> a, 
the first part increases and the second diminishes; and if 
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x<a (continuing positive), the fii'st pait diminishes and the 
second increases ; therefoie it is impossible that for any posi- 
tive value except x = a, the two parts should he equal, or that 
the ecLuation should have more than one positive root. 

12. Hence, we are certain of the existence of a real finite 
root in every equation unless it he of an even degree with its 
last term positive, in which case it may have no real root ; 
but tlien there may, and, as will hereafter he shewn, must 
exist an impossible expression of the form a + /3 V^^ (a and 
/? being possible quantities) which, substituted for cc ia.f{x), 
will make the whole vanish. We shall therefore, for the 
present, assume that every equation admits a root of the form 
a+y3V~l, a and being real finite quantities, or either 
of them being zero ; that is, we shall assume, not only that 
every equation ha^ a root expressible by algebraical symbols, 
but that a + ySV— 1 is the form which the root necessarily 
takes. 

13. Every equation has as many roots as it has dimen- 
sions, and no more. 

Since every equation has necessarily a root real or ima- 
ginary, let a^ be a root oi f(x) =0; ^enf{x) is divisible 
by a - «j ; let f, {x) be the quotient, 

f^ (x) denoting a polynomial of ra — 1 dimensions, exactly 
similar to f(x), and having therefore the same properties. 
Hence ^^ (ic) = must have a root real or imaginary; let 
this be a^, and let_^(a;), a polynomial of n — 2 dimensions, 
be the quotient oif^{x) divided by x — a^; 
.■.f,{x).{x-a:if,(x). 
milf(x) = {x-a,){x-a,)f,lx-). 

Similarly, f^{x) = {^ — a^ fs {^) '> ^'^'^ proceeding in this 
manner, we shall at last come to a quotient of only one 
dimension in x, {x~a„) f„{x), where /„(a!) is numerical, and 
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mnst ecLnal unitj-, tecatise the coefficient of x" m/(.«) is unity, 
80 that 

.f„(x) = (x- »„) /„ H = (x-a^,)(x-a.); 
therefore, by successive substitutions, we have 

/W - (»-<.J («-«,) {x-a.) ... (si-O {x-a.). 

Now in order that the product of n simple factors may 
vanish, it is sufficient that any one of the faetors should 
vanish; therefore we shall satisfy the equation/(3;) = 0, by 
giving to 3! any one of the n values Oj, a^, «j, ...«„. 

Neither can we satisfy it by any other values ; for, if 
possible, let e be a root oi f{x) =0, e being different from 
eaeh of the quantities a^, a^, ... a^; then f{e) or (e — %) 
(e — aj ... (e — «J mnst be ccLual to aero ; but this is im- 
possible since not one of the factors is so ; therefore e is not 
a root. Therefore every ei^nation of the n*'' degree has n roots, 
and no more ; and every polynomial of the «."' degi-ce is re- 
solvable into one determinate system of n simple factors. 

Obs. In the above proposition, the divisors are liot neces- 
sarily different from one another ; any number, or all, of them 
may be alike : and it is in this sense that an ecLuation is said 
to have as many roots as it has dimensions, namely, that its 
first member is resolvable into as many simple factors, equal 
or unequal, as it has dimensions, each of which equated to aero 
will furnish a root ; so that as many times as any factor x — a 
occurs in its first member, so many roots equal to a will the 
equation have. As the existence of equal roots in an equation 
can be easily detected, and the equation cleared of them, we 
shall in general suppose that to be the case ; in order to get 
rid of exceptions to which several of our conclusions would 
otherwise be liable. 

14. If a polynomial of the n^ order, 

f{xj =f^ +i'y' +_p^"'' + &C. -^--p-^.^ +i'„, 
be made identically equal to zero by more than n different 
values of x, then each eoeflicient j>o , ^, , &c. musi 
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equal to zero, Bnif{x) must be identically equal to zero for 
every value of x ; for, otherwise, the equation /(a;) = 0, would 
be satisfied by more than n different values of x, which is 



Hence, also, if we have, for more than n different values 
oix, 

since this equation may be written 

we must havejj,|=y„,j7i=j)'[, &c.,^„=j9'„; and the two poly- 
nomials will he identical for every value of x. 

15. Hence, if we know a root a of the equation/(a!) =0, 
we may divide the first member hy x — a, and the quotient 
put equal to zero, will be an equation, one dimension lower, 
containing the remaining roots ; or we may form the reduced 
equation immediately, without the trouble of division, hy the 
rule of Art. 6. Similarly, if wc know two roots a and b of 
f{x) = 0, by dividing its first member by [x ~a) (x — h), and 
putting the quotient equal to zero, we shall obta.in an equation, 
two dimensions lower, containing the remaining roots. And 
in general, if we know n — r roots of f{x) = 0, by dividing 
f{x) by the product of the simple factors corresponding to 
these roots, we may form the reduced equation of r dimensions, 
ij}(x) = 0, containing the i-emaining roots; and ify(a;) = 
has only w—r real roots, then all the roots of (a;) = are 
imaginary, and in this case ^ {x) is a polynomial of an even 
number of dimensions with its last term positive, and is 
incapable of being made negative by any real value of x, 
(Arts. 8 and 12). 

Hencealso, ifall thei"eal roots iTj, a^, ...a,^, of an equation 
of n dimensions have been obtained, the equation will be 

(x-a,) {x~a^l.., (x-a^,) ,^{x)=^0, 
where ij>{x) is such as has been dcsmbed. 
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16. Impossible roots enter equations by pairs, each pair 
corresponding to a real quadratic factor of the polynomial 
foi-ming the first memher. 

Leta + ^V — 1 represent one of the imaginaiy roots, 
and let it be substituted for x in the first member of the 
equation f(x) = 0. The result wUI consist of two parts, 
possible quantities which involve the powers of a and the 
even powers o£ ,SV — 1, and impossible quantities which 
involve the odd powers of ^V-I; let P be the sura of the 
possible quantities, and Q^ V— 1 that of the impossible quan- 
tities ; therefore the whole result is 
P+ Q^ V^, 
where P and Q contain only even powers of ^. 

Now since a + ^V — lisa root, 

P+ Q0 V^ = ; 

and as no part of P can be destroyed by Q^\'— 1, this 
resolves itself into P=Q, Q == 0. Now for x substitute 
a— ^V — 1, or change the sign of y3 in the former result; 
then since P and Q contain only even powers of y3, the 
result is 

P- (?/3V^, 
which, since P=0, Q=0, is equal to zero; therefore a— /3V— 1 
is a root oif(x) = 0. Therefore the proposed equation admits 
a pair of roots a + /3V— 1 anda — ^V— ^, which are said to 
be conjugate to one another ; and its firat member admits the 
two factors 

a;-a-/3V^l, x-a + ^^~l, 
and will therefore be divisible by their product which equals 

{x-a.y+0^ oix'-2ax + a^+^^. 
In the same manner it might be shewn that when the co- 
efficients are rational, surd-roots of the form a±-^h enter 
equations by pairs. 
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17. Hence the total nuralDer of impossible roots in any 
equation will always be even ; and every equation of an even 
degree may be resolved into real factoia of the second degree ; 
for every pair of impossible roots will produce a real CLuad- 
ratic factor; and the possible roots, since there is an even 
number of them, may also be divided into pairs, each of which 
will produce a real factor of the second degree. 

Also, since /(in), a polynomial of the «."" degree, always 
admits n divisors real or imaginary of the first degree, it will 

admit different divisors, real or imaginary, of the 
second degree; — — y L\ of ^^^ ^^^'^'^ degree; &c. ; 

and, in general, it will admit — '^ ■■ - - "- -■ of the 

y* degree, as each of these will be a combination of r out of 
the M simple factors. Also tbe total number of divisors of all 
degrees will be 2" — 1. 

18. To actually decompose the first member of a given 
equation f[x) =0, into its real, simple or quadratic factors, 
is the great problem to the solution of which all enquiries in 
this subject are directed ; but the inverse problem, to form 
the equation when the roots are given, offers no difficulty ; 
for, knowing the component factors of the polynomial forming 
its first member, we can determine that polynomial by the 
common process of multiplication. Thus, to form the equa- 
tion whose roots arc a, - Zt, c, c, « ± (S V- 1, we must mul- 
tiply together the factors 

x-a, x-\-i, {x-cf, x^-2ax + a^ + ^. 



RELATIONS BETWEEN THE COEFFICIENTS AND E00T3. 

19. To find the relations between the coefficients and 
roots of an equation. 

We must first ascertain the law of formation of the pro- 
ducts of any number of binomial factors cc + a, a;,+ i, x-\-c. 
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&c,, which have all the same first term x, but different second 
terms a, i, c, &c. 

By aetual multiplication we get 

{x + a) {x + h) {x + c) =x^ + {a + h + o) x^ 

+ {ah -^ac + ho)x + c^G 
{x + a){x + b}{x + c) {x + d)=x^+(a + b + o + d)x' 

+ {ah + a€ + ad + ic + bd+c<^x' 
+ {aba + abd + acd + bed) x + ahcd. 

In these products we observe that the index of x dimi- 
nishes hj unity in each term, from the first term where it is 
the same as the number of factors, to the last where it is zero ; 
also the coefficient of the first term is unity, that of the second 
is the sum of the second terms of the binomial factors, that of 
the third tei-m is the sum of the products of every two, that 
of the fourth term is the sum of the products of every three, 
and the last term is the product of all the second terms of the 
binomial factors. To prove these laws of the indices and co- ■ 
efficients generally true, we must shew that if they be true for 
n — 1 factors, they will be true for n factors. Let therefore 
the product of n — 1 factors 
{x + a){x + b)ix + o)... {x + h)^af''+8,x''-'+S,x''-'+... 

where 8^, 8^, &c. denote the sum, the sum of the products of 
every two, &c., of the m — 1 quantities a,h,c...k. Now in- 
troduce another factor x + l, and we find for result 
x''+{S^ + l)x'^+ {8,+ l8^)x''^+ ... 

+ iS, + l8,_,)x''-^+... + l8^,. 
With respect to the indices, the law is unchanged ; with 
respect to the coeificients, that of the first term is still unity ; 
that of the 2nd 

= S^ + l = sum of the n quantities a,h, c, ...I; 
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that of the 3rd 

= 8^ + IS, = aum of the products of every two ; 
that of the {r + !)"■ 

— S^ + IS,._^ = sura of the products of every r ; 
and the last term 

= IS^, = the pix)duct of the n CLUantities. 
If therefore the law of formation of the product be true for 
n — l factors, it is true for n ; bat it is verified for 2, 3, &c., 
factors, therefore it is generally true- 
Now let n, J, c, .../be the m roots of the ec|,uationy(a:) =0; 
then 

a;" +:PiX'^' + ..- +p^x"-'' + -.. +p^ 

= {x-a){x^h){x-6)...ix-l) 
= .»"+ S^x"-^ + S^x"-^ + ... + 8,x^''+ ... + S^, 
where 8^. 8^, &c. denote tJie sums of the varioua combina- 
tions (taken singly, two and two, &c.) of — «, — h, &c. ; that 
is, of the roots with their signs changed ; therefore, equating 



nr. coetficient of 2nd term with its proper sign = sum of the 
loots with their signs changed; 
coefficient of 3rd term with its proper sign = sum of the 

products of every two roots with their signs changed ; 
coefficient of the (r + 1)"" term with its proper sign = sum of 
the products of every r roots with their signs changed ; 
and the last term with its proper sign = the product of all the 
roots with their signs changed. 

Or, if wc choose, which is more convenient, to employ in 
the enunciation both the roots and the coefficients with their 
proper signs, we have 

—p, = sum of the roots, 

2>^ = sum of the products of every two, 
— j?j = sum of the products of every three ; 
and generally, 

(— l)''^, = sum of the products of every r roots. 
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20. These relations, which famish n donations between 
the roots and the coefficients, do not afford any immediate 
means of finding the roots ; and if we wished to employ 
them to find one of the roots by the elimination of the n — 1 
others, we should always arrive at an equation similar to the 



Let, for example, the equation he of the third degree, 

af+j'^x^+p^x+p^ — 0, roots a,h,c; 

.-. ^, = -(« + 6 + c), 

p^ = ah + ao ■\- he, 

to eliminate h and c between these three equations, multiply 
the first by o^ and the second by a, and add them to the 
third, and we find 

<*' +i'l"'' +i's« + ?'3 = 0. 

21. But although not leading to the determination of the 
roots, the above relations will enable U3 to discover many of 
their properties ; and they are to be regarded as constituting 
one of the fundamental propositions of the Theory of Equa- 
tions. At present we shall employ them to find the values 
of some of the more common symmetrical ftmctions of the 
roots ; that is, of functions in which each root is alike in- 
volved, so that tlieir values are unaltered when any two of 
the roots are interchanged. 

(1) To find the sum of the squares of the roots of 

-p^ = a + b + c+... + l; 
.: j>' = a' + b^ + <f+ ...+P + 2{ab + ao + bo+...) 
= sum of squares + 2p^ ; 

.'. sum of squares=P|^ — 2pj. 

(2) To find the sum of the reciprocals of the roots. 

{-Vj'^'ji^^bc ... 1+ ae ... l+ah...l+... 
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(3) To find the sum of ^ + - + -+- + .. . 
^ ' a c a 



'{a + b-t 



= (_,.,(_P^)_„,J 



22. Tlie following are examples of depressing an equa- 
tion when one or more of its roots arc known ; or of forming 
it when all its roots are known; also of resolving certain 
polynomials into their factors. 

(1) To find the roots of ir' - 1 = 0. 

One root is iC = l; dividing bya; — 1, we get the quad- 
ratic a^ + x + 1 = containing the other two roots, and which 
gives for theii- values 

-1 + V^ 



(2) To find the roots of ic" - 9a^ + a;' - 9 = 0. 

The first memter = a' (a^ - 9) + x^ - 9 = (a;' + 1) (a;^ - i 
= (a; + 1) («' - iK + T) {x + 3) (a: - 3) ; 
therefore the five values of x are 

(3) A root of 

a;' + a:*- 9a;' + 3a:^ ~ 83^^ + 8a;' - 3a;= + 9a;' - a; - 1 = 
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is unity ; it is required to foi-m tlie equation contiiiuing tlie 
remaining roots ; it is (Art, 6) 

a;* + (1 + 1) iK' + (2 - 9) ic" + (- 7 + 3) cb" + (- 4 - 8) a;^ 
+ (-12 + 8)a^+(-4-3)3;V(-7 + 9)a; + (2~l) = 0; 
or iC* + 2a!' - Ix" — ix^ — l^x* — ix^ — 'ix^+2x + l = 0. 

(4) To form the equation whose roots are 

4, -1, ^(-S+Vrgr). 
It is {x ~i){x + 1) (ic" + 3a: + 10) = ; 
or a^-3a!'-42ie-40 = 0. 
Similarly, tlie biqua^atic with real coefficients, one of 
whose roots is ^(V3 + V-l), is £c* — a^ + l = 0. 

(5) The equation of eight dimensions [in which tlic 
coefficients are dependent upon one another by particular 
relations) 

x^ + inx' + ^x'-ina^+l^O, 
may be solved as a quadratic; for it becomes successively 

(^ + i.)"+l»(^-i)=o, 

(af - iy+ in U' - ^) + in' - 4 (»= - 1), 
iC= _ = 2 V)7-'-l- 2n, X* - 20^ (Vm* - 1 - w) = 1 ; 

and by reason of the double values of the radical quantities 
involved, the eight roots are expressed by one formula 



X = "^Wn + 1 ~ V«) (V« - 1 + Vn). 



(6) The preceding is an instance of what must happen 
whenever the general solution of any equation can be effected, 
as stated in Art. 2, We shall next give an example of an 
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equation of the w"* degree, whei-e it is poasiblti to get a for- 
mula expressing the n voota and no other quantities, viz. the 
binomial equation 

a;" + 1 = 0. 
This is almost the only extensive class of equations that 
haa been solved by a general method ; and the discussion of 
the nature and properties of the roots is of great in1;erest 
and importance in the Theory of Equations. It is con- 
venient to consider the two cases a;"— 1 = and a;''+l = 
sepwately. 

(7) AU the roots of a;" - 1 = are impossible, except one 
when n is odd, and two when n is even. 

If we expel the factors x — \ or a;^ — 1 according as n is 
odd or even, the depressed equations arc 

a:""' + ic''^ + ...-F 3i-H=0, 
x"'^-\-x'"'+ ... -f-a^-f- 1 = 0; 
of which, the fonner cannot have a positive root, and it cannot 
have a negative root since the proposed cannot have a nega- 
tive root, n being odd; and the latter, since it contains only 
even powers of as, can neither have a positive nor a negative 
root; therefore the depressed equations have all their roots 
impossible. 

Since the proposed equation is the same as a)" = 1, the con- 
dition which it expresses ia, that the arithmetical or algebraical 
values of x are such, that, being raised to the m*" power, they 
produce unity. On this account the roots of a;" ~ I = are 
called the m"" roots of unity, 

(8) To solve the equation a;" — 1 = 0. 

Since the equation can only have the real roots 1 and — 1, 
we may assume x = cos 6 + V— 1 sin ^ ; for this value will 
coincide with the real roots when 9 is zei-o or a multiple of tt, 
and in ail other cases will be imaginaiy. Then De Moivre's 
fonniila gives 

x" = cos nO + \^— 1 sin nO ; 
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therefore all values of determined by the condition 

cos nO ± V— 1 sin m5 = 1, 
will give values of x which are roots of the proposed ; there- 
fore we rauat sepwately have 

3innd = 0, c03«fl = + ], 

and consequently nd must he an even multiple of tt, = 2X7r 

suppose, where X is any integer whatever. Hence all values 

of X comprised in the formula 

2X7r / — - . 2"X.7r ,,, 

ic = cos + V — 1 sin (1) 

axe roots of a;" — 1 = 0, or ai-e n*" roots of unity. 

Moreover, this expression has n different values and no 
more. 

For, taking X from zero to ^ (« - 1) or ^n according as n 
is odd or even, we find in the first case, one real value + 1 
when X = 0, and ^(n — l) pairs of imaginary values corre- 
sponding to values of X from 1 to J(m — 1), or n values on 
the whole ; and in the second case, we find one real value 4- 1 
when X = 0, one real value ~ 1 when X = ^n, and ^w — 1 
pairs of imaginary values corresponding to values of X from 1 
to^n — 1, orn values on the whole. 

And all these imaginary vahxes are different from one an- 
other, hecause the series of angles involved in them, 

25 47r Gtt {n-l)-7v (»-2)7r . 



are ail different from one another, and all less than tt. 

Also the formula (1) has no more than n values. 

For if we take X negative, the two values are not altered 
but only interchanged ; and if we take X = or > », the effect 
is to add a multiple of 2-n- to one of the angles (2) which alters 
neither the cosine nor sine ; and lastly, if we consider the 
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values of x corresponding to values of \ m and n — m equally 
distant from and n, we shall find tliera the same ; for, 
taking X = m — m, 

a- = cos - ' ^ ■■■ + V- 1 sm -^^ '— 



— •iirm r— : . — ^'mm £mnr _ , — i . im-jt 

= cOB — - — + V— 1 sm— — =co9 + V — 1 sm , 

n ~ n n n 

the same as when X.= m ; so that we can get no new values 
by taking X greater than ^n. 

Therefore the formula can never assume any other values 
than the n different ones resulting from taking X from to 
^(n— 1) or Jj[, according as n is odd or even; since therefore 
the formula 

2Xir 1—1 . '^Xtt 



eqtially expresses all the routs of a-" — 1 = 0, and no other 
quantities, it is the complete solution of that equation. 

(9) Hence we observe that for any value of X, except 
zero, or ^n when n is even, the two corresponding roots are 
conjugate, and one is the recipiocal of the other ; for 

/ 2?wr /— , . 2X7r\ / aXw 



I; V-1 s 



cos V-1 sm =1. 



= cos h V — 1 sm — , 

n \ n n J ' 



we observe the remarkable relation among the imaginary roots, 
that they are all powers of the first imaginary root correspond- 
ing to X = l, viz, c 
this by tx, the series of imaginaiy roots will be 
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■, since a" = 1, tlie lower line may be replaced hj 



therefore, since o;^ = — 1 when n is even, all the roots of 
ai" — 1 = arc contained in the scries 

1, a, 0°, ... a""^, a""'. 

(10) Wc next come to the ease of£c"4-l = 0, all whose 
roots arc imposaible, except one when n is odd. For if n bo 
even, it is manifest that every real quantity, positive or 
negative, when substituted for x gives a positive result, and 
therefore cannot be a root ; and when n is odd, expelling the 
factor a; + 1, the depressed equation is 

x--^ - x"'" + x"'^ - ... - X + 1 = 0, 
which cannot have a negative root (Art. 3), and it cannot 
have a positive root because the proposed cannot have a 
positive root, therefore all its roots ai'e imaginaiy. 

(11) To solve the equation x"' + l =0. 
As before, we may assume 

a; = cos ^ ± V- 1 ain 0, 
.•. x" = cos n0 ± V — 1 sin mfl ; 
hoocc all values of which satisfy the condition 

cosnf + V^ amne = -l, 
will give values of x which are roots of the proposed ; hence 
we must separately have emn0=^O, cos)i5 = — 1; therefore 
n0 must be an odd multiple of tt, = (2X + 1) tt suppose, where 
\ is any integer whatever. Hence all values of x comprised 
in the formula 
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are roots of a;" + 1 = 0, or are n^ roots of negative unity. 

Moreover, this formula will give for x, n different values 
and no more. 

For, taking X from to|(M-l) or ^n — l, according 
as n is odd or even, wc find, in the former case, ^{n — 1) 
pairs of iraaginaiy values corresponding to values of \ from 
to ^(« — 1)-1, and one real value -1 for \ = ^[n-l), 
or n values on the whole ; and, in the latter case, we find 
^n pairs of imaginary values corresponding to values of X 
fi.x)m to ^m— 1, or n values on the whole. And all these 
imaginary roots are different, because the angles involved 
in them 

I, ?E, 5?...(i^^„,(!i^Uz (3, 

n n n n n ^ ' 

3ie all different, and less than ir. And the above-mentioned 

n values are all which the formula can give for x. For if 

we take negative multiples of tt, the values of x are the 

same as if those multiples were positive ; and if we take 

X= or > M, the effect is to add a multiple of 2ir to one 

of the angles (3), which alters neither the cosine nor sine. 

If \ = n-l, 

(2n-})v ,— . (2n-l)w 
X = cos ^ '-- ± V-1 sin ^ ' 

= cos ■ — + V- i sin • = cos - + V^ sin - , 

the same as when X — 0; 
and if Ti. = m — 1 — m, 

(2m-2m-l)7r 



gj '- — + v~l t^m- — 
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the same as when \ = m; so that values of X, equally distant 
from and n— 1, give the same values of a;, and therefore we 
can get no new values ty taking X>^(m — I). 

Therefore the formula can never assume any other values 
than the n different ones resulting from taking \ from to 
|(w- 1) or ^n—l, according as m is odd or even; since there- 
fore the formula 

a! = cos-^^ '- — + V-1 sm-^ '— , 

equally expresses all the roots ofifi"+l=0, and no other 
quantities, it is tlie complete solution of that equation. 

(12) As in the former case, it may be shewn that if 

a denote the first imaginary root cos — + V— 1 sin — , all the 

imaginary roots may be represented by 

a, a', a', . , . a""° or a*^', 



«" = — !, and therefore a^ = 1, the lower line may be 



therefore, since a"= - 1 when n is odd, all the roots of 
aT + 1 = are contained in the series 



It may be observed that the case of a;" + l = (m odd), 
night have been reduced to that of ?/" - 1 = 0, by making 

We shall now give the resolution of a;" + 1 into its factors. 
(13) To resolve x" — 1 into its factors. 
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Put ^"-1 = 0; 
,". x"= 1 = cos 2A.7r + V— 1 sin 'iX7r, X, being any 



2A7r /^ . SXtt 



a pair of values (except when i~K — (i or any multiple of n, 
when there will be only one value) to whicli coiiesponds the 
quadratic factor 

af—2x C03 - — + 1 , 

where X begins from 1, 

First, let n be even, then + 1 and — 1 are roots, and a^ - 1 
a factor; and, by taking X from 1 to ^ji — 1, we obtain the 
other quadratic factors, 
.-. a:" - 1 = (»;= - 1) [a? - 2a! cos — + l) (a;' - Sis cos — + 1) . . . 



If we take X greater than ^m -- 1, or less than 1, the fac- 
tors recur. 

Secondly, let n be odd, then + 1 is a root, and a; - 1 a 
simple factor; and by taking \ from 1 to ^{n - 1), we obtain 
all the quadratic factors, 
.-. a:"-l=(a!-l)(a;'-2a;co3 — + t) {x^--'ixcoa~ + l)... 

...ia^-2iCCosf^— '^ + 1}. 

(14) To resolve a;"+ 1 into its factors. 

Let ic'+l = 0; 

.-. x"- — \ — cos (2X + 1) T ± V^ sin (2X + 1) ir, 

X being any integer ; 

(2X + l)7r , /— - . (2X + 1)77- 
.*. w: = cos -^ — ± V - 1 sm ^- — , 
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a pair of values {except when 2\ + 1 is any multiple of n, 
when there will be only one value) to which corresponds the 
quadratic factor 

■J-2x cos -^-' -■ + 1, 

where X begins from zero. 

First, let n bo even, then taking X li-om to ^ji — 1, we 
have all the quadratic factors, 

.*. 3!" + 1 = (x' - Sic COB - + 1 ) (3^ - 2a; cos — + 1) . . . 



H). 

Secondly, let n be odd, then — 1 is a root, and x + l & 
simple factor; and by taking X from to 4(ji-1} — 1, we 
find the ^ {n — 1) quadratic factors, 

.-. x"+i. = {x + l){x^-2xco&- + Vj (a;'-2^cos — + 1)... 

. . . {a:" — 2x cos -^^ '- — 1-lj. 

We shall next give the resolution into its factors of an- 
other remarkable expression, which includes the preceding 
as particular cases; and deduce from it several important 
results. 

(15) To resolve x'" — 2 cos dx" + I into its quadratic 
factors, 

Solving the equation 

af"~2cO3fe" + l=0, (1) 

we find 

x" = cos e + V^ sin = cos (SXtt + ^) ± V^ sin (SA-tt + 0), 
\ being any integer ; 

a formula which gives the 2h values of x, and no other quan- 
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tities. First, taking X from to w — 1, we obtain 2n different 
values ; for if two of them were alike, for instance when X =p, 
\ = 5', as two angles cannot have their sines and cosines 
identical unless they differ hy a multiple of 2'7r, it would be 



is impossible, since ^ and q are both leas than n. 

Again, suppose X — np+r, where p is any positive or 
negative integer, aind }• is a positive integer less than n, so 
that X falls beyond the limits and n-J, and may represent 
any number whatever ; then 



a ( 2jj7r - 



2j-7r + fl\ ,^ . ( 2J-77- 

— -[L_j + V- 1 sni [^-fm + ^ 

,— . 2j-7r + l? 
+ V- 1 s]n , 



the same as whenX=r, Hence the formula can never acquire 
any other values than the 2??. different ones which result from 
taking X ii-om to 7! — 1; it is therefore the complete solution 
of equation (I). 

To t!ie pair of values (2), corresponds the quadratic factor 

- „ 2\7r+^ , 



and by taking \ from to « - 1, we shall obtain the n quad- 
ratic factors required ; 

.-. 3f"-2cosfe" + l = (aT=-2a;cos- + l) x 
(^=_2a.cosH!L±^+I)(x=-2^eos^^^ + l)... 



...{^ 



- 2x cos ^ ^„ + 1 ;. 



Hosted by 



Q^OO^'<i 



0ns. When n is even, since 

cos = -co3 I -f 7rJ = -cos j-^ ■ -■' - k 

it appears that the factors coi-responding to X and toX+^n 
will only differ ' in the sign of the second term ; therefore, 
when we have obtained the first half of the factors by taking 
X from to ^re — 1, we may find the next half corresponding 
to values of X from ^nton~ 1, by changing the signs of the 
second terms of the former. 

(16) Also, since a;^— 2co3fe"+l remains unaltei-ed when 
we change the sign of 6, its quadratic factors may be arranged 
in pairs under the general form 



whei-e X is to be taken from to ^« or J (ra — 1) s 

n is even or odd ; it being observed that each of the values 

X = 0, X = ^n, gives only a single factor, and not a pair. 

(17) To resolve sin n8, cos n0, into tlieir factors, ti being 
any integer. 

We know that these can be expressed by polynomials 
containing only powers of sin $, and of which in certain cases 
cos 8 is also a factor ; our object is to determine the factors of 
those polynomials. 

First, suppose n odd ; then, both signs being taken, 
x^" - 2 cos ^ic" + l = {x^-1ix cos - + 1) X 

Hl)(. 



^ + 1]. 
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Now make x=l, and for - write 29, and for — , 2a ; and 
extract tlie square root of both sides ; 

.-. sin nO = 2"-' sin sin (2a + 0) sin {ia±0)... 
...sin{(M-l)a±^); 
and changing nd into T;+n0; that is, & into d + a, we get 

C03 ijfl = 2"-" sin (a + ^) 8in(a-^ sin(3a + fl) sin (3a-5) ... 

...iim{{n-2)a-e} ain(na + ^), 
or, since na,= ~, 

coa»i0 = 2''-'co3fl 8in{a+fl) Bin(3aifl) ... sini(w-2)a + flj. 
Now transform each pair of sines by the formula 
ein {^ + 9)x sin {0-0) = sin'' ^ - sin' 0, 
and we have the required resolutions of sin nff and cos n6 into 
their factors {n being odd), 

sin n0 = 2""' sin d (sin^ 2a - sin* 0) (sin* 4a — sin* 0) ... 

...[ain*(n-l)a-sin*fl) 
cos 51^ = 2""' COS 9 (sin^ a — sin" 0) (sin* 3a — sin' 6} ... 

...{3in*(?i-2)a-sin'e). 
Similarly, when n is even, we find 
sin n0 = 2"'' cos sin (sin* 2a - sin'' 9) (sin'' 4a - sin* ^) . . . 

... {sin*(ji-2) a-sin*^} 
cosji^=2"'' (sin* a — sin* ^) (sin* 3a — sin* ^) ... 
...[8:n*(n-l)a-sin*f!. 

(18) Hence we can resolve sin 9 and cos into their 
factor's. 

If we change 9 into - , we have, w being odd, 

sin ^ = 2''-"' sin -[sin^2a -sin*-] [ sin^ 4a - sin* - ] ...; 
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therefore, mating ^ = 0, since in that case 3 = w, we get 

siii- 

M = 2""' sin" 2a sin'' 4a... ; 



sm 4a/ 



Now make « = co , and observe that « = 
that 



The same values of sin 9 and cos $ may, of course, be 
obtained from the formula for sin nd and cos n0 when m is 

Patting ^ = - in tiie resolution of sin 0, we get 

7r_ 2.2.4.4.6.6 ... 2«.2w __ . 

■ ■ 2"" 1.3.3.5.6.7 ... {-in- I) {2n+l) '■'*~'^'' 
which is Wallis's formula. 

(19) If we develope these values of sin 8 and cos 9 
a^cordmg to ascending powers of 9, and compare the results 
with the common formula 



3 + -.-"'-'-ra + 
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we find 

1 i i I4. -!l! 



(20) By making a; = l in the result of example 15, we 
ay deduce two important formula : fii-st, we have 
27r + e\ 



ni-»..,=.(i-co.?).(.-».^r+^) 

2fl-cos —J ... 2{ 



^■^ + 0\ „/, 2(n-l)7r + ^ 
* " ' 1 — cos — ^^ ' 



therefore, replacing 1 - cos ^ hy 2 aiii^ - , &c,, extracting the 

sq^uare root of hoth sides, and changing into 2d, we get 

■ . „„., ■ & ■ ■^+^ ■ 27r + ^ . {n-l)7r + 

sm p = 2 Bin - sin ■ sin — ... sin -s ■— — ; 

n n 11 n 

and writing -^ + for 6, 

„ , , . -rr+id . 37r + 2^ . bw + id 
008 = 2" sm— rr — sm — - — - sm — -—... 
2 re 2n 2n 

. (2M-l)'n-+2^ 
... sm^ ^ . 

The formulfe which result from these by putting 9=0, are 
sometimes of use ; they are, since in that case 





sm 8 -?- sm - = «, 




2"- 


■'sm-sin- -■ sin—.., 


,»(»-"':, 


2"" 


'sm-r- am-— sin-— ., 


,.»i.,P'-"' 



■ 2w 2ji 2w" 
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(21) If in the expression ar* —l-rx cos ^ + »'^j we write 

f -— for X, and 1 — ;— for r, it becomes 
2m In 

(' + !;)'-<' -5?) ™* + ('- 4)'-<i +^-) 

-.(i-t.)co.*=4si4(i+i;.„„..|). 

1 just found is the 



general form of the quadratic factor of 

(i+i:r-K'-5)"<»"'+(i-£r' 

and thia quantity therefore, taking \ from to \n or 

. ., & . . „ 27r + fl 
= 4sm T— .4sm — - — ~ ... 
2m 2m 

Now make n = <» , observing that, in that case, 
M J- -^J = 6*' (e denoting the base of Napier's system of 

e 



logarithms), 2n tan 
have 



= 6, and thsit, by putting s = 0, we 



K-Dl' 



W±^') 



^ (47r + e 



where both signs aie to be taken. The particular cases of 
^=0, 6— IT, may be noticed. Several of the preceding results 
are useful in the higher branches of Mathematics, especially 
in the Integral Calculus. 
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SECTION II. 
ON THE TKANSFOEMATION OF EQUATIONS. 



23. In diecovermg the properties of f{x) = 0, and deter- 
mining ita roots, one method of great value ia to tranaform it 
into another cqiiation, [y) — 0, whoae roota have given rela- 
tions with its roots. "We thus, without knowing the roots of 
a proposed equation, make them undergo certain changes, 
such aa all to be increased or diminished "by a given quantity, 
or all to be multiplied or divided by the same number ; which 
render the determination of the roots easier, or tlie equation 
in its new form more convenient for solution. 

The problem of transforming an equation is, in its most 
general state, to eliminate x between the equations 

the latter being tlie equation which expresses the relation 
which the roots of the transformed ai-e required to have with 
those of the propoaed equation. 

At present, we shall confine ourselves to a few simple 
cases which are necessary In the actual solution of equations, 
reserving the others to the Section on Klimination. 

24. To transform an equation into one whose roota are 

those of the proposed equation, with contrary aigns. 

Let a,h,c, ... I, be the roots of the equation 

x''+j)^x"~'-+p^x'''^+ ... +^„ = 0; 

.-. x"+p^x''~'-+^^x'''^+ ...+p„ 

^{x-a){x-h){x-c)...{x~l). 



Hosted by 



Googh 



34 



In this identical equation change x into ~^; then, whether n 
be odd or even, the result is 

^iy + a]{y + h){y + c)...{^j + l), 
which shews that the first member, put equal to zero, is an 
equation injf, whoso roots aie —a, —h, -c, ... — I. Hence, 
if the signs of the alternate terms, beginning with the second, 
of any complete equation be changed, the signs of all the 
roots are changed. 

Before this theorem can be applied to incomplete equa- 
tions, the deficient terms must be replaced by cyphers. Thus 
the equation 

x* — (ix + r = 0, or x*-i-0:^ + Gx^ — qx + r = 0, 
is one whose roots differ from those o£ as' + ^.r + *■ = only in 
sign. 

25. To transform an equation into one whose roots are 
those of the proposed equation, each diminished or increased 
by the same given quantity- 
Let a, h, c, ... I, be the roots of the equation 
a^ +^,^'''' + ... +2?^,x +2>^ = ; 
.'. ^+p^x"" + ... +p«_iX +jj„ 
= {^-a){x-b){x-c)...{x~l). 
In this identical equation, change x into 3/ + A ; 

■■■ b+*)' +?,(» + '•)""'+ •■■+;>«&+*)+?. 
=fa-(«-i)!l»-(s-*)!-fa-('-*)l. 

which shews that the first member, put equal to zero, is an 
equation in i/, whose roots ai'6 a — h, h — h, ... l—h; or, ex- 
panding by the binomial theorem, and arranging it according 
to powers of i/, we have the transformed equation 



.'("-') 



+fJ 



p. 



+ ... 

+ P„.,h 
+P. 
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To increase, on tlie contrary, all the roots, we must change 
X into y — h, and therefore we nmst take the odd powere of h 
in the above ec^uation with a contrary sign. 

26. If we arrange the transformed equation 

(y + ^)" +Pi{^J+ ^T" +i>. (y + A)"-^ + . . . 

according to ascending powers of ?/, we shall see the law of 
formation of its coefficients more distinctly ; for we then, have 

+ [nir' + {n- l)i?,i^"'' +{n~ 2) j*,/*""^ + ... 



\-[n{n-l)...3.2} 



\n- 



where \n denotes 1.2.3 . . , i 

The iii-st coefficient is the original polynomial with h in- 
stead of X, and will therefore be represented by f{h) ; tiie 
second coefficient ia derived from the first by multiplying 
every term in f{h) by the index of that power of h which it 
involves and diminishing the index by unity, and may be 
represented hjf'{h) ; the third is found from the second, by 
repeating the same process upon f'{h), or performing it twice 
iipon/(^), and may therefore be represented by/" (A) ; and 
in like manner all the otliei" coeiEcients, being formed by the 
same uniform law, maybe represented by /'"(A), .../""'(A) ; 
therefore the transformed equation, arranged according to as- 
cending powers of i/, is 



+/"(*) j-J^H 
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27. Hence it followa that i£ in f[x) we change x into 
X + /t, the result, arranged according to powers of h, is 

/(;.+;,) =/(») +/H 4 +/"H ~+ ... 

/(a;), f"{x), ...f^lx) "being derived from /(a;) according to 
the law explained above; they are called derived functions 
relative to the given function /(a:), or derivatives oif{x), 

Obs. Those who are acquainted with the Differential 
Calculus, know that the ahove result can he immediately 
obtained from Taylor's theorem; and that /'(a;), fix), &,<:., 
are the first, second, &c., differential coefficients ofy(^), which 
all vanish after the m"", f{x) being here a rational integral 
function of the w* degree, 

28, Hence, to increase or diminish the roots of a pro- 
posed equation, f{x) =0, hy a given quantity h, we must 
write down f{x) and all the derived functions, fi^), f'{x), 
f"{x) .../"^(ic), and substitute in them —h or +A for x, 
according as the roots are to be increased or diminished ; 
the resulting quantities arc the coefficients of the transformed 



Ex. 1. To transform a^ + 5a;' + ic= ~ 16a;'' - 20ic -16 = 0, 
into one whose roots shall be the same, except that eacli is 
increased by unity. 

Here y = x-k-\, ot x = y — \; 
therefore the transformed equation is 

/(-i)+/(-i)y+/"(-i)|"+/'(-i)fj 
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f (ic) = 53!* + 20a;' + Bar" - 32» - 20 /' 

/"(ai) =20a;=4 60^' + 6a;-32 /" 

/'(a;) = S03r' + 120a; + G / 

/(ai) = 120ic + 120 / 



.l)=-9 
-1) = 
-1) = 2 

-1) = 0; 



... _9 + 2.|~54.| + /=0, 

or y° — 9 J/' + j^ — 9 — 0, 
the roots of wliicH were found {p. 17). 

Ex. 2. To increase, and diminisli, by 3, tlie roots of 
iC°-23^-a; + 2 = 0. 
The transfoi-med equations are 

/ - 1 1/ + 38)/ - 40 - 0, y + 7/ + 1^)/ + 8 = 0. 

29. One use of this transformation is to take away any 
tenn of an equation ; "by which means it is sometimes reduced 
to a form more convenient for solution, as in the former of tiie 
preceding Example. 

Thus, to transform/(.^) =0 into one which shall want tlie 
second term, we must have (Art. 25) nli +j?, = 0, or h = — — , 

and therefore X = )/- ^ ; i.e., the roots must lie inci-eaaed 

^y ! Pi heing tlic coeffirient (jf tlie second term with its 

proper sign, and n tlie degree of the equation. We may 
arrive at this result immediately, hy observing that if 
«, h, e,...l bo the roots of ai''+^,J3""^+ ... = 0, and a + A, 
l-\-h, ...l + k those of the transformed equation y' + qiy"'^ 
+ ... = 0, then — g, =a + 6 -i- •■■ l-\' nli — — p^-i- nh; and if 

this = 0, then A = " , the quantity by which tlie roots are to 

be increased. 
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To take away the third term, we must diminish the roots 
by a quantity h deteiinined from the ecLuation (Art. 25) 

and, in general, to take away the (r + 1)"* term, we must 
diminish the roots by a quantity h determined from the 
equation (Art. 26) 

/•-■(i) =0, or J'+%,i'- + ^lfc:iy,5'-+ ... =0. 

To take away the last term, we must have 

i. e., we must solve the original equation. In eiFeet, the trans- 
formed equation would have one root = 0, and therefore h = x, 
Obs, If all the roots off{x) = he real, it will be seen 
fmther on that all those of f^' (x) = «re so ; therefore the 
equation may be transformed in r different ways so as to want 
the {r + 1)"" term ; but if all the roots of /"^ (x) = be im- 
possible, in which case its dimension r must be even,f[x) =0 
cannot be transformed into another with real coefficients so as 
to want the {r + l)*^ term; and in the latter case, the proposed 
equation will have at least r imaginaiy roots. 

Ex. 1. To ti-ansform ^-63!^ 4- 4a! -7 = into one which 
shall want the second term. 

Here^,= -C, n = B; .-. x = y--^^y-A-2; 

.: (^ + 2)=-6(;/ + 2)' + 4(7/ + 3)-7 = 0, 
or 2,= - 8^/- 15 = 0. 
Ex. 2. To transform tc' + 5^ + Sa; — 1 = into two others 
which shall each want the third term. The transfonned 
equations are 

2/'_^«^5 = 0, ^' + /-~=0. 

30. To transform an equation into another, of which the 
roots are equal to those of the proposed, eaeh multiplied by 
the same given quantity. 
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In the identical equation 

= lx-a)lx-b)...{x-l), 
change x into ^ , and then multiply both sides by hi", 
.". y" + nvp^'iP'^ + ti^p^y'*'^ + . . . + tif^j^^^^y + »«"pn 

= (y— jwo) {y—i>A) ••• (y — wi^) ; 
therefore the roots of 

y + wipi j""" + wi'i's^"^ + . . . + "'""'^^1^ + ^i'pn ~ 0, 
are ma, rnh, tnc, ...ml; and it ia formed from the equation, 
suppoaed complete, whose roots are a, b, c, . . . I, by multiplying 
the coefficients, beginning with that of the second term, by 
m, m^, m', ... m". 

The use of this transformation is to get rid of the coeffi- 
cient of the first term ; or to make the fractional coeiEcients 
of an equation disappear, without affecting the first term with 
any coefficient except unity. 

Thus, 'dmx''+p^^^-i-p.^'''^+ ••• =0 have roots «, b, c, &c., 
then my" + mp^y^'^ + in^p^y"'^ + . . . = 
or y" +Piy^'^ + w^aj"~* + . . . = 
has roots Mia, mb, ma, &c., and is of the usual form. 

Also, \{ x" + -^ x"""^ + *^ x'^^ +-f^ x"'^ + ... =0 have roots 
?. % is 

a, 6, c, &c. ; and if m be the least common multiple of all the 
denominators j,, q^, %, &e., then 



has roots ma, mh, mc, &e., and all its coefficients are integers. 

Similarly, an eqviation may be transformed into another 
of which the roots are equal to those of the proposed, each 
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divided "by the same given c^uantity, by dividing the second, 
third, fourth terms, &c. (aapposing the equation complete) 
by 9M, 11^, m', &c. respectively. 

31. By taking m = tbe least common multiple of the 
denominator, we do not always get the transformed equation 
with coefficients the least possible. AH that is neceisaary is 
to determine m so that m, ir^, m' ... are divisible respectively 
by §j, q^, q^, ... ; and therefore that m, m", »*', &c, contain the 
prime factors of g',, Sa> ?ai •■■ raised at least to as high powers 
as they occur in the respective denominators. 

The transformed ec^uation ia 



and the factors which the successive terms require in m are 
3, 2', 3.2, which ia satisfied by Mi = 12; and the tranafonned 
equation becomes 

^' - 16/ - 54?/ + ] 20 = 0, where 7/ = 12x. 

11.x. i. ^"6^+12== 150^ 900""' 
The transformed equation is 
J/' - 25/ + 375/ - 1260y~ 11700 = 0, where )/- 30a;. 

32. To transfonn an equation into one whose roots are 
the reciprocals of the roots of the proposed equation. 

If in the identical equation 

x''+p^3r' + ...+p^_^x-h^„ = {x~a)lx~'b)...{x-l), 

we change x into - , we get 
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wbieli shews that if we write - for a;, and then multiply hy y , 

the resulting expression put = 0, has roots ~ , t , • ■ • 7 • 

33. This transformation fails if the trangfonneA equation 
be identical with the original one ; that is, if the coeflicients 
be sach that 

Hence p^ = ± 1 ; and according as we take the upper or 
lower sign, we have 

P«-^~Pi' i'"--a~Pai '^^•j 

that is, the coefficients of corresponding tenns taken from the 
beginning and end must he equal and of the same signs ; or, 
they must be equal and of contraiy signs ; only it must be 
observed that if the equation be of an even number of dimen- 
sions 2r, there will be a middle terra p^x', and we shall have 
P' —P'Pir I which, for p^ = — l, gives 

^P = ~^,., or J), = 0; 
so that when the equation is of an even degree and the cor- 
responding coefficients have contrary signs, there must be no 
middle term. 

6 
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It 13 easy to see that wlien these conditions arc satisfied, 

the equation remains the same when - is euhstituted for x ; 

but when the corresponding coefficienta have contrary signs 
it will be necessary, after the substitution, to change the 
signs of all the terms ; and the above investigation shews 
that these are the only conditions under which an equation 
can have the property. Equations of this sort, that is, which 

remain the same wlien x is changed into - , are called Reci- 
procal Equations. 

34. Every reciprocal equation will have its roots in 
pairs a, -, h, t, &c. ; hut when the degree is odd, there 

will, besides, he a root +1 or —1, according as the last 
term is negative or positive ; and when the degree is even 
with the last terra negative, there will be two roots + 1 
and - 1. 

For if a be a root of the proposed equation, - will he a 
root of the transformed equation ; but the transfoimed equa- 
tion coincides with the proposed, therefore - will he a root of 

the proposed equation ; and so on for every other root. Also, 
since 1 and — 1 are the same as their reciprocals, each of these 
may enter any even number of times. 

Again, we may ivrite the reciprocal equation of an odd 
degree, collecting the terms from the beginning and end, 

x" ± 1 + p,x {x"'' ±1) + ... =0 ; 
and since every term is divisible by a; ± 1, it will have a 
root +1 or — 1 according as its last term is negative or 
positive. 

Also, the reciprocal equation of an even degree with its 
last term negative may he written 

ic"-l +p^x{a^'^-l) + ... =0, 
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wliicli 
and — 



i divisible "by a;'' — 1 ; therefore it liaa two roots + 1 



In "both cases, when the factor x±l or a? — l is expelled, 
the equation is reduced to a reciprocal equation of an even 
degree with its last term positive, which may therefore be 
taken as the standard form of reciprocal equations. 

Ex. Reduce to a reciprocal equation of an even degree 
with its last term positive, each of the equations 






-1=0, 



f^^^ 



35. Various transformations may he effected by par- 
ticular artifices; we shall give one or two instances, of which 
the results will he useful to us in the sequel, and are. of im- 
portance in discovering the existence of impossible roots in 
equations. 

(1) To transform an equation into one whose roots are 
the squares of the roots of the proposed. 

If af+p^x'''^+p^'''^+p^''~^+ ... H-iVj^+i'ii 
= ix-~a){x-i)...{x-l), 
then x''-j?^x"-'-i-p^x'^~p^af^^+ ... ±p^^x T^j„ 

= {x-i-a){x + h) ... {x-]rl); (Art. 24) 
therefore, multiplying these, equations together, wc get 
(cc" ■Vp^""' +Pte'''^ -h- ...Y- (f lO;""' +i>3«''"' + .. O"^ 
= (a:' — a") i^—h") ... {x' — P) ', 
but the first member is 

a;'" + 2j)^=""' + {2p^ + p^) x^'* + . . . 
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therefore, replaeing ar" "by y, we have 

i/" + (2pj - p') f^ + (pa' - ^I>iP3 + 2p,) f'^ +... 

hence the transformed eijnation, whose roots are a', 6^ &c., is 
2/" + {2p. - p^) /"'+(?/- ap.Ps + 2p,) /"'+- = 0. 

Hence the proposed equation (since its roots are the square 
roots of those of the transformed equation) cannot have more 
real roots than the latter has positive roots. 

The transformed equation is 

af + 2x* + 333;' + 23a!^ + UQx - 225 = 0, 
which (Art. 11) has only one positive root; and therefoi"e the 
proposed h^ only one real root. 

(2) To transform the equation :^ + qx + r = (} into one 
whose roots arc the squares of the differences of its roots. 
Let the roote of a^ + §■* + »■ = he a, &, c ; 

.'. a^a + h + c, c[ = ah + ac + hc, — r = ahc, 
and a^ + F + <f = -2q, (Art. 21). 
Since one root of the transformed equation is 

[a~hy=a^+V' + <f—c' = -22-c + — , 

if we assume y = — 2q~x^-\- — , then when x assumes its 

three values, y hecomea equal to the three roots of the trans- 
formed equation ; therefore the required equation will result 
firom eliminating x between the proposed and 

x^+{i/ + 2q)x~2r = 0; 
suhtracting this from the proposed, we have 
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and if we substitute this value, and reduce, we obtain tlie 
tranaformed equation 



f+W+^s'y+m(^+Q 



Hence, if j + ^ is positive, tlie ti-anaformed has a real 

negative root {Art. 10), and therefore the proposed equation 
must have a pair of imaginary roots ; since it is only when 
two roots are imaginary and conjugate to one another, that 
the square of their difference can be negative. 

If - + i- = 0, then one value of y is zero ; and therefore 
the proposed has a pair of equal roots. 

If — -{- ^ is negative (and therefore 5 an essentially nega- 
tive quantity) the transformed equation cannot have a nega- 
tive root (Art. 3) ; and therefore the proposed has all its 
roots real. 

Ex. as" - 7a:^ + 7 = 0. 

The equation of differences is 

f - i2f + Uly -49 = 0, 
which cannot have a negative root (Art. 3) ; therefore the pro- 
posed has all its roots real. 
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SECTION III. 
■ON THE LIMITS OP THE EOOTS OF EQUATIONS. 



36. The limits of any group of roots of an equation are 
two quantities between which the whoie group lies ; thus 
+ CO and are limits of the positive roots of every ecLuation, 
and and — oo of the negative roots. But in practice we 
are required to assign much closer limits than these, usually 
the two consecutive whole numbers between which each root 
lies, so that the inferior limit is the integral part of the in- 
cluded root. This may be effected without knowing any of 
the roots of the equation, as will be seen in the following 
propositions. The roote spoken of in tliis section are the 
real roots. 

37. Quantities between which the real roots of an eqaa^ 
tion taken in order lie, when substituted successively for 
the unknown quantity, give results alternately positive and 
negative. 

Let the real roots, arranged in order of magnitude, be 
a, i, c, ... I, so that a is greater than b, h greater than c, 
&G. ; the negative roots, if there be any, coming at the end 
of the series, and that being the least whose numerical value 
{neglecting the sign) is the gi'eatest ; then if f{x) = be the 
equation, 

f(x) = (x-a){x-t)[x-c)...(x-T,.^(x). 

where ^ (ic) is a polynomial that remains positive whatever 
real values be substituted in it for tc, (Art, 15). Then if 
we substitute for x a quantity a greater than a, the result 
f{a) is positive because every one of its factors is so ; if we 



Hosted by 



Qoo^iz 



47 

substitute a quantity /3 between a and 5, the result /(j3) 
is negative because the first factor is negative and the rest 
positive. Again, a quantity between ly and c renders the 
whole positive, because the two first factors are negative and 
the rest positive. Thus, quantities between which the roots 
taken in order lie, when substituted for x, give results alter- 
nately positive and negative. 

38. Again, suppose that a, 6, c, ... ? are all the roots of 
/(a;) = 0, which lie between two numbers a and ^, of which 
a is the lesser, and that (ai) = is the equation containing 
the remaining roots ; then substituting a and (3 successively 
for X, jmd dividing one result by the other, we get 

/(.) (a-.)(a-i). ..(«-;) +W 
/(/3)-(^-a)(/3-S)...0-i)'*(ffl' 
Now all the factors in the numerator are negative, and all 
in the denominator positive; also 0(a), O), must have 
the same sign, since <^ (a;) = has no root between a and ^ ; 
therefore /(a), /(/3) have different, or the same signs, ac- 
cording as the number of factors a - «, a — 6, &c. is odd or 
even. 

Hence if two numbers, when substituted for x, give results 
with different signs, then one, tliree, or some odd number of 
roots lies between them ; if they give results with the same 
sign, then two, four, or some even number of roots lies be- 
tween them, or none at all. 

.B9. If a number a can be found such that a and every 
gi'cater number, when substituted for x, gives a finite positive 
result, then a is greater than the greatest root, and is called 
a superior limit of the roots ; for if there could be a root 
greater than a, then some nnmbei greater than a would give 
a negative result, which is contrary to the supposition. Simi- 
larly, if a number ,8 can be found such that jS and every 
smaller number, when substituted for x, gives a finite result 
with a permanent sign, that is, constantly positive or con- 



Hosted by 



Q^OO^'<i 



48 

stantly negative, according as the degree of tlic equation is 
even or odd, /3 is less tlian the least root, and is called an 
inferior limit of the roots. 

Obs. This supposes the greatest and least roots to occur 
singly; or, if repeated, to be repeated an odd number of 
times ; for if we had 

f{x) = {^-af{x-i)..., 
and a were between a and b, then a and every greater num- 
ber would give a positive result, without a being the superior 
limit. 

40. If as many quantities can be found, which, sub- 
stituted for X in f{x), give results alternately positive and 
negative, as the equation has dimensions, it is plain that the 
odd number of roots which lies between each adjacent two 
of the quantities, cannot exceed one. But as it ia seldom 
the case that so many can be found, the next point to be de- 
termined is, whether all the real roots that exist have been 
discovered; this enquiry will obviously be narrowed if we 
find the limits beyond which the quantities, successively sub- 
stituted for the purpose of separating the roots, need not ex- 
tend, that is, the superior and inferior limits of the positive 
and negative roots ; the principal methods of doing this are 
the following. 

SUPERIOR AND INFERIOK LIMITS OF THE ROOTS. 

41. All the roots of an equation lie between ^4-1 and 
— (p + 1), ^ being the greatest coeificient without regard to 
sign. 

For it TB proved {Art. 9) that p + l and every greater 
number, when substituted for x, gives a positive result, there- 
fore^ +1 is greater than the greatest root; also that —{p+\) 
and every greater negative number gives a result with a per- 
manent sign, that is, constantly positive or constantly nega- 
tive, according as the degree of the equation is even or odd, 
therefore —{p + l) is less than the least root. 
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42. The greatest negative coefficient increased Tjy unity, 
is a superior limit of the positiYe roots of an equation. 

Let —f be the greatest negative coefficient; then any 
value of X which makes 

ic" -p {as'^' + ai""^ + . . . + ^ + a; + ] ) positive, 

oric">^(ic"'' + a;""'+... -Va^ \ x \X)>f~-_^ , 

will, a fortiori, make 

x" -{- p^'"^ -'r p^x"'"' -\- ... +p^^x+p„ positive, 

or mahe/(a;) positive; beeause in the latt«r ease there will 
generally be fewer tei-ms to be taken away firom af; and of 
these, not one is greater tlian the corresponding term in tlie 
former case. 

Now the inequality x''>p — — — , is satisfied if 

a)" = or > x" —^-— , ot x — l = Qr > n, orai^or > « + 1. 

x~l "■ 

Since, therefore, p + l and every greater number, -when 
substituted for x, will make/{a;) positive, the numerical valtie 
of the greatest negative eoefficient increased by unity, is a 
superior limit of the positive roots. 

Obs. This result, as is easily seen, is included in that of 
the preceding article ; for if alt the coefficients were negative, 
the substitution of the greatest of them increased by unity, 
and of every greater quantity, would give a positive result ; 
therefore, ajbrttori, the result will be positive if some of the 
coefficients be positive; the limit however here determined 
will usually be less than that in the former article, and never 
' greater. 

43. In any equation, ifp,af'~' be the first negative term, 
and —p the greatest negative coefficient, 1 + V^; is a superior 
limit of the positive roots. 
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Any value of x which makes 

oi^^ip {??■-' A-x""-'-^ + ... +a;+ 1) ■>j) -^-j^- , 
wili of course make x"" + p,x'°'~' + ^^f'^ + ... positive. 

Now the inequality x" >p — , is satisfied if 

^ >p^^, or x'-'ix-l) >;p, or (a;-ir'(a!-l) =or >_p, 

or (a;— I)'' = or >^, or a^^or > 1 + Vp- 
Since, therefore, 1 -f- v5 ^"^ every gi-eater number gives 
a positive result, 1 + .Tp ia a superior limit. 

This method may he employed when the first term is 
followed hy one or more positive terms. 

Ex. x' + IXx^ - 25a; -61=0. 

Here r = 3, and a limit of the positive roots 

= 1+4/61 = 5. 

44. If each negative coefficient, taken positively, he 
divided by the sum of all the positive coefficients which 
precede it, the greatest of the fractions thus formed, increased 
by unity, is a superior limit of the positive roots. 

Let the equation be 

x" + ;P^x"'' + p^"~' + (—]>.j) ^""^ + ... 

... + {- 1?,) x"^ + ... + p,,^ ; 

then, since (Art. 5) 

jj„a^ = Pin (a^ — 1) (a!*""' + ic™^ + . . , + a! + 1) +p„, , 

if we transfoiTU every positive term by this formula, and 
leave the negative terms in their original form, we shall 
have 
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= {ic- 1) x"-' + {x-l) x'-'^ {x - ]) 3^"-'+ ... + a: - 1 + 1 
+p, (x- 1) 3:"-=+^, {x- 1) x''-^+ ... +2>, {x - 1) +j)^ 
+p^{x~l)x''-^+ ... +pA^--'^)+P^ 



Now if such a value be assigned to ,v that every term ia 
positive, that value will he the superior limit ret^uired ; in the 
terniB where no negative coefficient enters, it is sufficient to 
have a; > 1 ; in the other terms, each of which involves a 
"negative coefficient, we must have 

(l+^,+i',)(.r-l)>i'„ 
{l+:p,+p.+ ... +p,_,) {x-l) >p„&c., 



- + 1; x> 



If then X be taken equal to the greatest of these fractions 
increased by unity, this value, and every greater value, will 
make/(a;) positive, and therefore will he a superior limit of 
the positive roots. This method gives a limit easily calcu- 
lated, and generally not far from the truth. 

Ex. 1. 4^-8a!* + 23s^ + 1053;'-803;+3 = 0. 

ft 80 8 80 

The fractio™ «e j mi .^.a^j,,^ ' "'' I * liJF' 

therefore 3 is a superior limit. 

Ex. 2. 4a;'-Gai*-7a!'+8a!'+7a^-23,T=-22x- 5 = 0; 
here 3 is a superior limit. 

Obs. The form of the equation will often suggest artifices, 
hy means of which closer limits may he determined than by 
any of the preceding methods ; thus, writing the equation of 
Ex, 1 under the form 

431' {x-2) + 23a^ + 105a; (x-^ + S = (i, 
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we see tliatic = oi:> 2 gives a positive vesult, therefore 2 is 
a superior limit. Similarly, Tdj writing the example of 
Art. 43 under the form 

we see that 3 is a superior limit. 

We have aeen (Ait. 12) that an ccLuation of an even 
number of dimensions with its last term positive may have 
no real root ; hut we shall now shew that in any eq^uation 
whatever, if the ahsolute term he small compared with the 
other terms, there will he at least one real root also very 
small. 

45. In the equation 

P^"" +j>;ic""' + &c. + a: - ?■ = 0, 
where r is essentially positive, and which may represent any 
ecLtiation whatever, if r < j-r-- --; , where p is numerically the 
greatest coefficient, then there is a real positive root < 2r. 

By dividing hy the coefficient of a;, and changing the, 
signs of all the terms, and of all the roots if necessary, every 
equation may be reduced to the form 

where r is essentially positive ; let j> be numerically the 
greatest coefficient, then any value of a; < 1 which makes 

- >■ + a; > j. (.^^ 4 V + &c. + a^) > - ^^' l^rr"" ' ' 

will make the first member of (1) positive ; and this condition 
is fulfilled by 



■f^)a:'-(l + r)a!-f 



or 2 (t +]j) a; = (1 + )■) - V(l + rf - ir (1 +i>) ; 
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if then 4/(1+^) < 1, the radical will have a real value 

> r ; and tliere will be for x a real value less than --7- — -r- 
^ 2 (1 -Vf) 

which mstes the first memher of {1} positive ; and ic = 

makes it negative; therefore in any equation reduced to 

the ahove form, if r < — ; ; there is a real small positive 

4(1+?) 
root < 2)-. 

Ex. a;* + Igy:"— 21a;^ — 12a;+ 1 = has a real root he- 

tween and - . 

46. To find an inferior limit of the positive roots, we 
must transform the equation into one whose roots are the 
reciprocals of the roots of the proposed equation; and the 
reciprocal of the superior limit of the roots of the transformed 
equation, found by the preceding methods, will he tlie quan- 
tity required. 

Hence if f^ denote the greatest coefficient of a contrary 
sign to the last term^„, an inferior limit of the positive roots 

is ~i^ — . For the transformed equation will he (Art, 32) 

■' i-,. p. P« 

of which — is the greatest negative coefficient ; therefore 
i'.i 

■^ + 1 is a siiperior limit of its ix>ots ; and consequently 

— — — - an inferior limit of the positive roots of the proposed 

equation. 

Ex. a:' ~ 42a;' + 4413; - 49 = 0. 

Here »„ = 49, ». = 441, .-. — — -— , or -~ is an inferior 
'^ ^ 49 + 441 10 

, we may dis- 
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covev a limit closer to the roots ; for the transformed equa- 
tion is 

y'-V + jy-a-o. »i»'(y-9)+f(»-r2)-"' 

■which evidently has 9 for the superior limit of its positive 
roots, and therefore the proposed has - foi- the inferior limit 
of its positive roots. 

47. To find superior and inferior limits of the negative 
roots, we must transform the equation into one whose roots 
ai-e those of the former with contrary signs {Art. 24) ; and if 
a, /3, be limits, found as above, of the positive roots of this 
equation, then —a and —^ will be limits of the negative 
pots of the proposed equation. 

Ex. ic' - 7ic 4- 7 = ; 

putting x = ~y, we get y^ — 'ly—1 = 0, 
'of which 1 + V7 or 4 is a superior limit. 

Also, putting ^i = - , we get s^ + 2° — ^ = 0, 

or s" — ;r3 + 3° — KIT = 0, of which ^ is a superior limit ; 

therefore the negative root of the proposed lies between — 4, 
and -3. 



NEWTON'S METHOD OF TINDING LIMITS OF THE E00T3. 

The limits however, deduced by any of the preceding 
methods, seldom approach very near to the roots ; the tenta- 
tive method, depending upon the following proposition, will 
furnish us with limits which lie much nearer to them. 

48. Every number which, written for x, makes /(a:) and 
all its derived functions positive, is a superior limit of the 
positive roots. 
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For if we diminish the roots a, h, c, &c., otf{x) = by X, 
that is, (Art. 25) suhstitute y + A for x, the result is 
.f{?/ + ^) = 0, 

or/W+/(A)f+/'{;.)^+...+/"-'(A)|||^^+/ = 0. 

Now if we give such a value to h that all the coefficients 
of this equation are positive, then every value of y is nega- 
tive; that is, all the cLuantities a — h, h — k, a — h, &c,, are 
negative, and therefore k is greater than the greatest of the 
quantities a, i, c, &c,, or is a superior limit of the roots of the 
proposed equation. Similarly, h will be an inferior limit to 
all the roots, provided the transformed equation bo complete 
and its coefficients alternately positive and negative. 

Ex. To find a superior limit of the roots of 

3f-5x^ + 7x-l = 0. 
The transformed equation, putting y + h, for x, is 



in which, if 3 be put for h, all the coefficients are positive, 
therefore 3 is a superior limit of the positive roots. Also if - 
be put for k, the transfonned equation is complete and has its 
terms alternately positive and negative, therefore - is an in- 
ferior limit of the roots. 

OiiS. This method of finding a superior limit of the roots 
by determining by trial what value of x will make f{x) and 
all its derived functions positive, was proposed by Newton. 

WARING'S METHOD OF SEPAEATING THE ROOTS. 

49. If a series of quantities be substituted for x in f(x), 
then between every two which give results with diiferent 
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signs an odd number of roots of /(ic) = is aitaated ; and be- 
tween every two which give results with the same signs an 
even number is situated, or none at all ; btit we cannot assure 
ouraelves that in the former case the number does not exceed 
unity, or that In the latter it is zero, and that consequently 
the number and situation of all the real i-oots is ascertained, 
unless the difference between the quantities successively sub- 
stituted be less than the least difference betweeu the roots of 
the proposed equation ; since, if it were greater, it is evident 
that more than one root might be intercepted by two of the 
quantities giving results with different signs, and that two 
roots instead of none might be intercepted by two of the 
quantities giving results with the same sign; and in both 
cases, roots would pass undiscovered. We must therefore 
first find a limit less than the least difference of the roots ; 
this may be done by transforming (as we have already shewn 
for a cubic, and shall hereafter shew generally) the equation 
into one whose roots are the squares of the diffci-ences of the 
roots of the proposed equation. Then if we find a limit Ic 
less than the least positive root of the transformed equation, 
'/Ji will be less than the least difference of the roots of the 
proposed equation; and if we substitute successively for x 
the numbers s, a — -Jk, s — 2 4h, &c., (s being a superior 
limit of the roots of the proposed) till we come to a superior 
limit of the negative roots, we are sure that no two real roots, 
lying between the numbei^ substituted, have escaped us; 
and that every change of signs in the results of the substi- 
tutions indicates only one real root. Hence the number of 
real roots will be known (for it will exactly equal the number 
of changes), as well as the intci"val in which each of them is 
contained. 

Ob8, This method of determining the number and situa- 
tion of the real roots of an equation was first proposed by 
Waring; it is however of no practical use for equations of a 
degree exceeding the fourth, on account of the gi'cat labour of 
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forming for any equation of a higher order the situation whose 
roots are the squares of the differences of its roots. 

Ex. ic' — 7a; + 7 = 0. The numbers 1 and 2 give each a 
positive result, hut yet two roots lie between them. The equa- 
tion whose roots are the squares of the differences is (p. 45) 

an inferior limit of the positive roots of which is - (Art. 46) ; 
therefore ^ ia less than the least difference of the roots of 
a!^ - 7^ + 7 = 0, 

and substituting 2 , - , - , the results are + , — , + ; hence one 

value of X lies between 2 and - , and one between - and - ; 

and, similarly, we find the negative root, which necessarily 

exists, to lie between 3 and 3 - . 



50. The fii-st derived function f'{x) put equal to zero, 
gives an equation whose roots have remarkable relations with 
the roots of/(a!)=0; these relations we now pi-oceed to in- 
vestigate, aa well as to draw several important conclusions 
from them, beginning with the following proposition. 

51 . An odd number of the i-oota of the equation 

lies between each adjacent two of the roots off{x) =0. 

Let the real roots of/(3;) = 0, an^anged 
order of magnitude, be a,b,c,... I, in number n 

.■./W-{^-»)(^-4)(a=-c)...(x-i).,fH, 
where <j> {x) is a polynomial of r dimensions that cannot be- 
come negative for any real value of x. 
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In this identical et^uation. for x write y + h; 
•■■/(» + ') = (</ + *-»)& + *-*)(» + *-«)••• 
...(y + i-i). <)(» + »), 

or /{4)+/(S).f+/"(4)i^+ ■■■+»" 

= !>•"+... + ((i- J) (;.-c)... + (i-«)(S-<.) ... 

... + {;,-«) (i-4)... + ...lj + (4-«) (!-{)...(/.-!)] 

X (,(, (S) +f (J) .f + f (») o + - +»'! ' 
tlierefore, equating coefficients of y, which in the first member 
iaf'lh), and in the second memher is the sum of the products 
of the constant term in each factor hy the terra in the other 
factor involving only the first power of y, we get 
f{K) = [{h-b){k~c)...^{h-a){h-c)...+{h-a){^-i)--\--] 

x<i>{k) + {h-a)(h-h)...{k~l)4>'ih); 
the coefficient of (f> (h) heing the sum of a series of products, 
in forming which, each of the factors k — a, h~h, &e. is left 
out in turn. 

In this equation, if «, b, c, &c,, he written for h, since the 
last term of the second memher vanishes by these substitu- 
tions, and (p (h) is always positive, the results will have the 
same signs aa 

(.-})(«-»)..., g,-a)ll,~c)..., (c-o)(o-S)...,&c. 
which ai^e alternately positive and negative, since they respec- 
tively involve 0, 1, 2, ... negative factors; a, b, e, ... being 
ai-ranged in order of magnitude. 

Hence an odd number of roots of/' (A) = 0, or of 
f{x) =n3f'^+{n - 1)^1,3!""^+ ... = 0, 
(since it is of no importance by what symbol we represent 
the unknown quantity,) lies between a and 6, an odd number 
between b and c, and ao on ; that is, an odd number of the 
roots oif'{x] =0, lies between each adjacent two of the roots 
of/H=0. 
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52. If the equation /(ic) = has n real roots, then 

»»■-+(«- I)ft«-^+ ... -0, a fix) . 0, 
has w — 1 real roots, for one of its roots lies hetween each 
adjacent two of the roots of f{x) — ; and it is therefore in 
this case called the limiting equation of the proposed. 

53, The equation /"(a;) =0, or 
n{n-l)x''-^+ (w-l) {w-2)^jX"-'+ ... = 0, 

being derived from/' («) = in the same manner as this latter 
is derived from f{x) = 0, will have an odd number of roots 
lying between each adjacent two of the roots of f'{x) =0; 
and if all the roots of /(a;) = are real, all in 
f{x)=l), /»=0, &:., 
are real, till we arrive at a simple equation. And, in general, 
the equations 

/W = o, /■(«) = o,fc., 

have at least as many real roots wanting one, two, &c., as 

/W-o- 

Hence if f{x) = has n — r possible, and r impossible 
roots, Z" (a;) - will have at least n-r — m possible, and 
therefore (being oi n — m dimensions) cannot have more than 
*■ impossible roots ; which shews that though f{x) = may 
have fewer real roots than several of its derived equations, 
it has at least as many impossible roots as any one of them. 

Ex. The equation ic" (a; — 1)" = has all its roots real ; 
therefore/" (a;) = 0, or (Art. 26) since 

^-n.^^x + 1.2 . 2„(2«-l)^ ^''■'^' 

has n real roots, lying between and 1. 

54. If we know all the real roots of f'{x) = 0, and sub- 
stitute them, in order, in f{x), we may find how many real 
roots the proposed equation contains. 
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For let a, 0, 7, ... \ Tjc the roots <iif'{x) = 0, aiTanged in 
order of magnitude, and let 

OD , a, yS, 7, ... X, — cc 
te substituted for a; iu/(a!), giving results 

then ttere can only be one root greater tlian a, and one less 
tban X ; for if there could be more, f[x) = would have a 
root situated between them, that is, a root > a or <X, which 
is impossible, for ol, ^, 7, ...X are all the real roots oif\x) =0 
taken in order ; also the other roots are situated singly be- 
tween a and ^, ^ and 7, &c. Hence if/(a) be positive, there 
is no root greater than a ; for if there were two, these would 
include no root of /'(a;) = 0, which is impossible; if negative, 
there is one root gi-eater than a, and only one, for there cannot 
be three > a, for the same reason as before ; if /((3) have the 
same sign as/(a) there is no root between a and )3, otherwise 
there is one root, and so on : and if /(X) be positive for an 
eq^uation of odd dimensions, or negative for one of even dimen- 
sions, there will be one reot < X, otherwise none. 

It follows, therefore, that the number of real roots of 
f{x} = 0, will be exactly equal to the number of changes of 
sign in the results of the substitution ofoo , a, ^, 7, ...X, — w 
for X ; and can be exactly determined whenever wo can obtain 
a solution of /' (a;) = 0. 

Ex. 1. To determine whether a?~q^x-\-r = Ci has all its 
roots possible. 

The limiting equation is Za?~q = (i; 

but/(a;) = X (a;^ - 5) + r, and for both substitutions 



./wVi(-l)— ^(i)' 
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/(^)-v'i(-l)— (i)*- 



If then ('- J < (I) , /(a) is negative ; therefore there is 

one root > a ; also f{^) is positive, therefore there is one root 
between a and j3, and another less than /3. 

If (^j > (|j , f{a) is positive; therefore there is no root 

greater than a, nor one between a and ^, because f{^) is 
positive ; bnt there is one root < (S, that is, one negative root 
which is the only real root. 

If \^ be written for x, the result is + >■ ; hence when all 
the roots are real, the greatest lies between Vijr and */ 1 • 

These results were obtained by a different method (p. 45). 

Ex. 2. x" — nqx + (« - 1) »" = 0. 

,: f'{x)—nx''~^ — n^^a, which has one real root a and 
n — 2 imaginary ones, or two real roots a and and m — 3 
imaginary ones, according as n is even or odd (p. 19). 

In the former case, 

/(a) = ,-^({-»4)+(»-l)r=(»-l)(-5" + ,-), 
which is negative or positive, according as q''> or <*■""'; 
therefore the proposed equation, which has necessarily n — 2 
imaginary roots, will have two real roots or none, according as 
2"> or <»■""'. 
In the latter case, 
■ /(.) = («-!) (-j--^+r),/OT = {«-l) (,«+,), 
which have different or the same sign^ according as 

2" > or < r""' ; 
thei'efore the proposed ecLuation (which has necessai-ily n — S 
imaginary roots) will have three real roots, or one, according as 
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DES CARTES'8 EULE OF SIGNS, 

55. No equation, complete ov incomplete, can have more 
positive YOota than it has changes o£ signs from + to — and 
from — to + ; and no complete equation can have more 
negative roots than it has continuations of the same sign. 

Suppose the product of the factors corresponding to the 
imaginary and negative roots of an equation to be alseady 
formed ; then we shall obtain the first member of the equation 
by multiplying this product by the factors » — o, x — h, &c. 
corresponding to the positive roots ; and if we can shew that 
if any polynomial, whatever be the signs of its terms, be mul- 
tiplied by x~a, the resulting polynomial will present at 
least one more change of signs than the original, the pro- 
position will be established as far as regards the positive 
roots. Let the signs of any polynomial be 

+ - + + + - + 

and let it be multiplied by a factor x-a; then, writing down 
only the signs of the operation, we have 

+ - + + + - + 



and+- + ±- + T?+- + - 

for the signs of the result, the doubtful sign + being written 
where the addition of unlike signs in the partial products is 
to be performed. 

Upon comparing this result with the oi-iginal polynomial, 
we observe that 

(1) For every group of continuations there is a corre- 
sponding group of the same number of ambiguities. 

(2) The two signs, preceding and succeeding each group 
of ambiguities, are contrary. 

(3) There is a final sign superadded, contrary to that of 
the last term of the original polynomial. 
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Hence, in tlie most unfavourable case for changes, in 
whicli all the ambiguities become of the earae sign, "by (2) we 
may take the upper signs ; therefore the signs of the result, 
excepting the last, are the same as in the original polynomial, 
or no change of signs is lost ; and by (3) one more is intro- 
duced. Consequently, one change of signs at least is added, 
corresponding to each of the factors x — a, x-h, &c., and 
npne ever lost; and therefore no equation, complete or 
incomplete, can have more positive roots than it has changes 
of sign. 

To prove the second part of the proposition, change 
X into —y; then if the equation be complete, the continu- 
ations wiU be replaced by changes, and vice versa ; and by 
the preceding proof the transformed equation cannot have 
more positive routs than it has changes ; and therefore the 
proposed cannot have a greater number of negative roots than 
it has continuations of sign. 

Obs. This is Des Cartes\ rule of signs, and it is appli- 
cable, as we see, to discover a limit to the number of positive 
roots of every equation; but not to discover a limit to the 
number of negative roots, unless the equation be complete, or 
unless we supply the deficient powers of x, each of which we 
may consider as having + for its coefficient. But for the 
negative roots, the best practical way, is to write ~ y for x, 
and to find the limit to the number of positive roots of the 
transformed equation ; and the theorem might be enuntiated 
thus; The equation/(a!) =0 cannot have more positive rools 
than/(cc) has changes of sign, nor more negative roots than 
f{ — x) has changes of sign. 

56. When an equation is complete, since to each term 
reckoning from the second corresponds either a change or 
a continuation of signs, the sum of the numbers expressing 
the changes and continuations is exactly equal to the degi-ee 
of the equation. 
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Hence, when a complete equation baa all ita roots real, 
tlie numlier of changes ia exactly equal to the number of 
positive roots, and the number of continuations to the number 
of negative roots. For If m, r, be respectively the number 
of positive and negative roots, and m, r', the number of 
changes and continuations m+r = m' + /, each of these being 
equal to the degi'ee of the equation ; and as m cannot exceed 
Mi', nor r exceed r', the only way in which tliis equation can 
exist is m = m', r = r'. 

57. In incomplete equations, the above theorem will often 
enable us to detect the presence of imaginaiy roots. 

Ex. I. a^ + gx-\-r = Q. This equation has visibly (sup- 
posing q and r essentially positive) no positive root, and one 
negative root (Art. 10) ; if we complete it, it becomes 

and taking the lower sign there is only one continuation of 
signs, and consequently only one negative root, which is 
therefore the only real root of the equation. 

Ex. 2. cc"— 2a^+ 1 = 0. A limit of the number of positive 
roots is 2 ; and writing ~ y for x, we get y* + 2?/' — 1 = 0, 
a limit of the number of positive roots of which is 1, or tlie 
number of negative values of x cannot exceed 1 ; therefore 
the equation has at least two imaginary roots; 

Ex. 3. a;'H5a^-3M;' + 4a;' + 10a^-4a!'--8a:'+5 = liaa 
at least four imaginary roots. 

58. Every equation, which, otlienvisc complete, wants t 
consecutive terms, has at least t impossible roots, 11' ( be even; 
and if ( be odd, it has at least (+1, or (- 1 impossible roots, 
according as the deficient group is between two terms of die 
same, or of contrary, signs. 

Let the equation be 

whei'e P and Q have the same sign ; tlien writing that sign 
before all the intermediate evanescent terms, let a = number 
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of changes and n — s = nuinlDcr of continuations presented by 
the equation, which are limits, respectively, of the numher 
of positive and negative roots, Now make the signs of all 
the intermediate evanescent terms alternately positive and 
negative, so that i + 1 or ( fresh changes may he inti-oduced 
according as t is odd or even ; then n — s — ( — 1 and n — s — t 
are limits of the number of negative roots. Hence there can- 
not he more than s positive roots, and n~s — t — l or n — s—t 
negative roots, or more than m — (—1 or n—i possible roots; 
and therefore there are at least ( + 1 or ( impossible roots ac- 
cording as * is odd or even. Similarly, if t terms are wanting 
between two terms of different signs, it may be shewn that 
there are at least t~l or t impossible roots, according as 
( is odd or even. 

If i= I, or if only one term he wanting between two 
terms of the same sign, then the equation has at least two 
impossible roots; but if a term he wanting between two 
terms of contrary signs, we cannot in this way conclude any- 
thing respecting the natm-e of , its roots. 

Generally, in an incomplete equation, if the deficient terms 
be replaced by cyphers, and first be taken with such signs 
as to make the total number of changes the least possible, 
and =s; and secondly be taken with such signs as to make 
the total number of continuations the least possible, and = t ; 
then the number of positive roots cannot exceed s, nor the 
number of negative roots, t ; and the numher of impossible 
roots is not less than n — s — t. 



PjiOB. To shew that the equation 
(x-»)(x-S)(a)-c)-o"(x-a)^J-(r.-J) 

— c'^ (x — c) = 2a'h'c' , 

has for a limiting equation the quadratic to which it is 
reduced by making any two of the quantities a', h', c, vanish ; 
and thence that all its roots are real. 

9 
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Write the equation under the form 

{x-c)[{x-a){x-b)-c']- 
[a-' (3! - «) + i" {x-h)+2 a-h-c] = 0, 
and let a and ^ "be the roots, taken in order, of 

{x-a) X (a!-&)-c''=0, 
the depressed equation ■whena'=^b'=0; then a is greater than 
hoth a and h, and ^ less, as will appear hy solving the equation. 
Hence, substituting + co , a, /S, — co , for a; in the proposed 
equation, the results aie 

+ ,-{a "A^a ± V V^T^Sj", + {«' V;^^ + &' ^h^f, - ; 

therefore there are three real roots ; one > a, another between 
a and (3, and a third < ^. 
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SECTION IV. 

ON THE DEPRESSION OF EQUATIONS SOME OE 
WHOSE BOOTS HAVE PARTICITLAE, EELATIONS 
TO EACH OTHEE, OR ARE OE A PAETICULAR 
FORM. 



EQUAL ROOTS. 



59. Among the cases in which an equation may he 
depressed hy reason of particular relations existing among 
its roots, the most important is that where the polynomial 
which forms its first member has ecjiial factors, oi where 
the equation has equal roots ; because, both in the method 
of determining the number and situation of the real roots of 
an equation, and also in that of approximating to the values 
of its jncommeneurable roots, one condition either essential 
or advantageous is, that the roots should be all different from 
one another, i. c. that the equation should contain no equal 
roots. We must therefore shew how we may he assured 
that a proposed equation has no equal roots; and when it 
has equal roots, we must shew how they may be found, and, 

>ntly, the complete solution of the equation made to 
'. upon that of one or several equations having only 
unequal roots. 

60. If the polynomial f{x) and its derived function of 
the first order /' (x) have no common measure, the equation 
y(a;) = has no equal roots ; but if they have a common 

measure, the equation has equal roots, every simple factor of 
the common measure occurring one more time in /(a;) than 
it does in the common measure. 
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Let a, h, c, ... I "be alL the roots real or imaginary of 
f{x) = ; then, changing x into j/ + A, we have 

/(y + 4)-(y + t-») (j+i-J) ... (» + i-0! 
now if each member he expanded and arranged according to 
powers of ^, the coefficient of 1/ in the first memher is /' {h) 
(Art. 26), and in the second member it ia 
{h-h) ih-c) ... {h-.l) + {h~a) [h-c) ... {h-l) 

+ {h-a){h-h) ... (/i-l)+&c., 
each "of the factors k — a, h — b, &c., being left out in 
succession ; therefore, equating these coefficients and replacing 
h'hy X, we get 

f[^) = {a,-i)(^c^c)...{x-l) + {x-a){x-c)...{x-l) 
+ [x~a)lx-'b) ...{x-l)+&C. 
Hence, iif{x) have only one factor =x — a, f {x) is not 
divisible hj x—a, because one of its terms does not involve 
x — a; and in the same manner it may be proved that any 
other of the unecLual factors oi f{x) is not a divisor oif'{x). 
Therefore, if f{x) be composed of unequal factors, f{x) and 
/' {x) have no common measure. 

Again, /(«) = (»-«) (<—i) (x-c) ... (x-l)x 

[x — a x — b x—c x — l) 

Now suppose the equation /(a;) = to have m roots equal 
to (t, r roots equal to 6, f roots equal to c, 
.■.fix) = {x-aT{x-br{x-cr...{x-l)x 

i_^L_ 4._!L^+ __^ + ... + _i_i . 

\x — a x — b X"C x~l) 

Therefore f (a:) is divisible by 

{x — ffl)'""' {x — Vf^ y.{x~ cf'^ ; 
and therefore, if /(a;) has equal factors, fix) and/* (a;) have a 
common measure, formed by the product of all those factoi-s, 
each raised to a power less by unity than that to which it is 
raised in /(a;). 
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Ex. 1. /(3T) = ^-3a?-9a;+27 = 0, 

the greatest common measure of f{x) and f'{x) will be found 
to be a; — 3 ; therefore the proposed equation has two roots 
equal to 3. 

Ex. 2. !c" - 2cc° - ix* + Ua? ~daP -lSx+ IS = 0; 
it is the same as {x'-Sy{x'~2x + 2)=0. 

61. Hence, if we know the value of one of the equal 
roots of an equation, we may find ite multiplicity, that is, the 
number of timea it is repeated, hy substituting it in the de- 
rived functions taken in order; then the degree of the first 
of the derived functions which does not vanish by the substi- 
tution, expresses the multiplicity of the root, 

For suppose the factor x — a to ha repeated m times, 

.•./M = («-<.)-.*W, 

where (x) has no factor —x — a. 
Change x into a + h, then (Art. 27) 

+r(")p^+ •■■+*"■ 

Now the firat member is divisible by )f, but by no higher 
power of h ; therefore the second member is so, and therefore 
we must have 

/■(<,)=0, /"(.)= O.&c, /"(a). 0; 
but /"{a) will be a finite quantity, because the coefficient 
of A™ is ao in the first member; that is, the first of the 
derived functions which does not vanish for x= a, is that 
whose order is m, the number of times the root a is re- 
peated. 

Ex. a? + 2x'- Qx^ - 4x' + 12x -6 = 0; to find how often 
the root unity is repeated. 

It will be found that f"'(x) is the first derived function 
which does not vanish, when x = l ; therefore the root 1 is 
repeated three times. 
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62, To decompose a polynomial having eqasX factors, 
into other polynomials which have only unequal factors. 

Let f{a:)=X^X^'X^\..XZ 

where X, denotes the product of the factors which enter only 
once, X^ the product of those which enter twice, &c., and X^^ 
the product of those which enter m times ; then if ^(a^) denote 
the greatest common measure of f{x) and /'{^)) 
f,{x) = X,X,'X:,..X^-\ 

Again, treating the polynomial /, (3;) in the same manner 
as/(3;) was treated, if ^(a;) denote the greatest common mea- 
sure of/ (a;) and /'(a;), 

f,(x) = X,X:...X--^; 
and proceeding in this manner, we shall at last come to 

beyond which, if the process he continued, we find _/^(3;) = 1, 
as X^ has only unequal factors. Hence, by division, we 
ohtain 

£^,x.x,x....jr..=^.W, 

■&^-=x,x, jr.=^,w, 

Hl-^.^, Jr« = *.H 



/d|-^"^-=*-(»'' 



4aM 



» x, -*.(»)• 



Hence *iM,x„f|5|=X„... 
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The solution of tlie original equation is thus reduced to 
that of the equations 

X, = 0, X, = 0, ...X,„ = 0, 
each of which contains only unequal roots. 

63. Hence the process of decomposing a polynomial /(a;) 
that has equal factors, may he thus represented ; 

In the first line, each term, beginning with f^{x), is the 
greatest common measure of the preceding term and its de- 
rived function, and the last term/„(a;) is unity ; in tlie second 
line, each term is the quotient of the division of that term of 
the first line imder which it stands by the following terra ; 
and in the third line, each term is the quotient of the division 
of tliat term of the second line under which it stands by the 
following term, and any term may equal unity. Then each 
of the functions X^, -X^', ... X„, will, by its subscribed index, 
shew the multiplicity of the factors of which it is composed, 
in the original polynomial ; and, by its degree, the number 
of factors that have that multiplicity; and if any one of 
them X^ equals unity, then f{x) admits no factor occurring 
r times. 

Ex. 1. f{x)=x''-7x'-2x^ + nSx^~V!5dx'~SSa? 
+ 612ar'-108iC-432, 

Mx) = x-.3, 

/» = !, 

0,(a;) = ic' - 15ie'+ 10a; + 24, 

^^(a:) = ic' — 4a;' + x + Q, 

^j(a;} = a; — 3, 

X, = a;+4, 

X, = x'~x-2, 

X,= x-^, 
.■.f{x} = {x + i)(s.''-x-2nx-ir. 
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Ex.2. 

ai" - 12a;' + 53iC° - 92a;'' ~ 9x* + aiSx" - ISSa;' - 108a! + 108 = ; 
it is the same as 

(i-l)(x-2y(x + l)'(a,-3)' = 0. 
Ex. 3, a;" ~ nqx + (w — 1) r = "will liave a pair of equal 
roots, if g" = r""'. 

The limiting equation ie TUtf'^ — nq = 0; .',x = g"^ is the 
value of the equal roots, if the equation admits any ; auhsti- 
tuting it in the proposed, we find 

{S~ns)s^+{n-l)r = (1), 

or $" = »■""', 
for the relation among the coefficients, in order that the pro- 
posed may admit a pair of ei^ual roots. Moreover, when n is 

CTen, r Toaat he. positive, and the root which recurs is g""' ; 
•when n is odd, r may be either positive or negative, hut in 

the former case the root which recurs is + 5"'', and in the 

latter case — g""", as appears from (1). 



COMMENaUEABLE ROOTS. 
64. Commensurable roots are those whose exact values 
can be expressed by finite numbers either whole or fractional, 
and therefore of course not involving in their expressions any 
irrational quantity. When the coefficients axe whole numbers, 
and that of the first term unity, the commensurable roots are 
necessarily whole numbers, as wiU be proved ; in other cases 
they may be fractions ; but in all cases they can be readily 
obtained, and the equation depressed. 

An equation is said to be irreducible when, its coefficients 
being given numbers, its first member admits of no com- 
mensurable factor, that is, one whose coefficients have exact 
numerical values. 
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65. If in any equation tlie coeiEcient of the highest 
power of the unknown quantity he unity, and the other coeffi- 
cients be whole numhers, the equation can have only whole 
numbers for its commensurable roots. 

If possible, let T . a fraction in its lowest terms, be a com- 
mensurable root of the equation 

x" + p^x""'' + p^x"~' + ... +21^ — 0, 

a,e„(2)"+ft(|)"'+y,(f)'"'+...+j,..0; 
therefore, multiplying by &""' ami transposing, 

■that is, a fraction In its lowest terms is equal to a whole 

number, which is impossible ; therefore y ia not a root of the 

equation. If therefore the equation can be satisfied by real 
quantities, since they are not expressible in the form of a 
vulgar fraction, they must be either whole numbers or inter- 
minable decimals. Hence the commensurable roots can only 
be whole numbers ; and the other real roots are incommensu- 
rable ; that is, they cannot be expressed by finite rational 
numbers, either whole or fractional, and therefore can never 
he exactly known ; but their values may be approximated to 
■with any degree of accuracy, as will be shewn. 

METHOD OF DIVISORS. 

66, The commensurable roots of f{x) = 0, which are 
necessarily whole numbers, may be always found by the 
following process, called the Method of Divisors, proposed 
by Newton. 

Suppose a to be an integral root; then, substituting 
a for X, and reversing the order of the t«rms, we have 

10 
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Hence — is an integer which we may denote by g'j ; suId- 
stituting, and dividing again by a, we get 

Similarly, ^ — ^^^ is an integer = ^^ suppose ; and pro- 
ceeding in this manner, we shall at last arrive at 



g.-i +i^. 



+ 1 = 0. 



Hence, that a may be a root of the equation, the last 
term f^ must be divisible by it, so must the sum of the 
quotient and next coefficient, j'l +i'«-i ! ^^^ continuing the 
uniform operation, the sum of each coefficient and the pre- 
ceding quotient must be divisible by a, the final result 
being always — 1. 

If therefore we take the quotients of the division of the 
last terra by each of the divisors of the last teim which are 
comprised within the limits of the roots, and add these 
quotients to the coefficient of the last term but one ; divide 
these sums, some of which may be equal to zero, by the 
respective divisors, add the new quotients which are integers 
or zero (neglecting the others) io the next coefficient and 
divide by the respective divisors ; and so on through all the 
coefficients (dropping every divisor aa soon as it gives a frac- 
tional quotient), those divisors of the last term which give 
— 1 for a final result are the integral roots of the equation ; 
and we shall thus obtain all the integral roots, miless the 
equation have equal roots, the test of which will be that 
some of the roots already found, satisfy /' (a;) = ; and the 
number of times that any one is repeated will be expressed 
by the degree of derivation of the first of the derived 
functions which that root does not reduce to zero, when 
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written in it for x (Aii. 61). It is best to ascertain by direct 
substitution whether + 1 and — 1 are roots, and so to exclude 
tliem from the divisors to be tried. 

Ex. 1. a;° + 3a^-83;4-10-0. 

Here the roots lie between t + 1 and - 11 (Arts, 44, 42), 
and the divisors of the last term are ± {2, 5, 10], 



y, + (-8)=-3 -13 -10-9 
?,- X X 2 X 

2,+ 3= 5 

Therefore — 5 is the only commensurable root ; and it is 
not repeated since it does not satisfy the eq^uation 
/' {x) = 3a!' + 6a; - 8 = 0. 

Ex. 2. a:^-5a!* + a!'+16a;''-20a;+16 = 0. 

Here limits of the roots are 6 aiid — 4 ; and the commen- 
surable roots are 4, 2, — 2. 

Ex.3. a;^4-5a;^-2a;''-ea? + 20 = 0; a; = -2, or-5. 

67. The number of divisors to be tried may be lessened 
by observing, that if the roots of/{a:) = were diminished 
by any whole number m, the last term of the transformed 
equation f{y + m) = would be /(m) ; if therefore a were an 
integral value of a;, a ~ wi would be an integral value of y, and 
would be therefore a divisor of /(m). Hence any divisor, 
a, of the last term oif{x) is to be rejected which does not 

f(m) 
satisfy the condition ■' ^ ' ■ = an integer, when for m any in- 
teger, such aa + 1, + 10, &c., is substituted. 
Ex. 1. ic' - Sar" - 18a: + 72 = 0. 
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Cliaiiging the signs of the alternate terms, we have 

x^+5x^-lBx-72 = 0, oy^ie'~12 + 5x\x — g ) = « ; 
therefore the roots lie hetween 19 and — 5. 

But /(l)-50, /(-l)=:8t, /(-3) = 54; 
and the only admissible divisors of 72, which, when dimin- 
ished hy 1, divide 50, are 

6, 3, 2, -4; 
also, all these divisors, when increased hy 1, divide 84; but 
only 6, 3, —4, when increased by 3, divide 54; 

.-. G, 3, -4, 
are the only divisors which need to be tried ; and they will 
all be found to be roots. 

Ex.2. a^~6a^+169ic- (42)^=0. a; = 9. 

68. If a proposed equation have fractional coefficients, or 
if its first term be affected with a coefficient, since (Art. 30) it 
can be transformed into another equation with first term unity 
and every coefficient a whole number, this method will enable 
us to find the commensurable roots of every equation under 
a rational form. If the coefficients be whole numbers and 
the first terra be Pfpf", and we only wish to find the roots 
which are integers, no transformation will be necessary; 
only every divisor of the last term which Is a root, will lead 
to a result —p^ instead of — 1. 

Ex. Qx' - 25af + 26a;^ + 4a; - 8 = 0. 

It is the same as 

{x - 2)" {3a; - 2) {2x + l) = 0. 

S0L1JTI0N OF RECIPEOCAL EQXJATIOKS. 
69. These are equations which are not altered by 
changing x into - , and of which the roots are consequently 
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of the form c 

timea repeated. Tlie particular form of the equation neces- 
savy to satisfy this condition, investigatecL at Art. 33, is such 
as to permit a great simplification in its solution ; when the 
degree does not exceed the ninth, the solution can be com- 
pletely eifected. 

In Art. 34 it is proved that eveiy reciprocal equation of 
an odd order will have a; + l or x — \ for a factor, according 
BB its last tenn is positive or negative ; and that every reci- 
procal equation of an even order with its last term negative 
(and consequently having no middle term) will have tc" — 1 
for a factor; and that if these factors be expelled, the de- 
pressed equation, in both cases, will he a reciprocal equa- 
tion of an even order with its last term positive; which 
may therefore be taken as the standard form of reciprocal 
equations. 

70. The roots of a reciprocal equation of an even number 
of dimensions exceeding a quadratic, may be found \>j the 
solution of an equation of half the number of dimensions. 
Let the equation be 

a!°" + px^"'"' + g^™"' + ■•. + ^"" + ^ic" + >ta;"~' + ... 
...+gai'+^a; + l = 0; 

then, collecting the terms which are equidistant from the ex- 
tremities in pairs, and dividing hy ic", we have 

Let a; + ~ = !/, then because 

--+i-»(---+s^.)-("'"+5;=)' 

making m = 2, 3...W, successively, and' substituting in each 
equation firom the preceding, we get 
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= 1 


= 2/"-2 








^■-^^ 


= »(*'■ 


-2)-»- 


/-3y, 




»' + ? 


= »(/ 


-s-zj-tf 


■-2)=/. 


-V + 2, 


--i 


=y-- 


»,--+5^ 


.-srj 


— &G, 


I72~''"' 





Hence, by substitution, the original equation will be 
transformed into an ecLnatioii of n dimensions in y; any 
root of which, a, will give two roots of the original equation, 

by means of the relation x + ~ = ai and a quadratic factor, 

a? — ax + l. The general fe^rm of the series for x" + — , is 

given in Ex. 3, Art. 154. 

We may remark in passing that any one of the above 
polynomials in y, put equal to zero, would famish an equation 
having all its roots real and unequal, and situated between 

-2and + 2; for 2co8J!^ = as''+ — = 0, is satisfied by n dif- 
ferent real values of 2 cos 5 = a; + - , (p. 29). 
Ex. 1. 
x'-^x"- 9a3' + 3x' ~ 8lc° - Sic' + 3x^ - 9a^ + 3! + 1 = 0. 

Expelling the root — 1, by means of Art. 6, we get for 
the depressed equation 

K* + (_ 1 + 1) ic' + (0 - 9} a:' + {9 + 3) a;' + (- 12 ~ 8) a:' 
^- (20 - 8) a?' + (- 12 + 3) a^ + (9 - 9) a; + 1 = I), 

or x* + -~^{x^ + ^ + l2(x+-]-20 = 0; 
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.'. {/''-4/+2-9 (/-2) + 12^-20 = 0, 
or y-13/+12j/ = 0; 
-'■ y == Oi y = 1 ; ^iid the other roota are 3, — 4 ; 
therefore the proposed equation is resolved into 

{x + l) (a? + 1) {x' - X + l){x' -Sx + l) {x" + ix + l) =0. 
Ex, 2, 23^-5a^ + 4a;'-4a^ + 5a;-2 = 0. 
Expelling the factor a?— 1, the depressed equation is 
2x* ~5x} + Ga^~5x-\-2 = 0, 
which may be resolved into 

{x - ly (2a? -'X + 2)^=0. 

It may he observed that, by precisely the same 
the equation 

a?" +_pa^'''' + . .. + /ca;""^' + ?a;" + hnix"''^ + Jim^x""^ + . . . 

. . . +pn!'~^^x + m' = 0, 

admits of the same reduction as the recurring equation which 
it becomes when m = 1 ; tlie formulEC to be used being 



xJr- 



= y, ^- + J,, = y(^-+|,)-m(^'+^). 



71. The following are other instances in which equations 
are solvable, on account of their roots being known to have 
particular relations to one another. 



85 , 



357 



Ex. 1. a;''-^a° + ^a;'-8Sa; + 16 = 0, 
4 4 ' 

roots in geometrical progression. 

They are therefore of the forms s, ~, ar, 

.: (Art. 19) a' = lQ or a = 2. 

Also -— = % + % + a' -i- a" + aV + a'' 



Hosted by 



Googh 



/. "TT = (^ + Ti) +(^ + "2)1 wliich gives »■ = 2 ; 
eonsecLuently tlie roots are t, 1, 4, 16. 

Ex. 2. 3!" +^j3f "' +2>^'^' + &c. = 0, roota in arithmetical 
progression. 

They are therefore of the forms a,a + b,a + Hh, &c. 

Pt'-^P^ = a'+{a + iY + &c. = na'+ [1+2+5 + .. . + {n-l)]2ah 
+ {l'+2'+,.. + {n-rf}i' 



subtracting the.sctuare of the former from the latter equation 
multiplied ty n, we get 6" ; and then a is known from the 
former, by sulDstituting for h its value. . 

In general, the equation f(x) = may te depressed, if it 
"be redueitle, and if we know a relation h — ^{a), between two 
of its roots, a and h. 

Write ^ (a:) instead of x in f{x), and let tlie resulting 
polynomial he Fix) ; then f[x) and F[x) are l)oth reduted 
to zero by making x = a; for a and h are roots of /(»;) = 
by supposition; and to write a for x in F[a^, is the same 
thing as to write i for x in /(cc) ; therefore f{x) and J?(a!) 
have a common measure x — a, which may be found; wbence 
a, and 5 = ^ (a) , become known, and the equation may be 
i two dimensions. 



Ex. a;* + 2ar' - gai" - 22a; - 22 = ; the sum of two roots 
is - 2. The roots are - 1 ± V- 1 and + Vl 1. 

In depressing the equation f{x) = 0, two of whose roots 
are known to have the number h for their sum, by finding 
the greatest common divisor -0 oi f{x) and/(^— ic), 2> will 
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"be of the second degree in x, only when there is but one pair 
of roots whose sura = A, and no root = ^h ; and I) will be of 
higher dimensions when there are several ways of taking two 
roots whose sum is h. The method becomes illusory when 
all the roots can be distributed in pairs whose sum is A. 
Thus suppose 

then / (6 - ai) = {a; - 5) (a! - 4) {» - 2) (a; - 1 ) , 
which is identical with the proposed. But in this case we 
get for each pair of factors where a + J = A, 

(a;-«)(^-S).(x-W-i(<— 5)"; 
so that, if we put x — ^ = Vz, the equation is reduced to ^ 
dimensions in s. This branch of the subject will be resumed 
at Art. 164. 



ALGEBRAICAL SOLUTION OF BINOMIAL EQUATIONS. 
72. These are equations of the form ^±.a = 0, contain- 
ing only a single power of the unknown quantity, which may 
be reduced to reciprocal equations; for let a be the arith- 
metical value of tfa, and for a; write tisc, then the equation 
becomes a;" + 1 = 0, which is reciprocal. 

Although we have already obtained the complete solution 
of this equation (p. 18), so that with the aid of a Table of 
Sines, the numerical values of the roots may be easily found 
in the form « + & V — ] , as approximately as can be desired ; 
yet the solution by a purely algebraical process deserves 
attention, since in it additional properties of the roots are 
brought to light; and these roots, that is, the i^ roots of 
unity or of negative unity, are indispensable in the Algebraical 
solution of Equations, and are not unfrequently employed in 
several of the higher branches of Analysis. 

73. In all cases of the equation tc" + 1 = 0, having 
expelled the real factors if there be any, if we transfonn it 

11 
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■fay the substitution y = x + - , so that as'' - ?/3; + 1 = 0, since 

y will be the sum of a pair of conjugate roots, y will always 
be real, aa every value of x is impossible, and eq^ual to 2 cos i^ 

where ^ is some multiple of-7r; and therefore the equation 

will be transformed into another of half the number of 
dimensions having all its roots real and situated between 
- 2 and + 2. The transformation may be readily effected 
thus : Taking the case a?°^^ — 1 = 0, and expelling the factor 
x — \, and dividing by af, we get 

x'"+^ + ^'"^+-^+ ...+a; + - + l=0. 
af a; x 

Calling the first member U^, and putting 

y = ic + " , F^ = a;"' + -j: , we have 

a !G ' ' a;™ ' 

V^ = yV,^,-V^^, (Art. 70), 







F,-j,F.-2. 






Henec 


, adding these e(iiiations together, we get 




c.- 


01- E7.,-.i;F; 


.,-l)-D._- 


1, 


Honct 


;, since U^ = y + ly 


f.-y+s-i, 








p.-y+y- 


-2^-1, 








cr, = t+'/- 


-3y-2y + l, 






K.= 


/■ +»"-(•» ■ 


-l)j/--(»i- 


-2)»,'- 


+fe 


-2)(. 
1 .9 


--^y.-^'^ 


-3)(™-4) 
1.9 y 


-=-&c 
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an equation whose roots are all real and unecLiial, and lying 
bf twe n — a d 2. The general term of U^ may be deduced 
f m tl at of T^, (Art. 70)*. This process readily furnishes 
the solut of all binomial equations as far as ic'" + 1 = ; but 
the ol t on of a:;" — 1 = by this method would require the 
solut n of a complete equation of the fifth degree. 

74. If a be an imaginary root of ^ - 1 = 0, then a™ wiil 
also be a root, m being any number positiTC or negative. 

For since a is a root, a" = 1 ; therefore (a")"' = 1 , 

or (a")" —1 = 0; therefore a™ is a root. 
Also, if a he an imaginary root of o;" + 1 = (J, then a"' is 
also a root, m being any odd number positive or negative. 
Fora" = — 1, .■.{«")"'= (—1)"'= — 1, srace m is odd, 
or (a"*)" +1=0; .". a" is a root. 

In both cases, all the roots are manifestly unequal (Art. 60), 
for the derived function Ma;"^' can have no factor in common 
with x" ± 1, 

75. The equations cc" — 1 = 0, and a:™ — I = 0, can have 
no other common root, except unity, when m and n are prime 
to one another ; and in other cases they have in common all 
the roots of x' — 1 = 0, q being the gi-eatest common measm^e 
of m and n. 

For suppose, if possible, a to be another common root ; 
and let a and h be two munbers determined so as to satisfy 
the equation an—im=l, which can always he done (Art. 143), 
since m and n are prime to one another; then a" = l, a"'^ 1, 
a""=l, o!'"'=l; .'. by division we getci™"*" = l, orci^l, 
which is consequently the only common root. 

But if m and w be not prime to one another, then in seek- 
ing the greatest common divisor of a;™— 1 and of — I, the 



eat bs effected bj means of the relatioi 



'^™=riif + 
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aaccesaive reductions effected upon the indices of x, will be 
the same as in the remainders met with in seeking the greatest 
common meaaure of m and n ; if therefore 5 be that common 
measui'e, then a^ — 1 ia the greatest common divieor of ic" — 1 
and ic"— 1. 

Hence when w is a prime number, the equation a:;" — 1 = 
has no root in common, except unity, with any equation of the 
same form and of an inferior degree. 

76, The imaginary roots of a;" — 1 = 0, n being a prime 
number, are the same as the several powers of a from 1 to « — 1, 
a being any one of the imaginary roots. 

The quantities a, c^, a°, ... a"'' are roots by what has been 
proved, and no two of them are equal; for, if possible, let 
a" = a", j) and q being both less than n, therefore 0?^ = 1 ; or, 
a is a root of a^ — 1=0, and also of a;" — 1 = 0, which is im- 
possible, because jj — 5' and n are prime to one another; there- 
fore the roots of the equation are all contained in the series 

1, a, a", ... a""^; 
and if it be continued, the roots recur in the same order, for 
a"=l, a""^' = a''.a = a, ^*^ = ct.c^ — c^, &e. 
77. This propei-ty of producing all the other roots by 
ita different powers, which, when n is prime, belongs to any 
one of the imaginary roots, is, in other cases, generally confined 
to the first imaginary root, a, determined by De Mowre's 
formula, (as proved, p. 21), or to its conjugate; or rather to 
any root et"', provided m be prime to n, or to its conjugate. 
If therefore j8 be any root of a:" — I = 0, it is always true that 
any power of (3 ia also a root ; but not always true that all the 
roots can be produced by powers of (3. 

Thus, in the case ic*~l=0, or (a;'—!) (a:^+l) = 0, if we 
take ^=^(— l + V— 3), we can, by ita powers from to 5, 
only produce the roots of a;* — 1 = twice ovei^; but we can by 
the powers of a produce all the six roots, if we take 

a=i(l + v-3) = cos-T-+V-l sm— . 
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Any root of a;" — 1 = wlilcli does not belong to any 
equation of tlie same form and of an inferior degree, and 
whose powers consequently from 1 ton— 1 have distinct values, 
is called a primitive root of a;" — 1 = 0. When m is a prime 
number, every root except unity is a primitive root. We pro- 
ceed now to shew the existence of primitive toots for a huio- 
mial equation wlioae degree is a composite number, and to 
determine the number of them, 

78. A primitive root of the equation 3;'"= 1, whose index 
■m is the ^"' power of a prime number p, will = ^^;Sj^j ... jS^.; 
where /9, is a root, diiferent irom unity, of a^ = 1 ; ^^ any i-oot 
of a;'" = ^j ; /3j any root of af = ^^, &c. ; and 0^ any root of 

Every non-primitive root of af = 1 must belong to some 
equation 3^ = 1 where g is a divisor of m; but every divisor 
of m, except iteelf, is a divisor of j>'^~' ; therefore the roots of 
a!' = l, and consequently all the non-primitive roots of the 
proposed, ai'e contained in x^ = 1 ; and it is evident that all 
the roots of this last equation belong to the proposed ; there- 
fore the number of the non-primitive roots of the proposed 
is jf'^ ; and consequently the number of the primitive roots 
is p^—^~'- To form these, let /3,^j,5j...^„ denote, respec- 
tively, roots of the equations 

a;'' = l, a^ = /3„ (r^ = a, ...a^ = ^_, 



u^M....0^,^, (1); 

then this formula will represent all the roots of the proposed. 
Por since ^^ has p values, and to each of them correspond 
p values of /3j,, and to each of the valnes of ^^ correspond 
p values of jS^, and so on, tlicrefore the expression for a ad- 
mits of p''- values. And each of them is a root of the pro- 
posed; for 

^,^ = 1, ^/ =1, 0f = l...^( = l- 
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And all the values of a are different from one another. For 
suppose two of them to be eq^ual to one another, viz. 

^,^A...;3^=^'A/3's...^; (2), 

then raising both sides to the power jj, and observing that 
ft' = I, ft' = ft ... ft'./3,_,l 

P'.'-I, ft' = ft.../3V = /5'„l '-"■ 

we get 

/3A.-(3^. = /3;/3',-^V, i^h 

consequently from (2) we get /3^ = ^'^. 

If we repeat the same operation upon (4) that has been 
performed upon (2) , we next find ^^^^ = ^'^_, ; and proceeding 
in this manner, we arrive at the conclusion that the equation 
(2) cannot subsist, unless all the factors on one side be re- 
spectively equal to those on the other ; whence it follows that 
the agsumed formula for a will furnish all the m roots. As 
the non-primitive roots satisfy 3^ "' = 1, whenever the value 
of a given by (1) is a non-primitive root, we must have 

(ftft...|3,_.ft)''"'=l, 
or, suppressing the factors equal to unity, 

^r'=i (5)- 

But from (3) we deduce 

i^"=fC = ...~e,'=i3„ 

therefore equation (5) requires that we have ^, = 1 ; conse- 
quently the value of a given by formula (1) will be a non- 
prlmitive root when ^^ = 1, and a primitive root in the con- 
trary case. Hence the resolution of af = 1, whose degree ia 
the /i'*" power of a prime number j?, is reduced to finding one 
root j8, different from unity of ic^ = 1 ; next any one root ^^ 
of a^ = /3,; then any one root /3^ of x^=^^^; and so on, 
through /A equations of the y* degree ; for by that means we 
shall obtain a primitive root of the proposed equation, which 
by its powers will famish aU the other roote. 
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79. TJie solution of the general case, where the degree 
m of the ecLuation af = 1 is any composite number, can he 
made to depend on the solution of equations of the same form, 
whose degrees are the prime numbers, or the powers of prime 
numbers, which aic divisors of m. 

Let m—p^g°...r^, where _p, q...r are distinct prime num- 
bers ; also let ^, 7, &c. S represent respectively roots of the 
eciuations 

x''" = l, ■jf^l,...x'^^l (1), 

then if we assume 

a-^7-S (3), 

it will have m values, becai^e its factors y3, 7, &c. S have 
respectively ^p^, 5", &c. r* values ; and these values will be 
the roots of the proposed. It is plain that this expression 
for a satisfies the proposed; for we have 

/3^ = 1, /■=!, &c., 8^=1; 
and consequently 

/3™ = 1, 7™ = 1, &c., 8"' = 1; .-. «*" = !. 
And no two values of a are alike ; for, if possible, suppose 

and since the quantities /3', 7', ... S' aio not all equal respec- 
tively to j3", 7", ... S", let us suppose that ^' differs from /3". 
Now raising this equation to the power g*'...r*, 

(/Sy... §')'"■■■'*= OS'V'-.. S")'"-'^, 

and suppressing the factors equal to unity we get 

/3''"''-r'"'' (3). 

But ^', ^", being two distinct roots of iK^ = 1, may be ex- 
pressed respectively by two powers jS"*™', ^' of the same 
primitive root of that equation, n and n' being <p'^. 
a; these values in (3), we get 



.„/ 



or ^■■■' =1; 
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from whence it follows that ^ is a root common to the two 
equations 

X-*-!, :»"■'■■•*= 1, 

and consequently satisfies the equation x' = I, i representing 
the greatest common measure of jC and nq'-.-r^. But this 
common measure * is at most equal to n, and consequently is 
less than ^ ; therefore ^ is not as we have supposed, a pri- 
mitive root of 0!^ = 1 ; wherefore the aasumed formula for a 
will furnish all the m roots; and if (S, 7. -.8 be primitive roots 
of the equations (1) to which they respectively helong, then 
the value of a given by formula (2) will he a primitive root 
of the proposed. For if not, then a. will satisfy some equation 
af = l whose degree ( is inferior to m ; and amongst the prime 
factors of m there will he at least one that will be contained 
in ; a less numher of times than in m; suppose it to he^, 
then ( will be a divisor of 

and consequently a will be a root of 

-'"•■"^'i w, 

so that we shall have 

But 7^ = 1, &c., 5'^ = 1; .-, ^•^"''■■■■'^^l; 

from whence it follows that /3 is a root of (4), which is im- 
possible since (3 is a primitive root of the first of the equa- 
tions (1). 

Moreover if any one of the quantities /3, 7, ... 5 be not a 
primitive root of the equation to which it belongs, neither 
will the coiTesponding value of a be a primitive root of the 
proposed. For suppose ^ not to be a primitive root of the 
first of the equations (1), then we shall have 

^'=1^ 7'" = l,&c., S'^^l, 
.-. 037...S/"''''-'' = l; 
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whicli shews tliat 0j...S satisfies a binomial equation of a 
degree inferior to m. 

The number of the ])rimitiTC roots of the proposed may 
now he computed ; for the number of the piimitivc roots /3 is 



K-i). 



that of the primitive roots 7 is 

and so on; therefore the number of the primitive roots of the 
proposed is 

GAUSS'S METHOD OF SOLVING BINOMIAL EQUATIONS. 

80. The solution of x"— 1 = 0, by what has been proved, 
can always be reduced to the case where n is a prime number ; 
and the case of m a prime number, by a method invented by 
Gauss, may be made to depend upon the solution of equations 
whose degrees do not exceed the greatest prime number 
which is a divisor of n — 1. The leading feature of Gauss's 
method is to represent the imaginary roots by a series of 
powers of any one of them, whose indices form a geometrical 
instead of an arithmetical progression. Thus, if m be a 
number {and such, called primitive roots of n, can always be 
found) whose several powers from 1 to w — 1, when divided 
by M, leave different remainders, and a be any imaginary root, 
then all the roots may manifestly be represented by 

a™, a"' , cT , ... a!" ; 
or, since m''~'—/wi + l, where ^ is an integer, by 
a, a™, a"* , &c., a" . 
81. The advantage of this mode of represeiiting the roots 
is, (1) that they can he distributed into periods, each of which, 
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when continued, will produce the roots of that period in the 
same order ; and (2) that the product of any number of such 
periods wili he equal to the sum of a certain numher of 
periods ; the importance of which properties will be seen in 
the use made of them. 

(1) Let n~l='rs,r being a prime factor of re — 1, and let 
jm'^A; then the roots maybe written in vertical columns, 
each consisting of r terms, as follows, 



and if any one of the periods formed by the horizontal rows 
be continued, the roots in that period will be produced in 
the same order; thus, if the first row were continued, the 
indices would be 

h' = m''' ^mT^^ fin + 1, k''^'~m"''^={iJ.n + l)m''=iJ,nh + h, &c.; 
and the corresponding roots, a, a*, &c. 

(2) Let any two of the above periods be represented by 
a" + d"' + a"' + &c. + a°*°" 
a' + a^' + a™ +&c. + «'* , 
and let us multiply them together, using each term of the 
lower line in succession as a multiplier, and starting at that 
term of the upper line which stands OYcr it, and producing 
the upper line so as to supply the terms neglected at the 
beginning, the result is 

a"*" + a"""' + a"* *" + &c. + a""' "* 
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and tlieieforc, collecting tlie vertical columns into periods, 
we get 

S(a'')2(a")=2(0+S(a""VS(«"*°") + -+2K'''^"), 

or the product of two periods is equal to tlie sum of s periods ; 
and conaecjuently tlie product of any numlaer of periods will 
te equal to the aggregate of a certain numlaer of periods. 

Ex.1. 3;'-l = 0; 6 = 3.2, .-.r^S, s=2; also 3, 3°, 
3', 3^, 3', when divided by 7, leave different remainders, viz. 
3, 2, 6, 4, 5 ; .'. in — d, and the roots are 
p, = « +a* 
i3, = a" + a' 
p, = a^ + ^ 
and ^, -\-p^ 4-^3 = ~ 1. 
Also ^,_p3 = a' + a' + a' + a" =i>u +Ps 
PsPs = a° + h' + a + a^ —p^ +p, 
PiFi = a' + a +«" + «■' =^1 +p^ ; 

and ^,^j, j7g =P,* +i'i +i>s = 2 +P3 + Pi +i?i, = 1 ■ 
Therefore the cubic whieh has^,, Pi,p^, for its roots, is 

f +/ - 2j> - 1 = 0. 
Ex. 2. ji" - 1 = ; 16 = 2 . 8, also the powers of 3 from 
to 15, when divided by 17, leave remainders 

1 3 9 10 13 5 15 11 16 14 8 7 4 12 2 S, 
.■. p = a +'a^ +a'^4-a'^ + a" + a' + a^ +«" 
q = ii? + a"' + c^ +a" + a" + a' + «" + «"; 
then ^ + 2 =—1, and 



pq = 






a* + a' + a'^ + a'' + a' + a* + a" + a" 
=^ +2 +p +p +p +q +2 +q--i 
therefore p and 5 are roots oi z^ + z-i = 0. 
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Next, the periods p, q, may be resolved, respectively into 
the periods 

s = a^ + a" + a^ + a^j ' u = a'" + «" + «' + a* ) ' 



and »-s = a"' + a*' +«'' + «'=, 



^p+^'^-i; 



therefore r, s, are roots of s° — ^s — 1 = 0; and similarly (, u, 
are roots of s^ — ^3 — I = 0. 

Lastly the periods r, s, t, u, may be resolved, respectively, 
into 

r^ = a +a'\ .^.^a" H-a") (, = a' + a"| M, = a'" + a') 

»-^ = a'^ + aM ' Sj = «*= + a^j ' i^ = a" + a") ' m, = a" + a') ' 

then r^ + r^ = r, 

*-/j = a" + a"-Va^ + c(' = (, 

■'■ r,, r^, nxe roots o{ z^ — r^ + t = 0; 
and r^, the greatest root of this equation, =«+- = 2coe -—. 

82. Any radical has always as many vak\es as there are 
units in its index, and these values are obtained by multiply- 
ing the arithmetical value of the root of the c^uantity under 
the sign, by each of tbe roots of + 1 or — 1. 

For, every root of the equation a^+a = 0, is an algebraical 
value of If+a ; but, wliatevcr be + a, this equation admits 
n roots all different from one another; therefore the radical 
"J±a, considered algebraically, will have n different values. 
When a is real and positive, the equation x^ — a has always 
one i-eal root a, and the n values oilj a will be obtained by 
multiplying a by eacb of the n values of^; in like manner, 
the values of Xj^a will result from multiplying a by the 
values of ij^\. 
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Hence Xfa x ^h will have r values, where r is the least 
common multiple of m and n. 

For, let a, ^, he the arithmetical values of the radicals, 

then ljay.-Jh=- a^ (1)'^™ ; 

but if he reduced to its lowest terms, the numerator 

mn 
will he an integer and the denominator will he r, the least 
common multiple of m and n ; 

which has r different values. Also we see that the extraction 
of a root of the degree pq, where p and q are prime to one 
another, Is reduced to the extraction of two roots one of the 

degree p, the other of the degree q. Thus l/a=:<Ja.\/ - ; 

and, a and ^ heing integers positive or negative, so taken 
thatp^ + 5'a = l, 

ce'=a~^r = a^. a^= ^^. ^». 
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OK THE GENERAL SOLUTION OF EQUATIONS OP 
A DE&REE INFEIIIOB TO THE FTETH. 



83. We shall now direct our attention to those cases of 
finding the expreeaions for all the roots of an equation of an 
assigned degree in tenna of its coefficients, the coefficients 
being general symbols, in which a aolution haa been effected. 
These methods, which, as was before observed, succeed only 
for equations of a degree not exceeding the fourth, are the 
results of particular artifices; but they are all reducible to 
one principle, as will be hereafter shewn. 

The general expression for the roots of 
x^+p^aT^ + Sic^O, 

if it could be obtained, would consist, first, of a part affected 
with radicals, by means of the different values of which, it 
would be capable of representing all the roots ; and, secondly, 
since the sum of the roots la rational, of a rational part, h, 
which would be the same for every root; hence, in taking 
the sum of the roots, the radical parts must destroy one an- 
other, and we should have 

nh = —p,, or h = p„ 

which is the value of the rational part of eveiy root. The 
general solution of an equation wanting its second tei-m will, 
consequently, be simpler than that of the corresponding com- 
plete equation, as it will have no part unaffected with radicals. 
Hence in the following instances we shall suppose the equa- 
tion to be deprived of its second term. 
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SOLUTION OF A QXTADEATIC EQUATION. 
84, Let the equation "be reduced to the form 

then this may be transformed into y' = a, hy taking away its 
second term. For, putting x = t/ — ^p (Art. 29), wc have 



Hence, i?^ > g, the roots arc real ; if -^ = q they are equal, 

and 3? +px + q={x + -^j))" is a perfect square ; if ~r < q, the 
roots are impossible. Also if a, ^, be the two roots, 
c/. + l3 = —j>, a^ = q, 

Hence also, any trinomial 

auf + hx + c or a(a^ + -x+~] 
■will be resolvable into two real simple factors or not, ac- 
cording as 3-9 > or < - ; and it will be a perfect square 

when -n = - 1 or &" = iao ; i. e. when the square of the co- 
ia a ^ 

efficient of the middle tenn is equal to four times the product 

of the coefficients of the extreme terms. 

85. Any impossible expression of the form a + /3 V- 1 
may be transformed into r {cos ± '/^ sin 6). 

For, a and ^ being real quantities, there always exists an 
angle d, such that tan ^ = - ; 
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~ Va' + ' ^" "TW+W 
if therefore Vct^ + 0' = r, we have 

a±0 V^l = r (cos f + V^ sin ^). 

Hence any pair of imaginary roots of an equation may 
be represented by the formula r (cos 8 ± V— 1 sin 0) ; and 
the quantity r, which = Va^ 4- ;S* = square root of the pro- 
duct of the roots, and is always real, is called the Modulus 
of the expression a + ^ V— 1 ; and is that quantity by which 
the impossible roots are estimated, when, as is sometimes 
reqnisite, they are compared in regard to magnitude with the 
i-eal roots. 

In the c^e of the expression, 

which represents the roots of a? +px + 2 = (Art. 84), 

r = Vo, cos = ^-= : 

2V2 

hence, a^ +px -i-q = af—2rcos0x + r'; 

that ia, any irreducible quaduatic factor of an equation, 

x^ + fx 4- g, where 4" *^ 5- 

may be transformed into x'' — 2j- cos Qx + 1^, by making 

}■ = Vff and cos fl = ^ . 

^ 2V5 

86. To solve an equation of the form 

a:^ +pic" + g = 0. 

Putting a;" = s/, we findy+^^ + 5 = 0. 

If this have two real roots a and &, then the 2m values of 

X are the roots of the equations 

,x" - « = 0, «" - S = 0. 
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If the roots of tlie quacTiatic are imnginary, i. o. if — < 5, 

then, making r = V'g, and cos 6 = — ~= , the proposed eq^uation 

becomes 

a,^ - 1r cos ^a;" + / = ; 

or a;"" — 2 cos dx" +1=0, 

changing x" into afr, which lias already been solved, (p. 26), 



SOLUTION OP A CUBIC EQUATION BY CARDAN'S RULE. 
87, Let the equation, hy Art. 29, he reduced to the form 
ic" + §a; + r = ; 
and put x = y + z, that is, suppose x equal to the sum of two 
other unknown quantities ; 

and therefore the proposed equation becomea 

(32/« + 9)(i/ + z) + ^' + 2' + r = 0. 
Now since we have two unknown quantities, and have 
made only one supposition respecting them, namely, that 
1/ + a = a;, we are at liberty to make another ; let therefore 
?>yz + 5 = 0, 

Hence y", a', are the roots of the equation 



e + 



-©■ 



since the coefficient of the second term with its sign changed 
is equal to their sum, and the last term is equal to their 
product. Solving this equation, we get 



~h^/J4^ 
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but x = y-{-'^, 

••■-(-iV^i)'+(-^^/?^)- 

an expression whicli (since the cube root of any cLuantity has 
three values) contains implicitly the three roota; and the 
quantities q and r are either real or imaginary. 

88. This method only serves for the numerical solution 
of cubic equations in those cases in which the equation has 
two impossible roota. 

Let the coefficients q and r be real quantities, and let m 
and n be the arithmetical values of the two surds in the value 
of X, and 1, a, a", the three cube roots of unity; then the 
three values of ^ are (Art. 82) m, am, a'm, and those of z are 
n, an, c^n. liy combining these values two and two to fonn 
y + z, we shall have nine values of x ; the number being 

tripled by reason of our having employed yh^ ^ ~ (I) ' i^^^^^^ 

of !/s = — I , the relation arising immediately in the process ; 

andwcobserve that eveiy combination will satisfy )/V = ~f-j , 

but only three the given condition yz= — ^, which latter are 
the roota, viz. 

or substituting for a, a,', their values, — ^(1 + v— 3) (p. 17), 
the three roots are 

«i + j!, and -^(m+K±(m-K)V^3}. 

Hence, as long as the expression A/ j + 1^ is possible, 
fhe values of m and n are possible, and the equation lias one 
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possible rootj the niiinerical value of which, as also those of 
the two imaginary roots, may be obtained after somewhat 
lahoi-ious calculations from the above formulte. 

But when the expression \/ T + ff i^ impossible, m and 

n are impossible, and all the three roots appear under imagi- 
nary forma ; whereas, the equation, being of an odd degree, 

has at least one real root ; and indeed, since r "f" ^ '^ nega- 
tive, it has (Art. 54) all its roots real ; in this case therefore 
the above formulEe, although algebraical expressions for the 
roots, cannot on account of the imaginary quantities which 
they involve, be applied to famish the numerical values of 
the roots. 

Obs. It is easily seen that the sis superfluous values of 
X above mentioned would be the roots of the proposed equar- 
tion, supposing q to be successively replaced by iq and d'q ; 

since each of the relations j/s = - -^ aq, )/s = - - a% leads to 

a'^' — ^T'f- 

Ex. 1. ^' - 3a^ - HO = 0. 



.-. !C= (55 + 54-991)* +{55 -5 
= 4-79. .. + 0-208... = 4-99 
j-r., 1, 



ori».-5l5 + (4-582...)\'-3)=-5(5 + V-62-99., 
--^(5 + 8''-')- 
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Ex. 2. x' - Ux - 65 = 0. 

x=5, or _i(f, + 3V=l). 

Ex. 3. af~%x~-o = 0. 

a; = 2-0M5..., or =- 1-0472... ± (1-1362...) ^''^. 

89. In the caae of the roots iDeing all real, which, for 
the reason just stated is called the Irreducible Caae, that is, 

when q ia negative, and ^ > t , it may be observed that the 

assumptions in the process 

arc inconsistent with one another; for the product of two 
real quantities cair never exceed the sqiiare of half their sum. 
In this caae we can shew that, in the expresaiocs for the 
roots, the impossible quantities destroy one another, and the 
three roots are real. For let the values of m' and n' be re- 
presented by « ± 5 V- 1 ; then, expanding by the binomial 
theorem, and taking P and Q to denote real functions of a 
and h, we have 

and the three values oix are 2P, and — ^(2P+ 2(3 Vs), which 
are all real. This mode of proceeding, however, ia useless 
in finding the numerical values of the roots ; for if we con- 
vert (a + b V— l)' into a series, P and Q will be expressed by 
series which rarely converge, and from which we can never 
obtain the exact values of P and Q; and if we attempt to 
express the cube root oi a ±b V— 1 by an expression of the 
same form, we shall have to solve a cubic of the same kind 
as the one in question. 

Hence Cardan's rule succeeds for the following forms, 
where q and r ate essentially positive, 
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a^ + qx±r = <} in &\\ eases, 

a?—qx±r = when -^ < j ; 
and it fails for x^— qx ±r — Q when ^ > j , 
all the roots of which are real, 

90. We may take notice that in Cardans solution two 
roots can be expressed rationally in terms of the third root 
and knoivn quantities. For, putting 

27J-' + V = - p' (T), 

we get 

>"■ "'^ (m + „)-~,»» 3(.„ + «)' + j' 

80 that making m-i-n = x„ and obtaining for p its two values 
from (1), the expression for the other two roots in terms 
of Xj, 

dx,' + q)' 2 {2qx^ + 3r) 

since x^ + qx^ + r = 0, 
Also if we determine Q and R from the identity 

3? + qx-\-r=Q {2qx + Sr) + R, 
and then make a; = a:, , the expression becomes 
\ {- 2qx^' +{p- 3r) ^,! X ^ = ~ {6qx^' - {9r + p)x^ + iq'] . 

Or, again, determining Q' and R' from the identity 

x^ + qx + r= Q' {Gqa? - {Sr + p) x + iq'] + R', 
and then making x = x^, the expression is transformed into 

1 R' ^ i'3p-p)x,-2f 

2p Q' ~ 6qx^ + 9r + jD 

91. There is one case in which Cardan's rule succeeds 
for the equation a^ — 53; + )■ = when al! the roots are real ; 



-K- 
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it is when two of them axe equal, in which case also the roots 
of the reducing quadratic are equal ; for then m = n, and the 
values of x are 

m + », -i (»• + »), -i (■« + «). 
In this case, 



^h(ff. 



27' 

1 »■ f>f\^ 



and the roots arc 






TRIGONOMETRICAL EXPRESSIONS FOR THE ROOTS or A 
CUBIC, 
By the employment of Trigonometrical foimulEe, we ob- 
tain simple expressions for the roots of a Cubic, not only in 
the irreducible case when the algebraical formula cease to be 
of use for computing the numerical values of those roots, but 
in all the other cases. 

92. If in the expression 

(-i^^/^l)'Vl^i©•*^/?©■-4■ 

we put cot = - 1 ~ I ; it becomes lU o (— cot + cosec (p)". 
Hence, reducing, the real root o^ x' + qx + r = Q is 

which, by putting tan ~ = tan' 0, may be further transformed 
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aduciblc cf 

by making cos^= + - I- J , "becomes equally 

or f |j {cos (tt ± <^) + ^''^ sin (tt ± <^)] ; 
and therefore the tlirec values of x arc 



SOLUTION OF A BIQUADEATIC EQUATION BY DES CARTES'S 
METHOD. 

93. Let the proposed equation be reduced to the fonu 
ai" + jic' + TO + s = ; 

and as the first member may be always i-egarded aa the pTO- 
duct of two real quadratic factors, we may assume it 

==x'+ {g+f-p'')x''+ {pg - S^f) X +/;/ 
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(effecting the multiplication), where the coefficients of tlie 
second tenns, p and ~ p, are equal and of opposite signs, 
because the second term of the proposed equation is want- 
ing, that is, the sum of its roots is zero. Hence, equating 
coefficients, 

g+f-f=q, pg~pf^r, fg.^s, 

01- g+f^q^p\ ^-/=~; 

or p^ + ^qp* +{^ — is) p^ ~-t^^ 0, 

tlie equation for determining p which ri'^es t') tlie sixth 
degree, because a polynomial of fcur dimensions mi} lla^e 

(Art, 17) rr™ , or six diviaois ot the second ordei Also 

because the values of ^ are the i=ums of e\ery twD lOOts of 
tlie proposed biquadratic, and beciuse the sum of these lootb 
is zero, and therefore the sum ri -my two it. equal and of a , 
contrary sign to the sum of the othei two tl eietiri, the \ ilues 
of^ will be in pairs differing only m sign this is the reison 
why the equation for determining js involves only even powers 
of j), and may tlierefore be depressed to a, cubic by putting 
p^ = y. The reducing cubic is 

f + ^y' + W' - 4s) y ~ f = 0, 

which (Art. 10) has necessarily one real positive root; let 
this be e', then the four values of x are contained in the 
quadratic equations 



Hosted by 



Qoo^iz 



105 

Ex, x'-$x^-42x~iO^O. 

Here ? = -3, r = -42, « = - 40 ; 

and the reducing culiic is 

/-C/+1G9!/-('12)= = 0, 
■which has a root = 9, (Art. 67), 

.■. e = 3 ; .-. x^ + 3x+l() = 0, x^-Sx-i = Q; 

the roots of these quadratics - 5 (3 + V-3l] ,-1,4, are the 
roots of the proposed equation. 

94. The reducing euhie will have all its roots real, 
unless two of the roots of the proposed biquadratic are 
possible and unequal, and two impossible. 

For tlie square of the sum of any two roots of the 
proposed is a root of the reducing cubic; if therefore the 
proposed have all its roots real, the isdticing cubic will 
have all its roots real ; or if the proposed have all its roots 
imaginaiy, and therefore of the form 

a + ^\/IT, a-^^/^l, -a + ^'V-l, -a-^V^, 
since their sum is zero, then the square of the sum of every 
two will be real, and therefore the cubic will have all its roots 
real. But if tlie proposed have two real unequal roots, and 
two imaginary roots, and therefore of the forms 

a+iSV-l, a-zSV-l, -a + 7, -ol-j, 
then the square of the sum of a real and an imaginaiy root 
will be imaginary, and therefore the cubic will have one and 
consequently two imaginaiy roots. As it is only in the latter 
case that a numerical solution of the reducing cubic can be 
obtained, therefore Des Cartes's method can only he applied 
to those cases in which two roots of the biqnadi-atic are pos- 
sible and unequal, and two impossible. 

It will be observed that in the lattei- case, if the two real 
roots are equal to one another, i. e. if 7 = 0, the cubic will 
have all its roots real; but as two of them are equal, it can 
still be solved. 
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95, If the roots of the reducing cubic can be obtained, 
and are put under the forms (2a)^ {2^)^ {'^yf, then the four 
roots of the bicLuadiatic are 

-(a + (3 + 7), /3 + 7-a, a + 7-A <x. + 0-j. 
For, -^2 = «'+^ + 7', and/=(Sa/97)'; 
let p'' = (2a)', or p — ±2a; 
therefore, taking the upper sign, 

therefore tlio first reducing quadratic is 

x^ + 2aa! + a^ - {/3 + 7)^ = 0, 
which gives for x the values 

-(a + ^ + 7), ^ + 7-a; 
similarly, the other quadratic, taking p = — 2a, is 

o^-2ax + a^~ (^-7)^ = 0, 
which gives the other values 

a + 7-/3, a + /3-7. 
Hence the roots of the biquadratic are symmetrical func- 
tions of the roots of the reducing cubic ; and whatever root of 
the reducing cubic is used in the process, the same values of 
X are obtained. 



96. Let the equation be 

a;* +px^ 4- S^ + rx + 8~0, 
and let it be supposed the same as 
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where k, I, m are unknown, and are to be determined so as 
to make the latter eqiiation coincide witli the proposed. 
Now 

- ikx + If = -¥x^ - ^klx - 1? ; 

therefore, hy comparing this with the proposed, we have, to 
determine Jc, I, m, the equations 

-^ + 2m-A* = 2, pm-2Jd^ry m?~P = s. 

Substituting, in the second, the values of h and I obtained 
from the first and third, we get for the reducing cubic 

^m^—4.<pi^+ (2p?'-8s)m~p's + 45s-)-^=0...(l), 
which will necessarily give one real value for m ; then k and 
I are known ; and we find the two reducing quadratics 






1 + ; = 0, 



Ex. a;* + ic' - 4a? - 4a! + 1 = 0. 
The reducing cubic is 

8 m* + 1 6m= - IGm - 33 = 0, 
in which a value of 2m ia - 3 ; therefore h^\ Vo, I = ^ Vs ; 
and the proposed equation is decomposed into 

3;^+! (I+VS) a;4-i(-3+^^) =0, 
ic= + i (1 - Vs) a; + ^ (" 3 -- VS) = 0. 

97. In this method the reducing cubic will have all its 
roots real, unless two roots of the biquadratic axe possible and 
two impossible ; for suppose the roots to be a, /3, 7, S ; aiid 
suppose any two a, (3, to satisfy the first reducing quadratic, 
and consequently 7, S, the second, 

.-. m + l=a^, m-l=jS; 
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.-. m=^(a^+7S), and the other values of m must be 
^(a7 + )3S), ^(aS+/37). 
Hence if a, ^, 7, S, he either all possible, or all impossible, 
the values of m are real ; hut if two roots of the bicLuadratic be 
possible and two impossible, then two valtiea of m will be im- 
possible, and the reducing cubic may be solved by Cardans 
rule. In the latter case, however, if the two real roots are 
equal, the cubic will have all its roots real ; but it may be 
solved, because two of them will be eq^ual. 

If in (1) we substituted for 2m the value k^ — ^p" + q, it 
would be transfoimed into an equation of the sixth degree in 
h, but containing only even powers of k, and might be taken 
for the reducing equation ; then since 

therefore ~ 2fe = a + /3 — 7 — 8, the expression for the roots of 
the reducing equation in k ; which is a linear function of the 
roots of the proposed, and can, by permuting those roots, 
assume sis values, equal two and two and of conti-ary signs. 



SOLUTION OF A BIQUADRATIC BY EULER'S METHOD. 
98. Let the equation be reduced to the fonn 
X^ + qx' + rx+s^O, 
and assume x—^ + ^ + u; 

.: :^ = f + »' + u^+2{yz + p.t + zu), 
or ;^ — (y + a* + w') = 2 {yz ■{■yu + zu) ; 
.: ic* - 2a^ ((/" + x' + M=) + (/ + 2^ 4- uj = 4 {fs' + fu' + sV) 

or, replacing y ■\-z-\-u'\ij x, and transposing, 

x'- - 2a;= if + 3^ + u^) ~ 8ysux + {f + s' + uY 
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In ordci- that this may coincide with the proposed, wc 
must have 

j=-2(y + «" + »-), r — Htja,, 

;,.■. = -'j, or/2V = -; 
hence y^, r^, m^, are the roots of the cubic 



Let f^ t'^, l!'^, denote the three values of t in this ci^via- 
tion; 

-■■ y^±i, ^ = ±i', M = +*" ; 
which six values, combined three and three, would give 8 
values of y + z + u or x, instead of i ; the number being 



condition t/zu = — ^ which only allows those values of ^, a, u, 

to be combined which give, when multiplied together, a result 
with a contraiy sign to r. 

, Hence if r be negative, there must lie either two negative 
quantities, or none, in every combination ; and if ?■ be positive, 
there must be either two positive quantities, or none, in every 
combination representing a root. Therefore, in the former 
case, that is, when r is negative, the roots are 

t-t'-t", t'-t-t", t"—t-f, ; + ('+*"; 
and in the latter ease, when r is positive, the roots are 
! t + H-f, t-Yf-t', i^r ~t, -t-a-C; 
and it will be observed, that the second set of roots results 
from the first, by changing the sign of any one of the quan- 
tities *, (', i", 

99. In this case also, the reducing cubic will have all its 
roots real, except when the proposed has two possible and two 
impossible roots. 
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Since the last term of the reducing cubic is essentially- 
negative; it will always have one real positive root f, and the 
remaining roots will be either both positive, both negative, or 
impossible ; that is, of the fonns 

Hence, according as the reducing cubic has three positive 
roote, two negative roots, or impossible roots, the bicLuadratic 

will have its roots respectively of the forma 

f + {*■ + «")> -' ±(*'-0 ; 

( + V^l {V - t"), - t ± V^ (r + i") ; 
; + 2p cos S, —t± V"! 2p sin B. 
In the case of the equation 

if} -\' qa? + rx -\- s ~ 0, 
we must change the sign of ( in the above expreasions, and the 
results will be ita roots. 

If 2^ =x, or the two real roots of the biquadratic become 
equal, then, aa before, the reducing cubic has three real roots, 
two of which are alike. 

Lagrange'a method of solving both cubic and biquadratic 
equations will be given in Section X. He shews that all the 
other methods, though different in appearance, ultimately in- 
volve the aame principle i viz. that of making the solution of 
the proposed equation depend upon that of a reducing equa^ 
tion whose roots are linear functions of the roots of the pro- 
posed equation, and of the roots of unity of the same degree 
as the proposed equation, For equations of a higher degree 
than the fourth, the dimension of the reducing eq^uation ex- 
ceeds that of the proposed. 

The solution of the general equation of the fifth degree is, 
as has been stated, impossible ; but in Section VIII. we 
shall shew that it can be transformed, so as to want any three 
^otsecutive terms between the first and the last. 
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SECTION VI. 

ON THE SEPARATION OF THE ROOIS 01? 
EQUATIONS. 



100. The propositions in the preceding sections lead us 
to several impoi-tant conclusiona relating to the nature and the 
limits of the roots of every equation ; and for equations of low 
degrees and of certain particular forms, the methods detailed 
in them (especially that of Art. 49) will actually determine 
the number and situation of all the real roots ; that is, two 
quantities between which each of the real roots lies. They 
still, however, leave unsolved the main problem, which is to 
discover the number and situation of the real roots of an equa- 
tion of any degree. This we shall now endeavour to effect by 
the methods proposed by Sturm and Fourier, ■frhich are among 
the greatest improvements recently made in the Theory of 
Equations. 



STURM'S METHOD OF SEPARATING THE ROOTS. 

101. By performing a process nearly the same as that 
of finding the greatest common measure of /(a;), and its first 
derived function f'{x), a series of expressions may be obtain- 
ed, in which, by simply substituting a and b successively for 
X, the number of roots of f{x) = 0, which lie between a and 5, 
may be exactly determined. The enunciation and proof ^Ke 
as follows. 
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Let f{x) = be an equation of n dimensions cleai-ed of 
equal roots, ^(ce) tlie first derived fanction of /(a;); and let 
the process of finding the greatest common measure of /H 
and _;^(ic) he performed with the condition that the remainder 
after each operation has its sign changed, and so modified 
ia used for the divisor of the next operation * ; and let 
f^{x), f^{x), ...f„{x) be the series of modified remainders; 
then the difference of the number of changes of sign, in the 
results of the suhstitutionB of a and i for x in the scries of 
quantities 

/W, XH. /.W. -/.W, (1), 

expresses the number of real roots ai f{x) =0, which lie be- 
tween a and b. 

Calling the aiiccessive quotients q^, q^, &c., we shall have 
the equations 



/.(ik) being necessarily a number (Art. 60). since /(y;) = 
has no equal roots ; which shew, 

(1) That no value of x can make two consecutive func- 
tions /„^j(a;) &TiA f^{x], vanish; for then /^^ (a;) and all the 
succeeding functions would vanish, which is impossible, since 
the last is a number. 

(2) That anj value which makes a function,/^ (a;), vanish, 
reduces the two adjacent ones to the same numerical value 
with different signs. 

This changing of the signs of the remainders, which would be indiffei'ent if 
the object was onlj to discover the greatest comoinn measure of/{s:) and/, (x), 
b eeaential to the method about to Vie e^pli^ned. 
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Now if in series (l) we make x^c, and then suppose c to 
assume all possible ascending values from -co to + oo , the 
resulting serira of signs will have two states of permanence ; 
one, as long as c is nearer to — oo , and the other after c is 
nearer to + co , than any quantity which makes any one of 
the espreaaions in series (1) vanish ; and between these states, 
whenever any of the expressions vanish, alterations in the 
order or number of changes of signs, or in both, will occur; 
and we shall sbew that when x passes through a quantity 
which makes one or more of the auxiliary functions vanish, 
it is only the order but not the number of changes which is 
aifected ; and that when x passes through a root of f{x) = 0, 
then a change of sign is lost. 

First, let 3! = c make only one of the auxiliary functions, 
f,J^x), vanish, without making f{x) vanish ; then to discover 
the effect, upon the series of signs, of passing through c, we 
must compare the results of substituting c — h and c 4- A for x, 
h being as small as ever we please ; therefore we may sup- 
pose k so small that neither /(a:) nor any of the auxiliary 
functions can vanish for values between c — h and o + A, and 
tliat the sign of any series ascending by powers of h depends 
upon that of its first term. Hence the only pai-t of series (1) 
in which the passage from c — h to c + li can produce any 
effect upon the aeries of signs, is 

in which, if we write c — h for ic, expand the results (Art. 27), 
B only that term of each on which its sign depends. 



B have 



/„(=), -¥'.(<!), /«(«), 



which, since by (2) the extremes have different signs, give a 
change and continuation, whatever lie the sign of the middle 
term ; and these, by changing the sign of Ti, will be replaced 
by a continuation and change ; i. e. the passage from c — h to 
c + k, through a root of ^(x) = 0, causes an alteration in tli3 

15 
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order but not in the numlDer of changes. If the same value 
of X made an auxiliary function Tanish in another pai-t of tlie 
series sini-e liy (]) adjacent terms can never vanish, the same 
consideiations w u\d shew that no change of sign could be 
lost or gained 

Secondly, kt a:= e be a root oif{x) =0; the suhstitution 
of c-h for tc in/{ct!) and /(a;), (taking h so small tliat the 
sign of the whole of each series depends upon that of its first 
term, and writing down only the first terms) gives 

which have different signs ; but if tlie sign of h be changed 
they have the same signs; therefore the two functions y (a;), 
_/^ (a;), which for x = c — h give a change, for x = c + h give 
a continuation ; and therefore, in passing through a root of 

fl^a;) = 0, a change of signs is lost. If at the same time that 
f{x) becomes zero, any number of auxiliary functions vanished, 

since no two of them could be adjacent, it would follow, as 

before, that no change of sign could be lost in the parts of the 

series where they are situated. 

Since then a change of signs is lost every time the sub- 
stituted cLuantity passes through a root o^f{x) = ; and since 
a change cannot be lost in any other way, nor one ever in- 
trodnced ; it follows, that the excess of the number of changes 
given by ic = a, above that given by a; = 6, (a < 5), is exactly 
equal to the number of real roots oi f{x) =0 lying between 
a and b. 

Obs. Before proceeding to apply this method to par- 
ticular instances, there are several remarks to be made ; by 
attending to which, the nature of the roots in every case be- 
comes known from the mere inspection of the auxiliary func- 
tions ; and the separation of the real roots is, in many cases, 
greatly facilitated. If by either of the substitutions of a and 
:j:for X, one of the auxiliary functions, /,, (a;), is reduced to 
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zero, it may be neglected in estimating tlie number of changes ; 
for in that caac, aa haa been shewn, the adjacent functions 
will have different signs ; and therefore the eyanescent func- 
tion, with whatever sign it is taken, will cause the three to 
furnish but one change, and may therefore be omitted without 
affecting the number of changes. 

102. If wc substitute -- as and + co for x, or, which 
comes to the same thing, if we form the first or leading terms 
o{ f{x), f,{ai) .,./„(ic) into a series, and then change a; into 
— X, the difference of the number of changes of sign in the 
two resulting series will express the total number of real 



103. Since, in finding the greatest common measure of 
f{x) andyj(ic), each remainder is at least one dimension lower 
than the preceding, the auxiliary functions will usually be n 
in number, the same as the degree of the equation, and of 
the several dimensions from « — 1 to 0. When none of the 
auxiliary fimctioiis are wanting, and the first teima of f{x), 
fi{x), f^[x), ...f„{x) have all the same sign, -qo gives n 
changes, and + x gives no changes, therefore all the roots of 
f{x) =0 are real. 

104. On the contrary, when none of the auxiliary func- 
tions are wanting and the first terms have not all the same 
sign, there will be as many pairs of imaginary roots as there 
are changes in the signs of the first terms. 

In the series formed by the first tex-ms of the « + 1 quan- 
titi^/(3;), f^{x), .,,fn(x), let there be s changes and therefore 
n — s continuations, then these are the same as the numbers 
of changes and continuations produced by the substitution of 
+ OD for a; ; now write — en for a: in the same series, then every 
change will be replaced by a continuation, and vice versd ; 
and therefore there will he n — s changes, a number necessarily 
greater than s, since the number of changes diminishes as Ihe 
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quantity suTjstituted inereaaes ; that is, in passing from — 33 
to +00, M — 2s changes are lost; therefore the equation has 
only n — 2s real roots, and therefore 2s imaginary roots ; or as 
many pairs of imaginary roots as there are changes of sign in 
the series fonned by the first terms of the n + 1 quantities 

/H,/.W,.../.H. 

105. If one of the auxiliary functions, /„(ic), be such as 
to preserve the same sign for all values of x between a and b, 
then in ascertaining the number of roots between a and h, we 
may neglect all the auxiliary functions after /„(a!). Because 
(since in general the passage through a quantity which makes 
one of the auxiliary fnnctions vanish, causes an alteration 
only in the order but not in the number of changes, and 
since f^{a:) preserves the same sign for all values of x be- 
tween a and i) the number of changes presented by the 
series of auxiliary functions which follow f^ (x) cannot he 
altered hy the substitution of any value of x between those 
limits ; and therefore the difference in the number of changes 
given by the substitutions of a and b will he the same, 
whether we take the auxiliary functions that follow f^ {x) 
into account or not. 

Hence if/^(a7)=0 have all its roots impossible, since 
f^ [x) will preserve tlio same sign for all values of x, we may 
arrest the process at it, and confine our attention to the m+ I 
functions, 

/W,/.W,/.W,-/.(a!)i 
and, as in the former case, if the first terms of these offer s 
changes of sign, there will be only »i — 2s real roots, and the 
rest will be imaginaiy, 

106. Wc shall now give some applications of this 
theorem. 

Having formed the auxiliary functions 
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then if none of them bo wanting, and their leading terms ha 
all positive, (for the leading term of /(a;) is necessarily so) 
the ecLuation will have all its roots real; hut if the leading 
terms axe not all positive, the eqxiation will have as many- 
pairs of imaginaiy roote as there are changes of sign in them. 
But if some of the auxiliary functions are wanting, the 
iiumher of real roots must be determined by substituting 
— 00 and + <x> for x in their leading terms, and taking the 
difterence between the numbers of changes resulting from 
these substitutions. This detennines the number of real roots. 
To determine their situations v^e must substitute 0, 1, 2, 3, &c„ 
for X in the series 

f¥}, /.W, /.W, -/.W, 

till we arrive at a number wbieh gives the same ntimber of 
changes as is given by + oo ; then, by noting the diiference 
in the number of changes produced by the extreme siibsti- 
tutions, we determine the number of + roots ; and by noting 
those consecutive integers between which one or more changes 
are lost, we determine the integral limits between which the 
positive roots are situated, either singly or in groups ; and in 
the latter case, we must substitute fcactional (quantities lying 
between the integral limits, smaller and smaller, till the com- 
plete separation of each group of roots is effected. 

In like manner for the negative roots, we must substitute 
0, - 1, — 3, — 3, &c., till we arrive at a number which gives 
the same number of changes as is given by — co ; then the 
total number of negative roots, and an interval in which each 
is situated, may be determined, exactly in the same manner 
as for the positive roots. And in order to diminish the 
labour of the process, it must be observed that when, in 
forming tlie auxiliary functions, we come to one (that of the 
second degree, for instance, when the conditions of Avt. 84 
are fulfilled) which is incapable of changing its sign for any 
real value of x, we may take it for the last of the auxiliary 
functions. 
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/w = 


a,-- 


7a; + 7 = 


0. 


/,w = 


.Sa;'- 


-7J 3ar'- 


-21^+21 {X 






3a?- 


-tx 






-Ux + ^\, 


»■/.(») 


= 2a; 


-Sjea;". 


-14 (.3^ + ^ 






6a? 


-9a; 




9a; -14 






27 
to-- 



-i 

»i/.(a;)« + l- Hence /(a;) =a»- 71 + 7, 
/,(a,) = 3a?-7, /,(ie) =2a;-3, f,{x) = l. 

Since the leading terms are all positive, and none of the 
ausiliary functions are wanting, the roots are all possible. 
Also, since 2 makes all the. functions positive, the substi- 
tutions for the purpose of sepai-ating the roots may begin 



from thence : 
signs are as 


; therefore 
follows : 


, making 


'x = 2, 


1, 0, -1,-2, &c., the 




/» 


/w 


fM 


.U^) 


(2) 


+ 


+ 


+ 


+ 


(1) 


+ 


- 


- 


+ 


(0) 


+ 


- 


- 


+ 


(-1) 


+ 


- 


- 


+ 


(-2) 


+ 


+ 


- 


+ 


(-3) 


+ 


+ 


_ 


+ 


(-4) 


- 


+ 


- 


+ 


We may stop here, because the signs are the same as 
those given by - a> . Since the first line gives no changes, 
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and the second line two, two roota lie between 2 and I ; also 
the last line has one more change than the preceding, there- 
fore one root lies between — 3 and — 4. 

To separate the two roots which lie between 1 and 2, 

let a; = - ; then the resulting series of signs is + , 

which has one more change than the first line, and one less 
than the second, (whatever sign we give to the zero) ; there- 
fore one root lies between 1 and 1'5, and another between 
1-5 and 2. 

Ex. 2. f(x) = x" — nqx + {n — l)r = 0, where q is essen- 
tially positive. 

af — qx 

or f^{x) =x , rejecting the positive factor (« — l) q. 

But the remainder, after dividing 

aT'-j byte--, is (Art. 6) (-) ~q; 



therefore /„ (a;) =-Q +q. 



Now supposing f^ [x) positive, + oo gives no change, and 
- oD gives two changes when n is even, and three changes 
when n is odd. Hence if 5" > r""'', the proposed eq^uation 
has two, or three real roots, according as n is even or odd. 
Similarly, if g" < s-""S + 00 gives one change, and •- co one, 
or two changes, according as n is even or odd ; and therefore 
the equation has no real root, or one real root, according 
as n is even or odd. These results agree with those foand at 
p. 61. 
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/{ic)=4a;=-13cc + 5; 



fM 



- Vox + 38. 



But the roots of 13a^ — 15a; + 38= are imaginary, "because 
(15)' < 4 . 13 . 38 (Art. 84) ; therefore it is sufficient to consider 
the above three functions, and since their leading terms give 
two changes for a; = — od , and no change for a; = 4- oo , the 
equation has only two real roots. 

Ex.4. /{a;)=a!*-4a^-3ic + 23=0. 

X {x} =ia?- Ua? - 3, f^{x) = l2-j? + to - 89, 

/^ (a;) =-491a:+ 1371,/^ (3!) = -7157932. 

Here there ai-e only two real roots, of which, one lies 
hetween 2 and 3, and the other between 3 and 4. 

107. It is plain that if we can obtain, by whatever 
means, auxiliary functions satisfying the conditions of Art. 
101, we may separate the roots. Thus if we represent the 
first member of an equation of the m"" degree by V„ , and foi-m 
equations by the law V„-x'V^_^— V^^ (1), assuming V^ = a, 
1-^ = a; + 6 ; so that 

l^s = a;' + Sa; — «, F, — ic" + Ja;' — (a + l) x — 5, &c.; 

then F^,, F„.j, ... V^, V^ will evidently serve as auxiliary 
functions to V^, = ; and every equation formed in this way 
will have all its roots real provided a be positive. If a = 2, 
S = 0, we fall upon the equation of Art. 70, 



y.= 



-»ar' + - 



1.2 



~&c. = 0; 



and from (1) it is easily seen that for 

re = -2, 7, = 2, F,--2, F, = 2, &c.; 
andfora:=2, 7= F.= 7= K^ 2 ; 
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therefore n changes are lost in passing from - 2 to + 2, and 
consequently tlie n roots of Fj, = lie between the same 
numbers. Similarly, if «= 5= 1, we fall upon the equation 

f/„ = 3f + a:""' -{n~\) a;"-" - (ji - 2) x""' + &c. = ; 
and it may be shewn, in the same way, that the n roots of 
f7, = are situated between —2 and 2. 

It is manifest that in Sturm's method, the labour of 
forming the auxiliary functions increases very rapidly with 
the degree of the equation ; since however they can always be 
formed, the method will enable as infallibly to determine, not 
merely a limit to the number, but the absolute number of real 
roots in any proposed equation, and the consecutive integers 
between which they lie either singly or in determined groups ; 
as also the intervals in which no real root can he situated ; 
but when two or more roots are indicated in any interval, if 
they lie very near to one another, although the method leaves 
no doubt of the existence of the roots, it may be veiy difficult 
to subdivide the interval sufficiently to completely separate 
them. 



T'OTjmEB.'S METHOD OF SEP ABATING THE ROOTS. 

108. We shall now give another method of separating 
the roots proposed by Fourier, which has the recommend- 
ation that the auxiliary functions employed in it are /(a;) 
and its successive derived functions, which can he formed hy 
inspection ; so that the method can be applied nearly with 
equal ease to an equation of any degree ; in particular, the 
intervals in which no real root can he situated are, hy 
Fomier'a method, immediately assigned. The objection to 
this method is that, by its immediate application, we only 
find a limit which the number of real roots in a given interval 
cannot exceed, and not the absolute number ; and that the 
subsidiary propositions by which this defect is supplied, are 

16 
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Hot of the same simple character as the original Theorem. 
The enunciation and proof are as follows. 

The numter of real roots oif{x) = which lie between 
two numbers a and b, caimot exceed the difference between 
the number of changes of sign in the results of the sub- 
stitutions of a and h for x, in the series formed hyf{x) and 
Its derived functions ; viz. 

/W, /W, /"W. -/"W; 

and when it falls short of that difference, it will be by an 
even number. 

If none of the e(][uation3 

/W=0, /W=0,&c. 
have a root between a and h, it is manifest that the substi- 
tution of a and h, and of any intermediate quantity, in 
f{x), f'{x), &c., will always produce exactly the same series 
of signs ; but if any of these epilations have roots between 
a and b, then changes in the series of signs will occur in sub- 
stituting gi^adually ascending quantities from a to h; our 
object is to show that by such substitutions the number of 
changes of signs can never inci-ease; and that one change 
will be lost eveiy time the substituted quantity passes through 
a real root of /(a;)=0; this we shall do, by examining, 
separately, each of the cases in which the series of signs can 
be affected ; namely, (1) when/(a;} alone vanishes; (2) when 
some derived fanction, f™{x), alone vanishes; (3) and (4) 
when some group of derived functions, of which /(a;) either 
is not, or is, a part, alone vanishes ; and lastly, when several, 
or all, of these cases of vanishing happen at the same time. 

First, suppose that cc = c, (c being some quantity between 
a and h) makes f{x) vanish, without making any of the 
derived functions vanish ; then the result of substituting 
c + h for ic in/(a;) and/' (a;), is 
S./(c) mific) 
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(supposing h 30 small that the signs of the whole of the two 
series whicli expTe88/(o + /*) and/' (c + h) depend upon those 
of their fii'st terms, and writing down only the first terms) 
which have different or the same signs according as A is — or + ; 
therefore, in passing from o — h to c + h through a root of the 
equation, a change of signs is lost, hut none gained*. 

Secondly, suppose that x — e mates one of the derived 
functions, /™(a;), vanish, without making any other of the 
derived functions or f(x) vanish ; then the result of suh- 
stituting c + h for x in 

(these being the only terms which it is necessary to examine) 
is 

/"-(o), i./"W, /-*'W- 

If then the extreme terras have the same sign, there will 
he two changes when h is negative, and two continuations 
when A is positive; if the extreme terms have contrary 
signs, there will he one change, and one only, whether /* bo 
negative or positive ; therefore, in passing from e — h to c + h 
through a value which makes one of the derived functions 
vanish, either two changes or none will he lost, but none ever 
gained- 

Thirdly, suppose that a; = c makes r consecutive derived 
Junctions vanish, without making any other derived fimction 
or f{x) vanish ; then the result of the substitution o{ c + h 
for X in the series 

(these being the only terms necessary to be examined) is 

/-w, gr"w |/-"(«). j/-*' («),./-*(•)• 

* It is TinneceSBHrj to atternJ to the othor tCTnis of the series of dspived 
functions, because ft is supposed so small tliat not one of them vaniahes bj the 
BubBtitntlon of any qiianlitj between e-ft and t-l-A; and therefore each has the 
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If tlien the extreme feims have the aame sign, tKere will 
be »* or J- + 1 changes, (according as r is ereii or odd) when 
h is negative, and no change when h is positive ; if the ex- 
treme terras have contrary signs, there will he y or r + 1 
changes (according as r is odd or even) when h is negative, 
and one change when h is positive ; therefore, in passing ti-om 
c — h to c + A throixgh a value which makes r consecutive 
derived functions vanish, r or r + 1 changes are lost (accord- 
ing as r is even or odd) hat none ever gained. 

Fourtlily, suppose the vanishing group to consist of /(a;) 
and the first r — 1 derived functions {which coiTesponds to 
T roots = c in fix) = 0} ; then the result of the suhstitution of 
c^himx mf{x), f{x), ...fix), f{x), is 

in which there are r changes when h is negative, and none 
when h is positive ; therefore, in passing through a root which 
occurs r times in the equation, r changes are lost, hut none 
"gained. 

Lastly, suppose the suhstitution of x — c to produce 
several, or all of the above cases at the same time; then 
because the conclusions respecting the effect of the passage 
through c upon the series of signs in one part of the series 
of derived functions, are not at all infiuenced by what hap- 
pens, in consequence the same passage, at another distinct 
part of the series, by what has been proved several changes 
will be lost, but none ever gained. 

Since then, in substituting gradually ascending values 
from a to h, an even number of changes of signs, if any, 
is lost for every passage through a quantity, not a root of 
f{x) =0, which makes one or more of the derived functions 
vanish ; and invariably one for every passage through a root 
of f(x) = ; but none under any circumstances gained ; it 
foUows that the number of roots of f{x) = 0, which lie 
between a and b, cannot be greater than the excess of 
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tLe number of changes given by x — a, above that given 
by ic = 5; and that when it falls short of that excess, it will 
be by some even number. 

109. Hence if the limits, a and h, be — co and + oo , or 
any two numbers, the fii'st of which gives only changes, and 
the second only continuations ; and if in the series formed by 
f{x) and its derived functions, 

/W,/'W,/"W, ■■■/■{»=). 

c be substituted for x and be then made to assume all values 
between these limits, the series of signs of the results will 
have the following properties ; there will at first be n changes 
of sign, and at last no change, but n continuations ; these 
changes disappear gradually as o increases, and when once 
lost can never be recovered ; one change disappears every 
time c passes through a real unequal root of fivi) = ; r 
changes disappear every time c passes through a root which 
occurs r times in f{x) = ; cither two or none of the changes 
disappear every time one only of the derived functions 
vanishes, -without /(cc) vanishing at the same time ; an even 
number^ of changes disappears, every time an even group of 
f terms [not including the first, /(a;)! vanishes ; and an even 
number g + 1 of changes disappears, every time an odd group 
of 2 terms [not including the first, f{x)\ vanishes. Also if a 
value causes /(a;) and the first »■ — 1 derived functions to 
vanish, and an even group of ^ terms in one part of the series, 
and an odd group of g terms in another part, to vanish at the 
same time ; the number of changes lost in passing through 
that value, will be r +^ + 5+1. 

110. Hence if /(sc) = have all its toots real, no value 
of X can make any of the derived functions vanish, and 
thereby exterminate changes of signs, without at the same 
time making f{x) vanish ; for if it could, since those changes 
can never be restored, and since a change must disappear 
for every passage through a real root, the total number of 
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changes lost would surpass n, which is ahsurd. "Whenever, 
therefore, changes disappear hetween values o£ x which do 
not include a root of f[x) = 0, there is, corresponding to that 
occurrence, an equal number of imaginary roots of f{x) = 0. 
Hence if a; = c produces a zero tetween two similar signs, or 
if it produces &a even numher p of consecutive zeros either 
between similar or contrary signs, there will he, respectively, 
two, or p, imaginary roots coiTCSponding ; or if it produces 
an odd number q of consecutive zeros, there will be 3 + 1 
imaginary roots corresponding, according as they stand be- 
tween similar or conti'aiy signs ; c of course not being a root 
of/(a;) = 0. 

Obs, Since the derivatives which follow any one,/'' (a:), 
may be supposed to arise originally from it, it is manifest 
that the same conclusions respecting the roots of f (x) = 
may be drawn from observing the part of the series of de- 
rivatives 

f(x),f«{x),...r{^), 

as were drawn respecting the root oi f{x) = from the whole 
series. 

111. Hence we can shew that Des Cartes' Rule of Signs 
is included in Fourier's Theorem as a particular case. 

When in the series formed by /(a;) and its derived func- 
tions, we put a; = — 00 , there are n changes ; and when we 
put x = f>, the signs of the series become the same as those of 
the coefficients 

Af Pa-V ■•■Pv ^ J 
let the numbei of changes in this series of coefficients = k, 
and therefore the number of continuations (supposing the 
equation complete) = « — ^ ; also if we make a; = + oo , the 
signs are all positive, and the number of changes = 0. Hence 
between x= — ca and iK = 0, the number of changes lost is 
n — h; therefore in a complete equation there cannot be more 
than n — k negative roots, i. e. than the number of continua- 
tions in the series of coefficients ; also between a; = and 
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in = 00 J the numlaer of changes lost is h, whether the cc[uation 
Tje complete or incomplete ; hence in any equation there can- 
not be more positive roots than k, i. e. than the number of 
changes in the aeries of coefficients ; if there he fewer, the 
defect will be some even number, indicating a like number of 
imaginary roots ; which is Des Cartes^ rule of signs. 

112. Fourier's theorem may also be presented under the 
following foi-m ; under which by some writers it is called the 
theorem of Sudan. 

If an eq^uation have m real roots between a and h, then 
the equation whose roots are those of the proposed, each 
diminished by a, has at least w* + r more changes of signs 
than the equation whose roots are those of the proposed, 
each diminished by i ; where r denotes zero or some even 
number. 

The transformed equations would be 

/(y + »)=0,/(y + S) = 0; 
and if these were arranged according to ascending powera 
of y, the coefficients would be the values assumed by f{x), 
f'(x), &c., when a and b are respectively written for x. There- 
fore, whatever number of changes of signs is lost in the series 
f{x), f{x), &c., in passing from a to b, the same is lost in 
passing from one transformed equation to the other ; but the 
series for a has m + r more changes than that for b, therefore 
f{y + a) — has m + r more changes than/(y + 5) = 0, where 
r is zero or some even number, 

113. To apply this method to find the intervals in which 
the roots of/{ic)=0 are to be sought, we must substitute 
successively for x, in the series formed by f{x) and its de- 
rivatives, the numbers 

-a, ...-10, -1,0, 1, 10, ..., +/3 (1), 

(- a and + ^ being the least negative, and least positive 
number, which give, respectively, only changes and continua- 
tions) and observe the number of changes of sign in each 
result. 
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Let K and k be the mimbers of changes of sign when 
any two consecutive terms in aeries (1), a and i, are re- 
spectively written for x ; therefore h — h is the numlicr of 
real roots that may lie between a and h ; if this ecjnals zevo, 
f{x) = has no i-eal root between a and 5, and the interval 
is excluded; if A — i = l, or any odd number, there is at 
least one real root between a and h; \i h —h = 2, or any 
even number, there may be two, or some even number, or 
none ; the latter case will happen when, as explained above 
(Art. 110), some number between a and h makes two oc 
some even number of changes vanish, without satisfying 
/{3!)=0. Similarly, we must examine all the other partial 
intervals ; and when two or more roots are indicated as lying 
in any interval, their nature must be determined by a suc- 
ceeding proposition. 

The two former of the following examples ate extracted 
from Fourier's work. 

Ex. 1. f{x)=aP-Sx'-2ia>' + d5x^~iGx~-l(ii^O, 
f {x) = 5x' - Uxf ~ nx" + 190* - 46, 
f"{x) =20a^-36a^-1443; + 190, 
f"{x) = Q(ia>'-12x-lU, 
/"'(.7;) = 120^-72, 
/n^) = 120. 

Hence we iiave the following series of signs resulting 
from the substitutions of — 10, — 1, 0, &c,, for x in the series 
of quantities 

/ / /'■ /" /" /• 

(-10) - + - + - + 

(-1) + - + - - + 

(0) - - + - - + 

(1) - + + - + + 

(lu) + + + + + + 

Hence all the roots lie Ijetween -10 and +10, because 
five changes have disappeared; one root lies in each of the 
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intervals — 10 to — 1, and — I to 0, because in each of tliem 
a single change sa lost ; no root lies hetween and 1 because 
no change is lost between those limits ; and three roots may 
be sought between 1 and 10 (because three changes have 
disappeared), one of which is certainly real; it is doubtful 
whether the other two are real or imaginary. 

Obs. When any value c of x, makes one of the deiired 
functions, /"'(«), vanish, we may substitute c±h instead of e, 
h being indefinitely small ; then all the other functions will 
have the same sign as when x = c; and the sign of /™ (c + h) 
will depend upon that of + V""{c) ; i. e. it will be the same 
or contrary to that of the following derivative,/"*' (c), accord- 
ing as A is positive or negative, or according as we substitute 
a quantity a little greater or a little less than the value which 
makes f°'{x) vanish. The use of this remark will be seen in 
the following example. 

^0, 



Ex.2. f(x) = 


-.x'-'. 


lx'-Sx + 2S 


/(-)- 


-ix"- 


123^-3, 


/'(^) = 


:12a?- 


~Ux, 


rw = 


'-2ix- 


-24, 


/v(^). 


^24. 






/ 


/' y 


x = 


+ 


- ( 


x = D + h, 


+ 


d 


iC=l 


+ 


_ 


x=l + h, 


+ 


- 


« = 10 


+ 


+ H 



Every value less than gives results alternately + and -, 
therefore there Is no real negative root ; for a: = 0, we have 
a result zero placed between two similar signs, and therefore 
corresponding to it there is a pair of imaginaiy roots. There 
is no root between and 1 , but there may be two roots be- 
tween 1 and 10. 
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Ex.3. f{x) = af-Gx'^ + iOx'' + QO^-x-l=0. 

Here there is no root < - 1 ; there is one, and there may 
he three, hetween - 1 and ; there is one root "between 
and 1 ; and tliere may he two roots between 2 and 3. 

114. The ahove process will determine the intervals in 
which the roots are to be sought, but not always their nature; 
when an even number of roots ia indicated, they may all turn 
out to be impossible. The series of magnitudes, between 
— QO and + to , to be substituted for x in the derived func- 
tions, has been divided into intervals of two sorts, each con- 
tained by assigned limits, a and h. The first sort of interval 
is one within which no root is comprehended ; i. e. the limits 
of which, give the same number of changes of signs in the 
series of derived functions. The second sort is one within 
which roots may lie ; i, e, where the number of changes re- 
sulting from the substitution of b, is less than the number 
resulting from the substitution of a, in the series of derived 
functions. This second sort of interval has two subdivisions, 
viz. eases where the indicated roots do really exist, and others 
where they are imaginaiy. When we have ascertained that 
a certain number of roots may lie between a and h, we may 
substitute c (a quantity between a and h) in the series of de- 
rived functions, and if any changes disappear, our interval is 
broken into two others ; if no changes disappear, we may 
increase or diminish c, and make a second substitution, and 
it may still happen that no change is lost ; and so on con- 
tinually f and we may be left after all in a state of uncertainty, 
whether the separation of the roots is impossible because they 
are imaginary, or only retarded because their difference is 
extremely small. 

Hence when we know that two limits may include a cer- 
tain number of roots, we must have a special rule for deter- 
mining whether they are possible or impossible; this has 
been given by Fourier in the two following propositions ; in 
proving which, we assume that the development of f{x + h) 
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in Art. 27 may be pat under the following foi-ms, so as to 
exhibit the remainder of the series, when we take only one, 
two, &c. terms (see Art. 121) ; 

f{x + h)=f(x)+hf\X), 

f{x+h)=f(^)+hf(x)+iwrw, 

and ao on, where \, /i, &c., are quantities certainly situated 
between x and x + h, but of which the exact values are un- 
known, and for our purpose are unnecessary. 

115, Having given that between two limits a and b, 
f" {x) — has no root at all, /' [x] = one root and no more, 
and that /(a:) =0 may have cither two roots or none, to dis- 
cover whether these roots exist or not. 

By what has already been proved, the series of signs re- 
sulting from the substitution of o in the series of quantities 

/w, /w, /"w. -/-w, 

will present two more changes than the series resulting from 
the sub=*titution of b also if we leave out the first term, 
there will be one mure change foi a than for b; and if 
we lei\e out the fii'*t two tenns there will be exactly 
the '*ame number of change'* foi a as for h. Therefore f{x) 
and / [x) will be both conat mtly positive, or constantly 
negative foi a and b and for all intermediate values; and 
f {x) will hsA e 1 sign diifeient fiom thit of f{x) and /' ' (x) 
when ■t.^ti and the '^ime ns tliit of fix) and/"(x) when 

The two roots of f{x) = 0, indicated as lying between 
a and &, will be real or imaginary, accoi'ding as it is, or is 
not, possible to find a quantity c, between a and b, such 
tbat/(c) shall have a sign contrary to that which is common 
to/(a) 0nd/(&). 

Let therefore, if possible, 

o=a+h^b-h 
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be a quantity between a and h, such that 

■ai,„eg.iL = „eg., 

or, expanding so that the terms of tlie second order may 
include the remainder of each series, and denoting by X, f., 
q^uantities intermediate to a and b, 

' + '/(«)* 2 /(«) ^' 

,f(4) 7c" /"M 

Or, since under the given conditions the last fraction in 
each line must he positive, and also 

we must have 

^^ + i-tio« -^W-ii-noo-- 

. /(») /W I ,, , ,._■,._ 

o, 4 + 4-S <.>^.,jjj ^.,j^j. 

If then this condition can he satisfied, a quantity c, 
between « and b, may exist so as to make f{c) of a sign 
contrary to/(o) and/[&) ; and if it can he fotind, the indicated 
roote are real and are separated i hut if the condition is not 
satisfied, that is, if the difference of the limits he equal to, or 
less than, the sum of the fractions 

taken without regard to sign, no such value of c exists, and 
the indicated roots are imaginary. 
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It is manifest tliat if any three consecutive derivatives, 

/'W, r'w. /"W. 

satisfy the prescribed conditions for a given interval, the 
same process will determine the nature of the pair of roots 
oif (x) = indicated in that interval ; and whatever number 
of impossitle roots j^{x)^0 may have, f{x) = has at least 
as many (Art. 53). 

116. When the above condition is satisfied, we must 
substitute a quantity c between a and h inf{x) ; if y(c) has 
a sign contrary to the common sign of /(a) and/(&), the 
separation is effected ; if not, we infer that the limits are not 
sufficiently close to dctei'mine the nature of the indicated 
roots by a single process. In the latter case,/' (o) necessarily 
differs in sign from one or the other of/' (a),/' (5) ; choosing, 
then, that limit which makes/' (a;) have a contraiy sign from 
/' (c), we must with it and c repeat exactly the same procCiSB ; 
and we are certain at last to discover either that no roots exist 
in the interval, or to separate them if they do. 

Ex. i^-Zx*- 24^' + 95a;' - iGx ~ 101 = 0. 

/ /• /" /" r r 

(2) - + - - + + 

a 1 

(3) - - - + + +. 

Here, since there are two more changes for x—2, than 
fora;=3; one more, omitting the &at term; and the same 
number, omitting the two first terms ; the equation may liave 
two roots between 2 and 3, and the conditions respecting the 
roots of /' {x) = 0, /" {x) = ai'e satisfied ; and since for the 
two limits, the fi-aetion 

/■(«) 

the sum of which is greater than the diiference, I, of the limits ; 
tlierefore the two indicated roots are iraaginaiy. 
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117. In tlie next proposition, it will he necessary, for any- 
proposed interval, to know the number of roots which each 
derivative, when formed into an ectuation, may have in that 
interval. The best practical way of doing this, is, in the two 
series of signs produced by the two limits, to write over each 
sign the number of changes presented by the series commenc- 
ing with that sign and going to the end of the aeriea ; and 
then to take the difference between each number in the upper 
line and the corresponding one in the lower. Applying the 
process to the foregoing example, we have 

3 2 110 

{'2) - + - - + + 

2 10 10 

(3) - - - + + + 

1110 

wliere the series of indices 2, 1, 0, 1, 0, 0, mark tlie number 

of roots which the equations 

/(ct) = o, /H = o, /"(»!) = o,&c., 

may have, between the limits 2 and S. Also, we observe 
that in this series (and indeed in every case, if we consider 
the way in which they are formed,) any index has immediately 
adjacent to it, either the same, or one diifering from it by the 
addition of ± 1. 

118. When any number of roots of /(a:) =0 are indi- 
cated as lying between a and b, this interval may always be 
broken up into others, in which such of the roots as are real 
are situated singly. 

From observing the number of changes lost in the series 
formed by /(a;) and all its derivatives, and also in the series 
formed by each of the derivatives and all those which follow 
it, in passing from a to J, let the number of roots which 
f{x)=0 may have, or which the derivatives taken in order 
when formed into equations may have, between those limits, 
be determined ; and let them be S, S', S", &c. Now suppose 
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that in the series (where each function is accompanied by 
its index, i. e. the number of roots which, when formed into 
an. equation, it may have between a and h) 

/w f\^) f"{^) -/'■"' (^} /'(^) r'(^)- - 

S g' 8" 2 1 e 

f''{x) is the first whose index is 1; then the preceding 
fiinctlon has 3 for its index, for it cannot have 0, otherwise, 
since the first index is not zero, there would he some function 
before fix) having 1 for its index. Now if e he not zero, 
since /' {x) = 0, /"""(a;) = 0, cannot have a common root, two 
new limits a', V, may be found within the former, intercepting 
the root oif {x) = 0, bnt excluding every root of/'*' [x) = 0. 
Hence the interval a, b, will be broken up into the three 
aa, a'b', h'h, the first and thh-d o£ which give for/'' (a;) an 
index zero, and therefore an index 1 to some preceding function, 
and the second dV will either make some preceding function 
have an index 1, or will allow /''(a!) still to bo the first 
function whose index is unity for that interval, the indices 
of/'"' ix) and f" [x) being 2 and 0. 



1 the latter to he the case ; then, by Art. 115, we 
may find whether /~' (a:) = has two real roots or none be- 
tween «' and h'; if there are two real roots, then taking a 
quantity c' between them, the interval ah' is divided into 
the two dii and dV, each of which makes Z"^' (a;), or some 
preceding function, have an mdex 1 ; but if the two roots 
of f'"^ (x) — 0, indicated as lying between a' and V, are 
imaginary, since every quantity intermediate to a and b' will 
make /'"' (a^) and /''*' (a;) have the same sign, therefore in 
passing from a' to h' through the root of f'{x) = 0, since the 
adjacent fanctiona have the same sign, two changes will be 
lost. Hence we may diminish the indices of all the pre- 
ceding functions by 2, and proceed, relative to the interval 
a'5', with that function preceding /'{x^ which first has 1 for 
its index. Hence the proposed interval is i-eplaced by partial 
intervals, in each of which the separation of the included 
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roots is more nearly effected than in the original interval ; and 
by proceeding with the partial intervals in the same manner 
as we did for a, h, we shall at last find only intervals in which ' 
the index of f{x) is either or 1 ; and the sepai-ation of the 
roots of f{x) ~ which lie between a and h, will be com- 
pletely effected. 

Ex. /(x) = x' - x' + ia? + X - i^O, 

f f f" r r 

(-10) + ~ + - 4- 

(-1) + - 4- - + 

(0) _ + + _ + 
3 2 2 10 

(1) + + + + + 

There is no root between — 10 and — 1, and one root 
between — 1 and 0, also three are indicated between and 1 ; 
but, forming the series of indices for that interval, we see 
that _/" (a;) = is the first equation to which the criterion 

can be applied; also ^„, | ' becomes _ which, for 

is = 0, becomes — ^, and this neglecting the sign is greater 

than 1, the difference of the limits; therefore tlio roots are 
imaginary, and consequently there is only one root of the pro- 
posed equation between and 1. 



GEOMETRICAL ILLUSTEATION OE I'OURIER'S METHOD OE 
SEPARATING THE llOOTS. 

119. The criterion of the reality of two indicated roots 
in any interval may be readily deduced from geometrical con- 
siderations. 

Let y=f{x) be the equation to a parabolic cim^c; then 
the portion of it between a; = a, x = h, (supposing these limits 
to satisfy all the prescribed conditions,) must have the shape 
FCQ (Fig. 2), being the origin, OiWthe axis oix, FN, 
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QM, the ordinates of its extremities having the same sign, 
G the single point whei'e the tangent is parallel to the axis, 
and the curve through the extent PGQ being convex to the 
axis of X, "because foi that interval /(a;) and f"{x) have the 
same sign. But if O'N'M', a line parallel to ONM«dA. cut- 
ting the curve in two points, be the axis of x, the curve will 
have the ordinatea of its extremities of the same sign, and 
will have its tangent pai'alle! to the axis of x at one single 
point, and f{x),f"{x) will have the same sign for all points 
between F and Q ; hence, for any thing that yet appears, this 
construction will represent the function f{x) between x = a 
and x — h, just as well as the former ; but it is manifest that 
when fix) —0 has two roots between a and h, there will be 
two points of intersection with the axis of x, and the second 
is the true construction ; and the former belongs to the case 
where there is no point of intersection, and where the absciasfe 
■ of the points of intersection, that ia, the roots o{f(x) = 0, are 
imaginary. If we knew the exact value, c, of Olt, we might 
substitute it in/(a:), and if the sign of the result was different 
from that oi f[a) and/(i), then /(c) would be represented 
by S^ 0, and we should be certain that there were two points 
of intersection; if the same, /(c) would be represented by 
S.0, and there would be no point of intersection. But if 
we can only find an approximate value of c, and the sign of 
/(c) is the same as that of /(a) and/(5), we are uncertain 
whether the points of intersection are imaginary, or so near 
to one another that our approximate foot of the least ordinate 
does not fall between them. 

Now in the case of real roots, that is, when O'N'M' is 
the axis of x, and there are two points of intersection, if 
tangents P(', Qa be drawn at P, Q, it is manifest, that how- 
ever near to one another the roots are, and however close 
the limits are to the roots, N'M' must exceed N't' + M's', 

d 4^777^ — j T ( \ > if therefore we find either 
18 
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irfJ: ! 0!^ — ^^4 ) 01^ t^^ii^ ^^^> greater than 5 — o, we know 
tliat the roots cannot be posslhle, and may pronounce them 



But when we find the difference of the limits greater than 
the sam of the suhtangents, we cannot conclude that the roots 
are possible ; for thia condition is satisfied not only by the 
axis N'M' hut also by NM, as long aa the tangents Pt, Qs, 
do not intersect between the curve aiid the axis. 

In the latter case, we must substitute a quantity d be- 
tween a and h for x, then i? f{d) have a different sign from 
f{a) and f(h), the two indicated roots are real, and their 
separation is effected; if not, f'{d) will have tlie same sign 
either as _/"(«) or /'(&); let it he the former, then no root 
can lie between a and d ; and we must now apply the cri- 
terion of the Buhtangenta to the new and closer interval from 
dloh, 

120. To avoid the risk of trying to separate two roots 
that are actually equal to one another, it will he often i-eqiu- 
eite to ascertain directly whether 

f{x) =^0*" +j>jX"~^ 4- ... +i'»_i^ +i'w = (1) 

admits of a pair of equal roots ; and the labour of doing so 
may he shortened by the following considerations. If (1) has 
a single pair of equal roots, they must he commensurable; 
for in that case /{»;) and /'(a;) admit of a common divisor 
x — c which, put equal to zero, will give a rational value for 
the root that occura twice. If ^j, = 1, the equal root c must 
be an integer (Art. 65), and p„_i, j)„ muat be diviaible respec- 
tively by c, <? ; iipa ^^ '^ot i^iii*yi the equal root must be a 
fraction a-^h, and p^^, p„, p^, p^ mi^st be divisible respec- 
tively by a, a', h, 6' (Art, 32), In both cases, if a suspected 
equal root he not excluded by these conditions, we must tiy 
by substitution whether it satisfies /(a;) = 0, f'{x) =0. 
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SECTION VII. 

ON THE METHODS OF FINDING APPEOXIMATB 
VALUES OF THE REAL INCOMMENSUEAELE 
ROOTS OF EQUATIONS. 



121. When all the commensuralilo roots of an equation 
have been found, and all the incommensurable roots separated 
by the methods explained in the foregoing sections, the next 
step towards the solution of the equation is to find approxi- 
mate values of the incommensm^able roots ; and to this we 
shall now direct our attention. 

It will however be necessary previously to prove certain 
pi-operties of the polynomial /(x), which forms the first mem- 
ber of the equation. 

Since /(>, + 7,)-/W -/WS+/» f +...+»-, 

and as long as x is finite, none of the quantities f'{x), /"{x), 
&c., being integral functions, can become infinite, therefore by 
taking k suiBciently small we may make the second member 
as small as ever we please ; consequently if x increase con- 
tinuously by insensible degrees between two limits a and i, 
f{x) will also vary continuously by insensible degrees between 
the same limits; and ■will go on increasing as long as /'(a;) 
continues positive ; and when fipi is negative, it will go on 
diminishing. 



Again, since 
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anil since by diminishing h we can make 

aa near zero as CTcr we please, or always intennediatc in value 
to + e and — e, where e is as near zero as ever we please ; 
by taking h, sufficiently small, we shall always have 

if therefore x be always taken between a and h, and if A, B, 
denote the least and greatest values which f'{x) can assume 
between those limits, h fortiori, the following inequality may 
be satisfied, 

/(« + l)-/(x)>S(4-e)<*(B+e). 

Suppose now that, between the limits a and 5, are inter- 
posed a series of ascending values of x, a^, a^, ... a^ so near to 
one another that the above inequality may be always satisfied, 
when we take one of those values for x and the following one 
for x + 7i.; then 

fM-f{a) > («,-a) {A~,) < (,j,-o) {B+e) 

/ W -/ W >(«.-»,) (^ - 8) < (a, - »,) (-B + 8) 

/(i) -/(O > (i -'.) l^-') < {i -".) (-B + «) ; 
therefore, adding, 

/(*) -/(») >{b-a){A^e)< (J ~a) {B + e); 

or, since this is true however small e is, 

/(S) -/(«)> (J - a) ^ <(*-») a 

But as X changes hy insensible degrees from a to h, f'(x) 
will change by insensible degrees, and will assume all values 
between A and B, these being the least and gi'eatest values 
which it can have in that interval. Therefore every quantity 
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between -4 and B will be a value oif'ix) corresponding to 
some value of x lietween a and h. Suppose therefore 

/(5)-/W 
b-a ' 

which we have shewn to lie between A and B, to be ccLual to 
the value assumed by f'{x) when x = X; then 

where X is some quantity lying between a and h. 



NEWTON'S METHOD OE APPEOXIMATION. 
122. When we know an approximate value of a root, we 
may easily obtain other values of it, more and more exact, 
by a method invented by Newton, which rapidly attains its 
object. We shall give this method, first in the form in 
which it was proposed by its author, and afterwards with 
the conditions which Fourier has shewn to be necessary for its 
complete success. 

Let f{x) = be an equation having a root c between 
a and i, the difference of these limits, h — a, being a small 
fraction whose square may be neglected in the process of 
approximation. 

Let Cj, a quantity betwen a and h, be assumed as the first 
approximation to c, then c = c, + A, where h is very small ; 
.•./(c, + i)-0, 

«/(«,) +/■(«,)*+/"{«,) 1+ - +*•-<)■ 

Now since K is very small, 1^, A°, &c., are very small 
compared with h\ also none of the quantities/"(c,),/"'{Cj),&c., 
can become very great, since they result firom substitnting 
a finite value in integral functions of x ; therefore, provided 
/'(cj) be not very small (that is, provided f\x) = have no 
root nearly equal to c^ or to c, and consequently f{x) = 
no other root nearly equal to c besides the one wo are 
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approximating to) all the terms in the series after the first two 
may ho neglected in comparison with them ; and wo have, to 
determine A, tho resulting approximate value of/;, the equation 

and the second approximation is 



= e, + ^, = 






Similarly, starting from c^ instead of c,, the third approxi- 
mate value will he 

and so on ; and if we can he certain that each new value is 
nearer to the truth than the preceding, there is no limit to .the 
accuracy which may he ohtained. 

Ex. 1. a;'-2a!-5=0. 

Here, one root lies hetween 2 and 3, and the equation can 
have only one positive root ; also, upon narrowing the limits, 
we find that x = '2 gives a negative, and ic = 2'2 a positive 
result, therefore 2'1 diifors from the root by a quantity less 
than O'l, and we may assume c, = 2-1. Hence 

/^-2tc-5"\ „ , 0-061 



-(^ 



Saf-S A=2'i 11-23' 

or 0^ = 2-1 -0-0054 = 2-0946. 
Similarly, 

e, = 2-09455149. 
Ex. 2. x'-lx-I^O. 

There is only one positive root, lying between 3 and 3'1 ; 
and it equals 3-048917339. 

Ob8. To guard against over correction, that is, against 
applying such a correction to an approximate value, as shall 
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make the new value differ more from the root ty excess than 
the original approximate value did by defect, or vice versd, we 
must "be certain that each new value is nearer to the truth than 
the preceding ; this gives rise to the following conditions, first 
noticed "by Fourier. 

123. For the complete success of Newton's method of 
approximation, the following conditions are necessary. 

(1) The limits hetween which the required root is 
known to Ho must he so close, that no other root of 
f{x) = 0, and no root of /'(a;) = 0, ory'(a:) = 0, lies between 
them, 

(2) The approximation must he begun and continued 
from that limit which makes f{x) and /" (a;) have the same 
sign. 

Let c be a root of f{a;) = which lies between a and b, 
a<h, c, the first approximate value, and h the whole cor- 
rection, so that c — c^ +h ; 

then/(c, + A)=0, or f{c^)+hf{X) = 0, 
\ being some quantity between c^ and c, (Art. 121). 

Therefore, supposing X = c^, which amounts to neglecting 
all powers of Jt above the first, and require that/{3:) =0 have 
no root besides c in that interval, and calling the resulting 
approximate value of A, k^, we have 

/(«,)+*./■(«,) = »• 

Now the true value is c = '', +h, 
the 1st approximate value is c^ with error h, 
the 2nd approximate value is ^a = Cj + h, with eiTOr /( — A., , 
which (neglecting signs) mxist be less than h, 

i.e. h^—{h~h^' muit be positive, or 2hhi~h^ = + , 

which condition (since X is an indeterminate quantity be- 
tween c, and c, or between a and h) cannot in all cases be 
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.ess f'{x) "be incapable of changing its sign be- 
tween a and h; i.e. unless f'{x) = have no root between a 
and h. 

Moreover, we must have-^—!^ > - , or > 1. 
J W ^ 

Now a f"{x) preserve an invariable sign between a and 
h, i.e. if /"(»!) = have no root in tbat intei-val, then /'(a;) 
will increase or diminish continually from a to h; therefore 
Cj must be taken equal to that limit which gives f{x) its 
greatest numerical value without regard to sign. 

First, let f'{x), f"{x), have the same sign from « to 6; 
then f'i^) inereases continually in that interval; therefore 
we must have Cj = b, or we must begin from the greater 
limit. !But/(J) has the same sign as f{c+h) =f{c) + hf'ic) 
— hf'(c), or as f'{c) ; thei-efore we mi^t have c, equal to that 
limit which makes f{x) and f"{x) have the same sign. 

Secondly, let /'{x), f"(x), have contrary signs from a to 
6; then /'(a;) diminishes continually in that interval; there- 
fore we must have c, = a, or we must begin fr'om the lesser 
limit. But/{ffl) has the same sign as f(e — h) =/{c) —hf'{c) 
= — hf'{o), or as —/'(c) ; therefore in this case, equally as in 
the former, we must have c^ equal to that limit which makes 
f{x) and /"{ic) have the same sign. 

These conditions being fulfilled, we have 
f'lo^ , k~h. 



therefore c^ lies between c and c, ; hence the new limit c^ fulfils 
the requisite conditions, and we may with certainty from it 
continue the approximation. 

124. To estimate the rapidity of the approximation, we 
have 

error in 1st approximate value c,, = /*, 
error in 2nd approximate value c^, —h— It, . 
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But /(c,) + A/'(c,) + iAy» = 0, 

or h~k. = -lh'i^ 
01 ft A,- ih ^,^^^^ . 

Let the greatest value which f"{x) can assume between a 
and 5 (which will "be either /"(tt) or f"{h), iif"'{x) =0 have 
no root in the inteiTal) bo divided by the least value of 2/' (a?) 
in that interval which will be either 3/' (a) or 2/' (ft), and let 
the q^uotient he denoted by G; then, neglecting signs, 

hence if the firat error h in Cj be a small decimal, the error 
h—h^ with which c^ is affected {since G will not, except in 
particular cases, be very large) will be very small compared 
with h ; and if the quantity G be leas than unity, the number 
of exact decimals in the result will be doubled by each suc- 
cessive operation. The quantity C, when thus computed for 
a given interval, presei-ves the same value throughout the 
operations which it may be necessary to make in order to ap- 
proximate to the value of the root lying in that interval ; and 
as we thus know a limit to the diffei-ence between the approxi- 
mate value already found and the true value, we may always 
avoid calculating decimals which are inexact, and only obtain 
those which are necessarily correct- 
Ex. 6a^~ 141a; + 263 = 0, 
This equation has two positive roots, one between 2*7 
and 2'8, and the other between 2'8 and 2*9. Now /'(ic) 

= 18a;''-141 =0, has a root = a/-^ =2-798 between 2-7 

and 2-8, therefore these limits are not sufficiently close; but 
this root is greater than 2'79 ; also 2'7 and 2*79 substituted 
in f{x) gives results with different signs ; and 2 " 7 substituted 
in f{x) and /"(a;) gives results with the same sign; therefore 
c, = 2-7. 

19 
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With regard to the other m al 8 9 f (as) = 0, 

/"{x) =0, have no roots betwe n 1 In nl 2 makes 

f{x) an.dif"{x) have the earn f 2-9; and 

starting feom these values we a 1 to get a 

new value nearer to the truth. 

1 ?1__A-A (inn flaoiiTTiP in the 



interval 2*7, 2'79, is nearly eq^ual to 10; hence iih„ \, be 
consecutive errors, we have h^<-^ (A,)'. 10. 

The same formula will be found to be tnxe for consecutive 
errors in the interval 2"8, 2'9. 



METHOD OF 

125. The nature of NewtorCs method o£ approximation, 
and the necessity of Fourier's limitations, are well illustrated 
by the following geometrical considerations. 

liOt ^ —f(x) be the ecLuationto a parabolic curve, then the 
portion of it between x=a and x = 'b, (supposing these limits 
to satisfy all the piesciibed conditions,) must have the shape 
PGQ, (Fig. 1,) being the origin, OG the asis of x, FN, 
QM the extreme ordinates having different signs; and there 
being no point of inflexion and no tangent parallel to the 
axis in the interval between x — a and x — h, since neither 
f" ('") = 0, nor /' (x) — has a root between a and 6. Now 
if §2" be a tangent at Q, it is manifest that OT will be in- 
termediate to 00 and OM, whatever be the magnitude of 

CM; but MT= ■yXi. 'a the correction funiished by Newton's 
method ; hence if we start with that end of the arc which is 
convex towards the axis of x, and therefore fi.-om that limit 
OM=l which makes /(ic) and/"(a;) have the same sign, we 
shall get a new limit Or=5' = S-^j^, which is certainly 
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closer than the former and on the same aide of the root ; and 
if we repeat the process with V, the next value of the root will 
be OT', which is still nearer to the truth. But if we com- 
mence with that end of the arc which is concave to the 
axis of a;, and therefore from that limit 01^= a which makes 
fix) and/"(a!) have contrary signs, the correction will be 

iVD'=-^^r7^; and the new value £7 wUl exceed OG, and 

may exceed OGhy more than Onfalls short ot OC; so that 
we cannot he certain that the new limit is closer than the 
former ; and if we again correct XJ, the result may be still 
more erroneous. 

We may however obtain a new inferior limit by drawing 
PiS parallel to QT, then 08 will always lie between OWand 

OGandweliave-?fS'=-^, and 0B = a-^!4^. Thue 

we have two new limits, and as many figures as their values 
have in common, so many are exact in the approximation. 

If the primitive interval were not sufficiently small to 
exclude all roots of/'(a;)=0 and'/"(a;) =0, then it might 
happen that the limit i might correspond to a point B situated 
beyond a point of inflexion R, and the tangent at B might 
meet the axis at a point remote from G; and if B were 
situated at the extremity of a maximum ordinate, the result 
would be still more e 



In connection with these geometrical illustrations of Nmo- 
ton's method of approximation, and of Fourier's criterion of 
the reality of two roots at Ai-t. 1 18, the following remarks may 
be made. If instead o£ the et^uation f{x) = 0, we consider 
the equation / {x) = y, and suppose i/ to assume successive 
known values, we shall have a system of equations, differing 
only in their final terms ; and the roots of all of them may be 
exhibited by means of the intersections of the same curve 
with a system of parallel straight lines. For suppose the 
equation /(at) =^ to represent the curve PGQ (fig. 2) when 
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referred to ONM as axis of x ; then if we draw another axis 
O'N'M' parallel to the former, and call NN' =a, we have 
PN' =-y' =y — a, so that relative to the new axis the same 
cnrve is represented hy the eq^uation y' + « =f{o!) ', and if we 
suppose y' = 0, the roots of /(^) — a = 0, are the abacisste of 
the points of intersection O'A, O'B, &c. If the new axis were 
drawn so as to touch the ci^rve at C, and GR = c, then the 
eq^uation f(x)—e=0 wonld have a pair of roots = O'M'; and 
if b were taken less than c, so that the axis were situated be- 
tween C and B, then f[x) —b — would have a pair of ima- 
ginary roots, the curve having receded from the axis without 
intersecting it. "We thus perceive that the slightest alteration 
in the final term of an eq^uation, may change two real roots 
lying close together, into a pair of eq^ual roots, or into a pair 
of imaginary roots conjugate to one another. 

126, The following method, known as Horner's method, 
of calculating the real incommensurable roots of a numerical 
equation, is laborious ; but it possesses the advantage of de- 
termimng with certainty, to as many places of decimals aa 
may be desired, the successive digits in the decimal part of 
any root known to lie between two consecutive integers. It 
requires a peculiar mode of forming the equation whose roots 
shall be tliose of a proposed equation diminished by a given 
quantity, which we proceed to explain. 

If we wish to diminish the roots of a numerical equation 
of the ft*^ degree, X„ = 0, by a given number a, we may, in- 
stead of putting X =y + a as in Ait. 25 and expanding, employ 
the following more expeditious method. Dividing X„ by 
x — a, let X^j be the quotient, and r, the remainder which is 
numerical ; again, dividing X^^ by x — a, let X„_^ be the 
quotient and r^ the remainder ; and so on through n divisions ; 
then 

X„ ^{x-a)X^^ + r^, 
X^,^{x~a)X^ + r,, 



= {x-a)l + r^; 
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hence by successive sulDstitutions we get the transfonned 
equation 

X^={x~aT + r„{x-ar'+... + r^=G. 
The coefficients r^, r^,...r^, which are the remainders afl^r 
one, two, &c., n repeated diTisiona of X„ by x — a, can be 
readily found from Art, 6 ; where it is shewn that when any 
polynomial /(ic) ia divided by a; — a, the coefficient of the first 
term in the quotient is the same as that of the first term of 
the polynomial ; and the other coefficients and the remainder 
are formed, one from the other, by multiplying the coefficient 
of the preceding term by a and adding the product to the 
coefficient of that tenn of /(a:) which involves the same power 
of X aa the preceding term does ; the last quantity that can 
be so formed being the remainder. Hence if we perform n 
separate divisions of X„ by a; — a by this uniform process, we 
shall obtain n remainders, which are the coefficients of the 
transformed equation. The facility of the method will be 
seen in the following examples; when « = 1, the process is 
merely one of addition. 

Ex. 1. To diminish by 4 the roots of the equation 
2a;* - 63;' - a;'' + Oa; + 3 = 0. 

2 2 7 28, 115=9-„ 
2 10 47, 216 = ?-„ 
2 18, 119 = )-„ 
2, 26 = r,; 
.-. 2(a!-4)'+2S(a;-4)=+119(a!-4)=+216(cc-4) + 115 = 0. 
The second line gives the coefficients of the q^uotient 
2ar'' + 2a;'' + 7a! + 28, 
and the remainder 115, after dividing the proposed by a; — 4, 
which are calculated thus : 2 we know is the coefficient of x^, 
and if we multiply it by 4 and add the product to — G, the 
coefficient of the same power of a; in the line above, we get 2 
the coefficient of x^ ; again, multiplying 2 by 4 and adding 
tlie product to the coefficient of a;" in the line above, we get 
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7 for the coefficient of x ; and bo on. In the third line are 
given the coefficients of the quotient, and the reminder, after 
dividing 2^ + 2^ + 7x + 2S}yy x — i (which amonnta to per- 
forming two successive divisions of the proposed hy 3! — 4) ; 
and they are formed hy the same uniform law, of multiplying 
any one hy 4 and adding the product to the coefficient which 
stands over it in the line ahove, for the next following co- 
efficient. When the roots are to he diminished hy tinity, the 
s IS still easier, as no multiplication is req^uisite in form- 
; the coefficients. Thus if it were required to diminish by 
unity the roots of the ahove equation 
23)^ - Gar' - a^ + Oa; + .3 = 0, 

2 -4-5-5, -2=r„ 
2-2 -7, -12=r„, 



.-. 2(£C~iy + 2(a;-l)="7(3;-l)'-12{ic-l)-2 = 0. 

The former result shews that a; - 4 has no positive value, 
and this shews that a; — 1 has but one positive value ; there- 
fore the proposed has hut one root greater tlian 1, and it is 
less than 4, 

Ex. 2. To diminish hy 3 the roots of the equation 
4a:' - 6a;' - 7a^ + 8a;' + 7a:* - 23a!^ - 22a; -5 = 0. 
Tlie transformed equation, which may he calculated with 
the same ease as in the preceding example, will he found 
to he 

4 (a; - 3)' -I- 78 (a; - 3)^ + 641 {x - 3)^ + 2873 {x - 3)* 
-1- 7573 (a;- 3)' 4- 11704 {x - 3)' 
-1- 9722 (a; - 3) -f- 3232 = 0, 
and shews that the proposed has no root greater than 3, 

It is plain that when all the roots of an equation are 
possihle, this method of transformation comhined with Ses 
Cartes' Rule of Signs, will afford a ready means of separating 
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the roots. For suppose the roots to be diminished hj some 
number a, and let the proposed and transformed ecLiiation be 

a;''+^X"'+--+i'" = (1), 

{a:~a)'' + r,{x-aY-' + ... +r,^Q (2); 

then these equations give as many positive values for x, and 
for x — a, respectively, as each has ehanges of sign. If they 
present the same number o£ ehanges, there ia no positive 
value of X less than « ; if (2) has a certain number less of 
changes than (l), then x admits of the same number of values 
between and a. Again, if a second transfonncd equation, 
where h> a, 

{x - hy + p^[x~ &)""' + . . . + p^ = 0, 
present a certain number less of changes than (2), x will 
admit of the same number of values between a and h. If 
thercfoi-e we deduce in succession the several transformed 
equations in a; — 1, x — 2, ... a;— 10, and count the changes 
lost at each transformation, we shall learn how many roots 
the proposed has between and 1, 1 and 2, ... 9 and 10, 

127. When by the preceding or any other of the methods 
that have "been devised for separating the roots, the equation 
f{x) = is found to have one root, and one only, between a 
and a+1, we may calcrdate with certainty, to as many places 
of decimals as may be desired, the successive digits in the 
decimal part of that i-oot. We must first transform f{x) by 
the method just explained, so that 

f{x) = {x-a)" + rJx-aY-^+...+r, = 0, 
where r^, r^, ... r„ are the remainders after 1, 2, &c, n re- 
peated divisions of f{x) by x — a; then making x — a — y, 
or x = a+y, we get 

which has its roots equal to those of /(a;) = 0, each diminished 
by «, and it has therefore one root, and one only, between 
and 1. Consequently (Art. 30) the equation 

7/,'' + 10r„;/;"'+...4-10V, = (1), 
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has one root, and one only, between and 10 ; let this be 
ascertniaed by trial to be between 6 and h+1, so that it 
ec[ual8 & + Z where « is between and 1. Now let (1) be 
transformed into 

iy^ - S)" + p,. iy, - hT" + . . . + p, = 0, 
or z" + p^z""' + ... + p^ = 0; 
which has one root, and one only, between and 1 ; 
.-. s,'' + 10p„a,"^'+ ... +10>,=0, 

has a root between and 10, = c + w suppose, where c is an 
integer found by trial, and v lies between a^d 1. So that 
by carrying on this uniform process, we may obtain, to as 
many places of decimals as may be desired, 



'O + S-' + l ,„ „ 

; . bed. . . 



10 10 10 



10 100 1000 
6, c, d, &c. being written as the successive digits of the deci- 
mal pait of the root, 

If the root be greater than 10, we may, by a similar me- 
thod, determine its successive digits. 

Ex. 1. To iind the positive root, lying between 1 and 2, 
ofa;'-33;-l=0. 

Writing down only the coefficients of the terms in the 
successive operations, we have 

1 - 3 - 1 with a root > 1 < 2. 



Divide by a 



1 -2,-3 = )-, 
1 2, = r^ 
1, 3 = r, 
0—3 has a root > 
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,.l 30 -3000 1 !>•= "«»'>»< 10 

[or, Tjy trial, > 8 < 9 
Divide by a; — S, 

1 38 30i, -568 = )-, 
1 4G, 672 = J-, 

1, 54 = »-3 
.-. 1 54 672 - 568 has a root > < 1 



540 67200 - 568000 1 ^^ ^^?<^^ > ^ < ^^ 
[or, oy trial, > 7 < 8 



Divide "by iT — 7, 



7102D, -70797 =r, 
554, 74907 =r, 
1,' 561=^3 

-70797 has a root > < 1 



.-. 1 5610 7490700 - 70797000 I ^'^J™;^;'^;^ 
(or, DytnaJ,>9 < 10 

Divide "bj x—9, and repeat the same process, then the 

next decimal in the root will he deteiinincd, and so on for 

any mimher o£ decimals ; 

.-. ^ = 1.879... 

Ex. 2. To calculate the positive root, lying between 

5 and G, of 

a;'' + 2a;^-23a;-70 = O. 

Diminishing the roots hy 5 we find 

(a;~5)' + 17(a!-5)' + 72(a:-5}-10 = 0, 

having a value of a; — 5 between and 1 ; 

.-. y + 170y + 7200^-10000 = (1), 

has a root between and 10, which hy trial is found to he 

between 1 and 2. 

Diminishing the roots of (1) by 1, we find 

()/- 1)' + 171(3/- 1)' + 7371(^-1) -2629 = 0, 

having a value of ;/ — 1 between and 1 ; 

20 
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.-. a' + 17103' + 73710l)s-2629000 = (2), 

has a root tetween and 10, which by trial is found to lie 
"between 3 and 4. 

Diminishing the roots of (2) ty 3, we find 
(s - 3)^ + 1713 (a - 3)= + 742239 (s ~ 3) - 402283 = 
having a value of s - 3 between and 1 ; 

.-. i)'4-ni30t/ + 74223900«-402283000 = (3), 

has a root between and 10, which by trial ia found to He 
between 4 and 5. Diminishiag the roots of (3) by 4, we shall 
find the next decimal in the root to be 9 ; and so on ; and we 
therefore have x = 6. 1319. 

CONTINUED FEACTIONS. 

Before proceeding to the main object of finding the roots 
of equations imdcr the forma of continued fractions, it will be 
necessary to investigate several general properties of that sort 
of expressions. 

Every expression having the form 

„+^ 

is called a continued fraction. We shall at present consider 
only the case where the numerators /3, 7, S, &c. are equal to 
nnity, and the qnantities a, 6, c, &c., are positive integers ; so 
that the continued fr'action will be of the form 

1 111 

h+ — ^ 

" + ^^77 

as it may be conveniently written. 

Expressions of this sort present themselves, whenever we 
attempt ,to express numerically the values of fractional or 
irrational quantities. 
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For suppose wc were reciuired to estimate tlie value of 
a quantity a:, not expressible hy an integer ; if we first seek 
the whole number a which ia next less than x, the difference 
x~a is a fraction less than unity, which we may represent 
by - , y being a quantity greater than unity ; similarly, if b 
be the whole number nest less than y, the difference y — h 
may be represented by - , s being a quantity greater than 
unity. Proceeding in this manner, we have 

x = a+-, y = h-'r~, 3=c + -, M = f74--,&c., 

1 1 1 

.*. x^a-Vf—, r -J-. • 

+ e+ ffl + ... 

If among the quantities x, y, s, &c., there occurs one 
which is exactly expressible by an integer, the continued 
fraction terminates ; in the contrary case, it may be prolonged 
indefinitely. The former, as we proceed to shew, will happen 
whenever the quantity proposed to be transformed is a com- 
mensurable fraction ; and the latter, when it is iiTational or 
otherwise incommensurable ; and the corresponding limited 
and unlimited continued fractions are called rational, and 
irrational, respectively. 

128, To convei-t any proposed fraction - into a continued 
fraction. 

The integer nest less than — is the quotient of the 

division of OT by m; let a be this quotient and j> the remainder; 
then 



Similarly, let Ty be the quotient of the division of n by p, 
and g the remainder ; then 
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Again, 

q q 

m_ 1 1 

•"• n~"''^ h^ c+...' 
Hence we see that, to reduce a vulgar fraction to a 
continued fraction, we must proceed exactly in the same 
manner as to find the greatest common measure of its nume- 
rator and denominator ; taking cai'c, however, first to divide 
the numerator hy the denominator, so that when the nume- 
rator is less than the denominator, the first quotient, o, will 
be zero. 

And as the process of finding the gi-eatest common mea- 
sure of two numhers always leads to a remainder zero, and a 
quotient expressed exactly hy an integer, we see that every 
commensurable quantity can be expressed by a continued 
fraction which terminates ; and conversely, every terminating 
continued fraction is the expression of a commensurable quan- 
tity ; for by performing the calculations indicated, it can be 
reduced to an ordinary fraction. 

Ex. By performing the process of finding the greatest 
common measure of 743 and 611, we find the quotients 1, 4, 
1, 1, 1, 2, 3, 1, 3, and a remainder zero ; 

743^J_J_J_J_^J_ 1 1 1 
'*' 611 "^ 4 + 1 + 1 + 1 + 2 + 3 + 1 + 3 ■ 

Hence, also, it results that an incommensurable quantity 
can be converted only into a continued fraction which does not 
terminate ; of which we shall now give an instance. 

129, To convert V*^ {N not being a complete square) 
into a continued fraction. 

Let a" be the gi-eatest square in N. so that N — (f-\-h; 

then a is the greatest integer in V^; let —, be the re- 
mainder ; 
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1 VF+a 



, suppose 



a being the gi'eatcst integer in x\ and — the remainder. 
Suppose that, in continuing this process, we arrive at 
,„ '/N+m , 1 

/i being the greatest integer in ce*'\ and ~ the remainder; 

n _ n{'^N + nii.-m ) _ Vy + m 

"^^ ^N- (nij. - Til) " N-{nfi.-m)' ~ n' 

It ira =Ji/* — m, n = ■- ■ ■ — --■■= ; [l) 

'\/N+m' , 1 
■■■ 2'=~V — =1^ +^' 

^' "being the 'greatest integer in y, and - the remainder. 

o- -, 1 ViV"+m" ,.1 ^ 
bimilarly, z = jr— = /^ + ~ ; "ic. 

m", n", being fonned from m', )/, jjJ, hy precisely the same 
laws as m', m', were from m, n, p,, in equations (l) ; and fi' be- 
ing the neai'eat integer to z ; and so on for the rest. 

Hence y, s, &c. and the quotients jj.', jj!', &c. will be 
found by an easy and uniform process, which must be con- 
tinued till we arrive at a quotient =2a; after which, the 
quotients will reeui {as will be hereafter shewn) in the same 
order, beginning with «. 

Obs. Since m'=M/i~»t, and mm' = ^— («/i-m)^, or 
n —'t^ + ^iMn~niJ?) since mi' =N—m^, 

( — being the quantity which precedes — j; 
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we see tliat m and n will always be integers, since they are so 

. „ , , , Vif + , Vif + a , .^ .„ 

in the first two cases, — z — and — -. — ; and it will appear 

they aie always positive. 

Ex. 1. To express "/33 by a continued fraction. 



— '- = 4, writing down only the integral pai't ; 



also m—Q, m = 1, 
V23 + 4 , 



.^,.3_i, = 3, n- = B^. 



V23+4 _g 

7 ■ - ■ 

Hence the quotients 1, 3, 1, 8 will recur; and consequently 



;+ 1+ 8+ 1+ 3+... 
1111 1 



CONVEKGING FEACHONS. 



130. Eetui'ning to the consideration of the expression 
_ , 1 1 1 
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tlie fractions formed by taking 1, 2, 3, &c., of the cLuantitJes 
M, b, c, &c., are called converging fractions ; thus 
a 1 ah+1 1 aho + a + c 



1' ^ b b ' ^, 1 bc + 1 



- , &c., 



are converging fractions. 

The converging fractions, taken in order, ai'C alternately 
leas and greater than the true value of x ; thus -^ is too 
small ; « -!- t is too large, because a part of the denominator 
is omitted ; again, & + - is too large, and therefore 

(( H is too small, and so on. 

c 

The quantities a, t, c, &c., are called quotients ; and any 
one with the quantity which must he added to it (supposing 
it were the last) to make the value of a; exact, is called a com- 
plete ijuotient. Thas, using the notation of p. 155, 

« + -, & + -, C + -, &c., 
y s u 

are complete quotients. 

131. To transfonn any continued fraction into a series of 
converging fractions. 

Suppose - , -^ , -^ , three successive converging fractions. 

Write down the quotients, and under them the converging 
fractions, 



a ab+l aba + a 



bc + 1 '"q q q" 
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Now as far as we have gone we observe that, having 
formed the first two converging fractions, and written them one 
row in advance of the quotients, the numerator of any fraction 
is formed hy multiplying the numerator of the preceding hy 
the quotient that stands over it, and adding the numerator of 
the fraction preceding that ; thus 

al>c + a + c={ab + l)c + a; 
and the denominator, in the same maimer, "by multiplying the 
denominator of the preceding by the quotient over it, and 
adding the denominator preceding that ; 

thus he+l = iG + the denominator of - . 

Suppose the law to hold up to the quotient m, so that 

{^ heing the fraction preceding^! 

p' =pm+p'', q' ^qm + q"; 

then^=£^i^;. 

q qm + q 
Now ~T, differs from A only in taking in another quotient, 
so that if wi H — 7 he written for m, we have 



» «l + — i + /*" / . 0\ J , ' f , 

_ -^ \ mj -^ _ (ym+y)m' + p _ pin 4-j> 
" {qm + q'']m' + q q'm' + q' 



i{'+i)' 



which is the same form aa the preceding ; if therefore the law 
hold for the formation of any one converging fraction, it holds 
for the formation of the next ; hut we have seen that it holds 
for the third, therefore the law obtains generally. 

Ex. 1. To find a series of fractions converging to — — , 

Here the quotients are (Art. 128) 1, 4, 1, 1, J, 2, 3, 1, 3; 

and the first two fractions are j , and 1 + -roi j. 
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Hence, writing down the quotients and the first two frac- 
tions in the manner directed ahove, and foiining the rest by 
the rule, we get 

141112 3 1 3 

1 5 6 11 17 45 152 197 743^ 
1 4 5 9 14 37 125 162 611 ' 

the last being the original fraction, and the preceding alter- 
nately greater and less than the true value. 

If the proposed c^uantity has no integral part, then the 
first quotient, as was before observed, will be zero, and the 

first converging fraction - . 

Es. 2.' To find a series of fractions converging to ^23. 
The quotients are (Art. 129) 4, 1, 3, 1, 8, 1, 3, 1, 8, ... 
Hence we have 

4 13 18 1 3 1 8... 
4 5 19 24 211 235 916 1151 
1 1 4 5 44 49 191 240 ■" 

Ex. 3. Two scales, whose zero points coincide, are placed 
side by aide, and the spaee between consecutive divisions in 
one is to that in the other as 1 to 1'0G577 ; to find those 
divisions which most nearly coincide. Tiiey are 15 and 16, 
61 and 65, 76 and 81, &c. 

132. The difierencc between any two consecutive con- 
verging fractions, is a fraction whose numerator ia unity, 
and denominator the product of the denominators of the 
fractions. 

This is immediately verified with respect to the first two 
converging fractions ; for 
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To prove, therefore, that it is generally true, it will be 

sufficient to consider three consecutive fractions ^, - , -^ , 
q q S 

and to shew that if the property holds for the two "S , - , 
r r^ J 2 2 

it must hold also for -^ and -S . 



Now 



i* P ..."ip+j^ P_ 



q i -mq + fl q {mq + q)q 
and by the liypothcsls 

■S — "S = + — b ! 01" w" ~ qp" = + 1 j 
2 / -22 ^^ ^^ - ' 

.*. "S ~-^ = -;- ) or p'q ~ o'» = 1. 
2 2 22 
133. In a scries of converging fractions, each fraction 
approaches nearer to the value of the quantity to which the 
approximation is made, than that which precedes it ; and (the 
integral part, or zero, heing the first converging fraction) all 
the converging fractions of an odd order are less, and ail those 
of an even order greater, than the true value. 



2 niq + q 
and to deduce the value of a;, the quantity to which the 
approximation is made, from that of ^ , it is sufficient to 

replace the quotient m hy the complete quotient m + ~- = y 
ie, where y is always positive and greater than unity ; 



2 iky-^i)' 2° <t'\iy^<iy 

Now g" < 2, and ^ > 1, therefore on hoth accounts the 
value of X — -^ is less than the value of -^ — x (not regarding 
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the signs) ; therefore the successive converging fractions ap- 
proach nearer a,nd nearer to x. 

Also since S — ^ and x —-^ 

have the same sign, the successive converging fractions are 
alternately greater and less than the true value ; but the first 

converging fiaction ~ is less than x ; therefore all the converg- 
ing fractions of an odd order are less than x, and form an 
increasing series ; and all the converging fractions of an even 
order are greater than x, and form a decreasing series, 

134. All converging fractions are in their lowest terms. 

For if the numerator and denominator of the fraction - had 

a common measure, then from the equation p'^' ~ 5^ = ± 1, it 
■would foUoiv that this common measure must divide unity. 



135. The error, in taking any converging fraction for 
the value of the continued fraction, is less than unity divided 
by the product of the denominators of that fraction and the 
following one ; and greater than unity divided by the product 
of that denominator and the sum of that denominator and the 
following one. 

For, since x —~ — + —7- ;, , 

and ^ is greater thanm and less thanm+1 ; therefore, leaving 
the sign out of consideration, 

^ q qiqm + f) qiqm + q + q")' 
or, since q' = qm + q", 

2 92' 2 (2' + 2)' 
136. Wc can also obtain a superior limit of the eiTor, 
depending only on the denominator of that converging fraction 
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which we take for the approximate value ; and an inferior 
limit, depending only on the denominator of the following one. 
For since ^ is always greater than 5, 

— ; is less than -^ and ■ -, ■■ , ■ < greater than —7^ ; 

therefore, a fortiori, 

V 1 1 
1 1 H 
These limits are to be preferred, on account of theii- 
simplicity, to the former ; and in most cases are sufficiently 
exact. 

Hence we may at any step measure the accuracy of 
our approximation. Thus, in the examples of Art. 131, the 

fraction ~— , which converges towards ^ry , differs from it 
"by a (Quantity less than Tr-^Tyi and greater than „ - -a - ; and 

it hy a quantity less than ■ ^ , and greater than — r^ . 

Ex. To find a series of fractions converging to the value 
of the ratio of the circumference of a circle to it^ diameter ; 
and to estimate the error with which each convei^ging fraction 



The value of this ratio, exact to ten places of decimals, 
is 3"1415926535 ; therefore, adding unity to the last decimal, 
the value of ir will he comprised between the fractions 



10 000 000 000 10 000 000 000 ' 

If now we perform the successive divisions for each fraction, 
we find the two series of quotients 

3, 7, 15, 1, 292, 1, 1, S 
3, 7, 15, 1, 292, I, 1, 1; 
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therefore, reserving only the quotients which are common to 
both, and which must "belong to the continued fraction which 
expresses the value of ir, and forming the converging fractions, 
we get 

3, 7, 15, 1, 292, 1, 1, 

3 22 333 355 1 0,^^993 104348 

T' T' Tog' m' 33102 ' 33215 * 

These fractions are alternately greater and less than the 
true value of tt ; thus — is too great ; it is the ratio dis- 
covered by Archimedes, and differs firom the true value by 
a quantity lying between 



7x106 7(7 + 106) 742 791" 

The fraction -^ is the value discovered by Adrian Metius ; 

it is also too great, hut far nearer than that of Archimedes, 
since it only leaves an error comprised between 



137. In order that the fi'action ^ may differ from the 

exact value of a; by a quantity less than a given quantity - , 

it is sufficient that we have -3 < - , or o = or > Va. 
if « 

Hence we can always obtain, either exactly, or within any 
degree of approximation, the value of a quantity expressed by 
a continued fraction ; for if the continued fraction terminates, 
we then obtain its value exactly ; and if it does not terminate, 
we can obtain a converging fraction whose denominator satis- 
fies the condition g = or > Va, because the denominators of 
the converging fractions are integers, and go on increasing 
indefinitely. 
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138, In a series of converging fractions, each fraction 
differs less fi-om the value of the quantity to ■which the 
approximation is made, than any other fraction in more simple 
terms. 

Let - he one of the converging fractions, and let - be 

another fraction whose denominator ia less than 5-. If - he 

one of the converging fractions, the proposition is manifest 

from what has heen proved. But if - be not one of the 

converging fractions, then it cannot lie hetween ±- and the 

preceding ^; for if it could, then ± f ^ — ] would he less 

than -TT , or ± {p''s — ^r) < - , which is impossible, because 

the first member of this inequality ia an integer different from 
zero, and the second a proper fraction, since s < q^. 

Since then - cannot He between ^ and ^ , if it lie to 

s ' 9 2 

the right of - (supposing the three ai-ranged in order of 

magnitude) it differs from x more than ^ does ; and if it 

lie to the left of ^ , it differs from x more than % does, 

and therefore a fortiori more than — does. 

139. Every periodic continued fraction is the expression 
for one of the roots of a quadratic equation whose coefficients 
are commensurable. 

Let the continued fraction be 

1 J_ 1 
^ b+ ... h+ 1+ y' 



- y 



X = fl + r 
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so that a, h, c, ... I are CLuotients whicli do not recur, and 
r, s, ...V are those whicK recur indefinitely. 

Let ^ , -^ , "be conversTne fractions in the value of x, the 

last quotients comprised in them teing, respectively, k and I; 
so that I and r are the cLuotients which stand over them, when 

P P 

formed according to the method of Art. 131 ; and let y , -^, , 

be conver^ng firactlona in the value of y, the last quotients 
comprised in them being, respectively, u and v ; then, as in 
Art. 133, 

^-■PV+ff P^y + P . 

2'^/+2' ^ Qy+Q' 
between which equations, eliminating y, we obtain an equation 
of the second degree in x, which demonstrates the property 
announced. When we wish to find x imder an UTational form, 
we must take the positive value of y in the equation 

Q'f + {Q-i')s-F=o, 

and substitute it in the preceding value of x. 
Ex. 

x = a+ ■— — , or a? = 1 + a^. 



LAGilANGB'S METHOD OF APPROXIMATION BY CONTIKUED 
FEACTIONS. 

140. To approximate to the roote of an equation by the 
method of continued fractions. 

Let the equation f{x) = have only one root between 
the Integers a and a + l; then writing a+ - for x, the first 
transformed equation will be 

/(«)+/(»)^+/»i:iy+-+p==o{i), 
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and since only OQe value of - lies between and I, y has 

only one value greater than 1 ; if therefore wc substitute suc- 
cessively 2, 3, 4, &c. for y, stopping at the first which gives 
a positive result, the integer preceding that, is the integral pait 

of the value of y. Let this he I, and in (X) write 5 + - for 3^ ; 

then the second transformed ei^aation will have only one 
root greater than unity, the integral part of which, as before, 
will be the whole number next less than the one in the 
series 2, 3, 4, &e., which first gives a positive result when 
written for z ; let this he c, and in the second transformed 

equation write e +■ - for z, then the third transformed equa- 
tion will have only one root greater than tinity, the integral 
part of which may be found as before, and so on. We thus 
obtain successively the terms of a continued fraction 



which expresses the required value of x ; consequently we 
ai-e able (Art, 137) to find this value to any required degi-ee 
of exactness. 

If any of the numbers h, c, d, &c. is an exact root of the 
corresponding transformed equation, the process terminates, 
and we find the exact value of x. Also, if one of the tians- 
formed equations be identical with a preceding one, the con- 
tinued fraction expressing the root is periodical; for, after 
that, the same quotients will recur in the same order ; in this 
case a finite value, in the form of a surd, may bo obtained 
for the root (Art, 139) by solving a quadratic whose c 
are rational, both of whose roots wiU be i-oots of the p 
. (Art. 16) since the coefficients of the latter ai'e supposed 
rational ; consequently the first member of this quadratic will 
be a factor of the first member of the proposed equation, 
which may therefore be depressed two dimensions. 
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Ex. 1 , To find the positive root of a;' — 2a; — 5 = f 
tlie form of a continued fraction. 

Comparing tliia with a^-qx + r — 0, %ve find that 

.1- 



27 



SL positive quantity, 



therefore {p. 61) the equation has two impossihle roots ; and 
since its last term is negative, its third root is positive. 
Substituting 2 and 3, the results are —1 and +1Q, therefore 

the root lies between 2 and 3. Assume x = 2+-, and the 
transformed equation is 

i/'-10/-6!/~l = 0, 
in -which 10 and 11 being substituted give - 61, + 54. 
Assume ^ = 10 + - , and we obtain 

6l2= _ 9is= - 20s - 1 = 0, 

whose root lies between 1 and 2. Proceeding in this manner 
we find 

1 _!_ J^ 1 
^~ "'"10+ 1+ 1+ 2 + ... 
the value of the root, in a continued fraction, which may be 
converted into a series of converging fractions, 

Es. 2. a;' - 7a; 4- 7 = 0. 

The roots which lie respectively between 1| and 2; Ij 
and 1|; and -3, - 3j; (Art. 49) will be found to bo 

J_ Jl- -1- i. ' ' ^ 

'*'l+ 2+ 4+ y' 

and -(^3 4-i']; 
where y is the root greater than unity of 
/ - 20y - 97/ + 1 = ; 
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In this case, therefore, the three roots terminate hy the same 
quotient ; a property that lias been shewn to belong to the 
ecLuation 

(fl'c)'- (1 + <t + a) (3y^ -2a - 1) = 0, 
wliert a is any integer and a a divisor of 1 + a + a^. The 
example before us re&ults fiom nnUng a = i, a' = 3. 

141 When an equation la& several roots between two 
consecutive mtej^erf thiu method of approximating to them 
maj be lendeied cisier by combining it ivith Sturm's 
tlieorem 

Substituting 0, 1, 2, 3, &c., successively for x in the series 
of quantities (Art. 101) 

/w./.w>/,w.-/.w (1). 

and noting between what substitutions, changes of sign are 
lost, and how many, we shall perceive between what integers 
the roots He, and how many in each interval. For those 
roots which are situated singly between consecutive integers, 
the process will be that described above ; but for those which 
lie in groups between consecutive integers, we must proceed 
as follows. Suppose several roots to lie between a and a + 1 ; 

substitute « + - for a; in scries (1), and let the result be 

0W, 0,(y), ^.{^)^-<p.{y) (2); 

then as many TOots as f{x) = has between a and a + 1, so 
many positive roots greater than unity will (?/) = have ; 
and if we write 1, 2, 3, &c., for y in series (2), and observe 
between what substitutions changes are introduced, the con- 
secutive integers between which those values of y, either 
singly or in groups, are situated, will be determined. If 
there still be a group of values of y between consecutive in- 
tegers b and 5 + 1, put ^ = 6 + - in series (2), and let the 
result be 

+ W, +,«. t.W.-t.W (s); 
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then as many roots as (y) = has between i and & + 1, so 
many positive roots greater than unity will A|r (s) = have ; 
and, as l)efor6, substituting I, 2, 3, &c., for z in series (3), 
and observing where the changes are introduced, we may 
determine the situation of those values of s ; and the process 
must \>% continued till we arrive at a transformed ec[uation 
whose positive roots are situated singly between consecutive 
integers ; the approximation to each of these roots, as well as 
to all those already partially found, may then be continued, 
as in Art. 140, to any degree of accuracy. Thus all the 
values of cc between a and a + 1 will be determined ; and the 
other groups of values of x, if there bo any, must be ti'eated 
in the same manner. 

142. It is manifest that Fourier's method of separating 
the roots might be employed with similar advantages. For, 
being applied to the proposed equation y(a:) =0, it would 
enable us to ascertain between what integers the roots lie, 
and bow many in each interval. Next, being applied to the 
transformed equation 



/(.. 



= 0, or ^ (;;) = 0, 



{a and «+ 1 being one of those intervals,) it would point out 
between what integers the values of y lie, and how many in 
each interval. Similarly, in the next transformed equation 



n''nj= 



' t(-)- 



i and ?> + 1 bemg an mtoi\ al contammg more values of y 
than one, it would shew the situation of the values of z ; and 
so on for all tlie tiansformed equations which it might be 
necessary to obtam, to completely sepiiate the processes for 
approximating to each root oif{x) = 

The following is an instance of the employment of Sturm's 
theorem. 
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Ex. /(a;) =63^ -141a! + 263, 

/,H-6a?-47, 
/,(ic) = 94a;-263, 
/.W- + 

/ /. /. /. 

(2) + - - + 

(3) + + + +; 

Itence two values of x lie between 2 and 3 ; 



(/) (j/) = 29/- 69/+ 36^ + 6, 
*W--23/ + 24y+6, 

*.{!() «y + 94, 

*.(9) - + 

^ "Pi 'Pi 'Pa 

(1) + + + + 

(2) + - - + 

Hence two values of ^ lie between 1 and 2 ; and, putting 

^ = 1+ - , it will l>e found that z lias one value between 3 

and 4, and another between 5 and 6 ; and the roots must now 
be approximated to by separate processes. 



SOLUTION OS INDETERMINATE EQUATIONS OF THE EIRST 
OBDEE BY CONTINUED FEACTIONS. 

143. Another useful application of continued fractions is 
to find the integral values of x and y, which satisfy the inde- 
terminate equation of the first order, ax-\-hy=: c. 

We suppose a, h, c, to be integers positive or negative, 
and the two former prime to one another ; for if they are not, 
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c must necessarily have the aarae divisor, since x and y repre- 
sent integers. Let x = a.,y = ^, te a solution, then 

and therefore by subti'action, 

«(«!-.) =-J(S-/3); 
but since a and b are prime to one another, y — ^ must be a 
mnltiple oia = at suppose ; therefore x~a=—ht, 

that is, x=a — btf y = ^ + at, 
where t is any integer positive or negative. Now to find 
a and /3, resolve t into a continued fraction ; and in the 
series of converging fractions, let - be that which imme- 
diately precedes t > then pb — qa = ±1, according as 



.*. cp .0 — cq .a = ±c; 
hence, comparing this with the proposed equation, if the 
second members have the same sign, ^ = cp, a. — — cq; if 
different signs, /3 = — c^, a. = C€j_. 

Ex. 1. 5a; + 7?/ = 29. 

■= = 1 + - — - , and the converging fractions are - , - , 7 ; 

.-. 3.5-7.2 = 1, and5. 87-7. 58 = 29; 
.-. 3! = 87-7i, y = - 58 -1- Si. 
Ex. 2. 11a; + 13)/ =190. 

a; = 1140-13(, 3^ = --950+lU 

144. When we wish to solve ax + by = c in positive in- 
tegers, t must be restricted in the general values 
•c = a — Si, y = ^ + at 

First, suppose a and i to be positive, and therefore c 
positive since x and y are to be positive ; then we must have 
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a - 5i > 0, ;S + a( > 0, or * < r a^icl > - - ; therefore only 

those integral values of ( which are comprised between the 

limits — — , T are admissible. These limits are never contra- 
a b 

dictory; for since a. and ^ are positive or negative integers 

which satisfy the relation «a + 6^ = c, we have «a + &;3 > 0, 

and therefore r > ; hut they may not include any integer, 

in which case the proposed equation has no solution in in- 
tegers ; and in no case has it more than a certain number of 
such solutions. 

Secondly, let the equation be ax — hy=c, a and i being 
positive ; then a; = a + 5(, y — ^-\'at; and in order that these 



hence we may give ( any value above the greatest of these 
limits, so that the proposed equation will admit of an infinite 
number of solutions in positive integers. 

In Ex. 1 (Art. 143) i<]2?->llj; .-. t has only one 
value 12 ; and a; = 3, y-2 are the only positive integral 
value'' Similarly, in Ex. 2, ( has only one value 87. 

Ihe e quit on ax-\-hy-\-cz = d maybe solved in positive 
ntege s Vj ass gi ing values 1, 2, 3, &c. to the variable whose 
coeSic e t s gieiteat, and of which consequently the admis- 
■nble val es he v thin the narrowest limits ; and solving, as 
above, the resulting equations. 

Ex. 1, 10a; + 9;/ + 73 = 58. Here x can only have the 
values 1, 2 or 3. If a; = 1, we get 9^ -f 7z = 48, which admits 
of the single solution y = s = Z. If a; = 2 or 3, we get the 
equations % + 7z = 38, ^y-\-lz = 28, neither of which admits 
of a solution. Therefore the only solution of the proposed is 
a; = l, y = 3 = 3. 
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Ex. 2. 3O^ + 33/ + 5s = 100 is satisfied "by the four sys- 
tems of values for x, y, z respectively: 

1, 5, 11; 1, 10,8; 2, 5, 5; 2, 10, 2. 

The equation {r/ix + <^y = na?+]>x-\-rTa&j'h& solved in 
positive integers, by putting it under the form 



my = rnnx ~ «g 4- mp + — 



— Tnpq + ng 



^2 
and equating mx + q^ auccesaively to all the divisors of 

then if any one gives an integral value for x, that value can 
'be substituted for x; and if the second memher be then 
divisible by m°, we shall obtain an integral value of y. 
Thus icy + ai^ = 23; + 3^ + 29 has two solutions, 
x = ^, w = 21 ; and x = b, y = l. 



PEOPERTIES 01" THE CONTINUED FKACTION WHICH 
BSPEESSES ^. 

145, The last application we shall make of continued 
fractions shall be to determine the nature of the development 
of the square root of a number not a complete square, in that 
form ; preparatory to which the following property must be 
demonstrated. 

_ ^ _ ije the development of 



corresponding converging fractions, we have 



i ab-\-\ '" q q' q" Q' 
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whence we ottain the following equations : 



■■ Q m"+ m'+m + ... b+ a' 
that is, the development of ^ in a continued fraction (^ 

being the last of the series of fractions which converge to -^ ) 



inverted order ; if therefore in any case q" = P, the series of 
quotients will he symmetrica!, i. e. the same taken from the 
heginning and end, or of the form a, b, c, ... c, 5, a. 

146. If iV" be a whole number (not a complete square), 
then ViVmay be developed in an indefinite continued fi action 
whose quotients recur in periods, the last quotient m each 
period being double of the greatest number whose squaie is 
lees than N, and the period, as to the other quotients, being 
the same taken from the "beginning and end. 

In the continued fraction which expresses ViV (formed as 
explained in Art. 129), let ■the series of complete quotient, 
partial quotients, and converging fractions, be 
,-jy "JN+a V^y+m' ^ 'jN-\m 'JN+m' ^iN'+ro,^^ "JW+ m 



^ ; 
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then any complete quotient 13 formed from that 

which precedes it by the law m = fil't^ — in", m = — —g — ; and 

we must first shew that all the quantitiea m, n, in', n', &c., are 
positive integers. Suppose this to he the case up to wi°, n", 
then all the partial quotients up to /i" are positive integers, 

and the converging fractions up to -2 inclusive can he formed 



plete quotient con'eaponding to 2: ^ -^r^, have 

ViV^ ^ ,_ i , 

which, by equating rational and irrational parts, gives 
pm +/rt = qN, ^^ [(jj5° - qp'') m = q^N-pp", 
qm-\-^n—p, \{jP'i~1'I^) n = p^ — Nq^. 

But pq° — qp'' = + \ or - 1, according as - > or < 'JN, 
therefore n is a positive integer; also the equation 



q n\q r 



\2 
, and consequently n>'jN— 



which would he impossible if m were negative. Hence m 
and n will be always positive integers, since they are so in 
the first two cases. 
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We can now find the limits which m and n cannot sur- 
pass, however far the process be carried on ; for the ecLiiation 
N— m' = nn" shews that m < 'JN, and therefore m cannot ex- 
ceed a the nearest integer to '/N; a«d since m + m^ = /ir'n", 
2a is the limit both of n" and /J,". But since the continued 
fraction which expresses VW'is unlimited, and since there can 
only be a certain numher of values of m and n, the same value 
of m must occur with the same value of n an infinite numher 
of times, that is, the same complete quotient must recur ; and 
whenever this happens, then the succeeding quotients will be 
the same as those before obtained, and will recur in the same 
order; therefore the continued fraction which expresses -JN 
will (at least after a certain number of terms) be composed of 
a constant period of cLuotients, and we must now detennine 
the point at which that period begins. 

Suppose the recuiTing period of quotients to be 

M, F''' H-"> «; 

then since iV^— Mi' = mm",- a,ni N—?r^ = nn^, ,-. ii^^Hj"; 
also since m = jw"™" — m", m — (on° — m^. 

But the equation 

.0 - Pi" . '>' o" 
mi + an — p gives m= ^ — ^H = a^ — n, 

since*-, being an approximate value of ViV, can only differ 

from a by a small fraction - ; 
2 

2 2' 
therefore, since (f <l, a — m<n, 
hence a — m" < w" and a — m " < n" ■ 
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"but it aleo equals the integer /i" — w ; this integer then must 
equal zero, or 0) = /*" and m°=m,°. In the same manner 
we can shew that the quotient which precedes w is equal to 
that which precedes ft?, and so on to the quotient a, so that 
a is the quotient which first recars and with which therefore 
the period commences. 

Hence the quotients and converging fractions may now he 
represented by 

a; a, $, ... \ /j,; a, jS, ... \ /t ; a, ^, ... 
a p" P p' Pi Pi pi 

I •■■^' q' 7' ■•■^' ^' §; ' 

Let z he the complete quotient of which ji, the last partial 
quotient in the first period, is the integral part, then 
s — /Li = -VN— a ; 
.-. \'N - P^ "^-^° - ^' -^N+p {fi - a) +y . 

.-. p{li.~-a)-^f = Ng^, q(jj.--a)+q''=p; 

, 'f P 

.: /i-a + i- = i-, 

SI 

or /J. — a is the greatest integer in ^ and therefore = a ; 



Lastly, since 



(l=f — aq, and- 



i^~n 



are consecutive converging fractions, and the development of 
the latter equals ^ -^r j therefore (Art. 145) the period 

of quotients a, ^, 7 . . . «, X is the same taken from the begin- 
ning and end, i. e, X = a, k = /3, &c. Hence the quotients 
proceed according to the law, 

a; «, ^, 7, . . . 7, ^, a, 2a ; a, /3j . . . /3, a, 2rt ; «, &c. 
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whicli law would he, yet more regular, if the first cLuoticnt were 
either 2a, or zero ; i. e. if tlie irrational quantity developed 
were Vi^i a instead of V^K 



SOLUTION OF THE INDETERMINATE EQUATION OF THE 
SECOND OKDEK, X^-Nf^±-[. 

147. Every converging fraction, — , whicli corresponds 

to the quotient 2a in any period, is such ihat p" — Ng' = ± 1. 
For since /t = 2a, the equation m + in' = fin, in which neither 
m nor m can exceed a, ■will necessarily give m~m' =a, and 
n = l; therefore the equation {pq" — qp") n =jJ' — N^ hecoraes 

y — N^ = ± 1 according as ^ > or < ViV. 

Hence the equation a^ ~ JV/ = + 1 may lie always solved 
in whole numhers (at least with the upper sign) whatever te 
the numher N {provided it be not a perfect square), in an 
infinite numher of ways. If the number of tei-ms in the 
period a, 0, ... ^, a, Sa, he even, all the fractions in the 
different periods corresponding to 2a will he > ViV, and 
we shall ohtain solutions only of jk* - Nf = + 1 ; but if the 
period consist of an odd number o£ teims, then the first 
fraction which corresponds to 2a will be < 'JN, the second 
fraction corresponding to 2a > VjV, and so on ; so that all 
fractions coiTesponding to 2a which stand in odd places will 
satisfy x^ — Ny^ = - 1 , ai'l those in even places the equation 

3^_^j= = + 1. 

Ex.1. ic'-23/ = l. 

For V23 we have (p. 161) the quotients and converging 
fractions, 

4, 1, 3, 1, B, 1, 3, 1, 8, ... 
4 .I 19 24 1151 

1' T' T' T' 240 ' '" 

.•. fl; = 24, .V = 5; or a; = 115I, ?/ = 240, &C. 
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Ex.2. ai=-13/= + l; 

With the upper sign a: = 18, y = .1 ; 
with the lower x = 649, y = 180. 

The preceding investigation of the properties of the con- 
tinued fraction which expresses VS'i Is taken from Iiegendre's 
Essai mr la TMorie des Norribres, 

It may l)e observed that if ^ he a prime numher, the 
polynomial x''''^-\-x^+ ... +iE4-l or X possesses theremark- 
ahle property that the indeterminate equation 

can he satisfied hy taking for Y and Z integral functions of x 
in an infinite numher of ways if p = 4i4- 1, and in only one 
way if j? = 4i + 3. If ^ = 3, the equation 

admits the three solutions 
Y=2x + i, Z=l; Y=x^-2, Z^x; Y^x-l, Z=x+1. 
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SECTION vm. 

OlSr THE SYMMETRICAL FUNCTIONS OF THE ROOTS 
OF AN EQUATION, 



148, A SYMMETRICAL function of the roots of an equation, 
as was before observed, is an expression in which each root 
is alike involved ; and which is consequently made up of all 
the roots in such a mannei- that if any two be interchanged, 
its value is not altered. Thus 

-j)j = ffl + 5 + c+.., +1, p^=ab + ac + bc + &c., 
and, in general, all the coefficients are symmetrical functions 
of the roots; for in these expressions, if b were written in 
every place where a occurs instead of a, and a in every place 
where b occurs instead of i, or if any other two of the roots 
were interchanged, the values of the expressions would not be 
altered. Our researches will be confined to those symmetrical 
functions whicli are rational. 

149. We shall first consider the elementary cases where, 
in each term, only one, two, three, &c., of the roots ai'e in- 
volved; viz. 

ft™+&"' + c™ + (f'4-&c., 

a"&^+a°''^+6V+&c., 

(j«^^ + oT^b" + I'^aFo'' + &c. , 

The first is foi-med by taking the sum of the roots each 
raised to the same power m, and consists o n terms. 

The second is formed by taldng all the permutations of 
the roots taken two together, and affecting the first letter 
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in each product witli tlie index m, and tlie second with the 
index p ; and it consists oin(n — l) terms. 

The third is formed by talting all the permutations of 
the roots taken three together, and affecting the first letter 
in each product with the index m, the second with the index 
p, and the third with the index q ; and it consists of 
n{n-l) {n — 2) tciins. 
Similarly, the symraetiical function each term of which 
contained r roots, would be formed by taking all the per- 
mutations of the roots taken r together, and in each product 
affecting the first letter with the index in, the second with 
the index p, the third with the index q, and so on; and it 
would consist of m(m-1) (ji-2) ... {n-r + l) terms. (The 
above supposes all the indices m, p, g, &c., to he unec[nal: 
we shall afterwards revert to the case where some of them 
are equal ) 

Since, theiefoie m the above cases, any terra being given, 
all the othei=< nny be deduced from it, by forming all the 
permutations of the letters which compose it, and affecting 
the letters m eich with the indices taken always in the same 
order , wc may denote, them by the symbol 2, prefixed to any 
one of the teim" thu'i 

and the first, that is, the sum of the m"" powers of the roots 
may be indifferently expressed by %{<f) oi'S„; we shaU 
generally employ the latter, as the sums of similar powers of 
the roots are the simplest sort of symmetrical functions, and 
are the cLuantities by which all others are expressed. 

150. The value of every rational symmetrical function of 
the roots of an ecLuation can be expressed by the coefficients, 
without knowing the actual values of the roots, as we shall 
shew. Eiit it will be necessary to consider only the case of 
integral functions ; because when the terms of a symmetrical 
function are fractional, we can, by reducing them to a common 
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denominator, express the function ty a single fraction wliose 
numerator and denominator are integral symmetrical functiona. 

Thus TT-a + :rfs + :ni — 3a6Ci which is a fractional symme- 
2c 26 2a ■* 

trical function of the three quantities, a, h, c, becomes by 

a'b' + a'c' + Vc} — Ga^fi'c' 



reduction - 



2a^SV 



In the elementary cases of Art. 149, the indices ate the 
same, and of course have their sum the same, in every term 
of each ; I. e. the function is homogeneous ; if a symmetrical 
function should present itself not fulfilling these two con- 
ditions, it can be separated into two or more symmetrical 
functions that do fulfil them ; so that the only symmetrical 
ftmctions necessary to be considered are those which, besides 
being rational and integral, are homogeneous, and such that 
each has the same indices in every one of its terms. 



NB-WTON'S THEOREM FOE THE SUMS OF THE POWERS OF 
THE ROOTS. 

151. To express the sum of the m**" powers of the roots 
of an equation in terms of the coefficients, and the sums of the 
inferior powers. 

We have (Art. CO) 

therefore, eifecting the divisions, which can all be exactly per- 
formed, since a, 6, ... ^ are roots oif{x) = 0, we get (Art, 6) 

•fix) 

■^A_L = x"-' + {a +p,) x"^ + («= + pfl +p^ x''^+... 

+ («■" +p^<l""' +i>,<i"'"' +.:+P,.) X"-""-' + &C. 
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\-{V+pJ+2)^)x'''^+... 

+ (^ +pjr' +2>J^ +■■■ +-?-) ^^"^ + &c. 

Hence, adding these cLnotients together, we have 
f'{x) = m^-^ + {8, + njp^ x"^ + (S, +P1S1 + np^ af^ + ... 

But /' (a;) = 113!"- + (n - 1) i>,a:^""' + (m - 2) j;y-' + . . . 

hence, equating the coefficients of coiTCSponding terras in these 
identical expressions, we get 

)5, + jij?, = (ji-l)^„ orSi+^^ = 0; 

or iSw +jp,S'^, H-^ji?^ + ... +_p«_,'S, + »«p™ = 0, 

the formula which gives the sum of the m"" powers (m heing 
less than n) of the roots, in terms of the coefficients and the 
suras of the inferior powers ; and ty means of which the 
sums of all sirailai powers whose index is less tlian the degree 
of the equation, can he successively expressed by integral 
functions of the coefficients. 

But if m be equal to or greater than «, raultiplying the 
equation by a:"^, we have 

a;" + J>,a;""'+^ja;"''^ + . . . +^„a;™~" = ; 
therefore, replacing x successively by all the roots a, h, c, ... I, 
and taking the sum of the results, we have 

8^+p,8,„_,+p,S„_,+ ... +j?A_„ = 0. (1) 
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Hence, making m = n, n + 1, n + 2, &c., successively, we 
find, observing tliat 

S'^ = ffl« + 6" + c°+...+i° = «, 
8„ + p,S„ +p^8^ + ...+ nj)^ = 0, 
s„^j + pA -^^A-t + • ■ ■ +^«'^, = 0> &c. 

Hence tlie sums of all similar powers whatever of the 
roots, can he expressed hy integral functions of the coeffi- 
cients. 

Obs. The sums of the powers of the roots of any equa- 
tion 8^, 8^, S^, &c,, form what is called a Eecmring Series; 
that is, a series in which an equation of the first degree with 
constant coefficients holds good between a certain definite 
number of consecutive terms, in whatever part of the series 
they be taken; for, any one of them, 8^, depends, when the 
equation is complete, upon the n preceding, by the equation 
(1), in which the constants of relation are the coefficients of 
the equation. 

152. To find the sums of the negative similar powers of 
the roots, we must write - for x, and apply the above formulae 
to the ti'ansformed equation in 7/. 

153. We may observe that by the preceding method the 
value of <p{a)+(j){h) + ...+ip{l), [where ^ (a;) denotes any 
rational algebraic function) may be readily found. For, 







_|M + |M+„ 






sforc, 
lindc 


performing 
IS, (Art. 6) 


the divisions, and 


reserving only 


tlie 


Am 


A") 


Si^iM+M 


-■■■-B: 





, AxT' + Bx" + &c. = is" l.f> («) + ^ (t) + . . . + if (!)] + &c. ; 
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.■. (a) + ^ (h) + ... +tj>(l)^A = coefficient of the liigliest 
power of X, in the remainder of the division of f'{x) . <j> [x) 

154. In practical applications to equations of a low 
degree, or consisting of a small nnraher of terms, we may, 
instead of calcnlating the sums of the powers successively 
from one another, express them immediately in terms of the 
coetEcients of the ecLuation, "by the following metliod. 

For X write - in the identical equation 

x'^ + p^^'^+p.^x"'^+2}^x"'^ + ...+p„= {x — a) {x-b) 
xix-c)...{x-l); 

■■• i+i>,»+i'y+i'y +■■■+?«;/'' =(i-«^)(i -%) 

x{i-<2/)-(i-^y)- 

Hence, taking the Napierian logarithms of both sides, 
-Wl -p,pS -PiPz 



'K' 1 



-IP, 

--ys,- W8, - ws, - Its, - &c. ; 

therefore, equating coefficients, 
S, = -P,, 

/Sj = ~ 4p, + ipj>i + ^p^ — iPiPn +P,'> &c. 
and, in general, S,„ — coefficient of j/™ in the 
ascending powers of y, of — m log wfi -j \ ■ 

Ex.1. x* + rx + s=^Q. 

Let x* + rx + s = {x — a}{x~h){x~ c) {x — d) 
.: 1 + f {r + By) = (1 - ay) (1 - hy) (1 - cy) (1 
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■•■/(<■+«»)- i/ (•■+ 9)" + &=■ = - jS. - i/S. - i2/"S. 
-is'B,-ifS,-ifS,-e«>.; 
heuce, equating coefficients, we have 

^^ = 0, S, = 0, S^ = -Zr, S, = ~is, S, = 0, S, = 3)^. 

Ex. 2. The sum of the m"* powers of the roots of 
a;"— 1 — is n, when m is a multiple of n; and zero in ail 

Let x'' -l^{^-a) {x^l) ... {x^l) ; 

.: l-f = {l-ai/){l-h^)...{l-l^); 

Ex. 3. To express the sum of the W' powers of the roots 
of a quadratic in terms of its coefficients. 

Let a? ~^x + Q= (x — a) {ie—h) ; 

... l-y{p-qy) = {\~ay){l-'by); 

therefore, taking the Napierian logarithms of both sides, and 
writing down only the terms wliich, when developed, will 
involve y", wc have 

1^ (p - miT + J-— [ {p - iyT~' + ~^ {p - lyT"" + &c. 

therefore, ecLUating coefficients of y'", 

m {'in — 3} 
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Hence, ii q = l,h = -,p=a + -; and the value of «'" + —, 



+ (- ')'- °'"°-^-'"T.i''s:!l-"°^^''"^ --+^°- 

Ex, 4. x" — ^ja;"""' + 2 = 0. 

^„=coefficient of j/™ in expansion of — fli log jl—^(^ — gy'"')} 
„ , m(i»- 211 + 1) . 



«(™ 



155. Similarly, we may express tire coefBcients imme- 
diately in 1«rms of tire sums of the powers. For since 
(Art. 154) 

log, (1 +i) J +iiy +p,s' + . . . +l>.y') --!/S,-iy'S, 

-ifS,-&c. 

.'. l+J^i^ +^s/ + Ps?/' + &C, = e~^Vi"''*s"i"^*a--' 

-l-jS.-iS, \f-iS, 1 J/'-So. 

+ «».)■! +iSA 

-««,)■) 

hence, ecLuating coefficients, 



p. = -is,+i~{sy, 

Ex. iC° +J>if^* +^^3^' +i'4^ +^56^ + Pe = 0. 

Here 8^ = 0, and proceeding as above, and in the develop- 
ment of the second memher reserving only j) 
as the sixth, we have 
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1 +1,^/ +t.f +m' + rd +F,'/ 


= 6"* 


.Vi'V 


= l-((iS. + l2'S. + ij-«. + i 


s's.- 


tiys.) 


+^(iS,+i'/S.+is''S.)"- 


1.2 


;^(IS,)' 


■■■F,=-is„r.—is., 






P,-~i«,+ r;2(iS.)". 






i'.=-iS, + AA&A. 







i>.=-h%+Y::^{i8A+^is-y]-^^^{hs:)'. 



USE OF THE SUMS OF SIMILAR POWERS OF THE Bool's IN 
APPROXIMATINtI TO THE VALUES, REAL OR IMAGINARY, 
OF THE ROOTS. 

156. Tbe employment of the sums of similar powers of 
the roota, was first pointed out by Newton as a method of 
approximating to the gi-eatest root, in the following pro- 
position. 

If in the seiies S^, 8,, S^, &c., formed by the sums 
of the powers of the roots of an equation, each term be 
divided by that which precedes it, the successive quotients 
continually converge to the greatest root, provided it be 
real. 

Suppose a, h, p (cos 9 ± V^^ sin 5), &c., to be the roota, 
arranged in order of numerical magnitude, each pair of imagi- 
nary roots being estimated in that respect by its modulus 
(Art. 85), then 
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"' COS (wi -H) e + &c. 



«" + &"+ Sp™ cos ma + &c. 
1 + /^V^V gy^' 2 cos (m + 1) ^ + &c. 

1 + (iy+ fey'a COS me + &c. 



©HC 



supposing the gi'eateat root to be real ; 

wliicli {since the fractions (-] , (~) j &c., may, lay the in- 
crease of m, be made as small as ever we please} approaches 
to a as its limit ; and therefore -^ is an approximation to 

the greatest root provided it be real, becoming closer and 
closer as m increases. But if there be a pair of imaginary 
roots whose modulus exceeds the greatest of the real roots, 
then 



.eos..+y-.y+&e. 

and therefore, by the increase of m. approximates to 

COB (to + 1) e 

" cos m$ ' 
which may evidently have any value. 

157. Again, according as the two greatest roots arc real 
or imaginary, wo have 

01 = p- ja cos oiS + (-\"+ I^Y + &C.1 . 

Hence, whether a and b be real or imaginary, provided 
they be the two greatest roots, we sliall have, by the con- 
tinual increase of m, 

Sm = a'" + &"' nearly, 
S,.„ = o"*' + i", 

S„ -<•*** + '•"*', 
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cacli equation being nearer to the trutli tlian the prcce<iing ; 
■■• «•■«„-«'«,-(»*)"{<■-»)". («-) 

and the q^aotient of the latter divided hy the former, = db. 

This shews that if from every three terms of the series 
8^, 8^, 8^, &c,, another series 2(m„) he formed hy subtracting 
the square of the mean from the product of the extremes, then 
the quotients ohtained by dividing each term of the new series 
by that, term which precedes it, continually converge to the 
product of the two greatest roots. 

When the two greatest roots are real, since the first is 
already known, the second becomes known by the process just 
described. When they are imaginary, as their product is 
known, it remains to determine their sum, which may he done 
as follows. We have 

8^S^^,-8„^,8„^, = frb"'{a + h) [a-bf, («„) 

and dividing this by u^ we get a result =a + h; which shews 
that if from every four terms of the aeries 8^, 8^, 8^, 8^, &c. 
another series S(w„,) be formed by subtracting the product 
of the means from that of the extremes : then the quotients 
obtained by dividing each term of this series by the corre- 
sponding term of the series S (»0 continually converge to the 
sum of the two greatest roots. 

Hence the product and sum of the two imaginary roots 
being known, each of them can be found. This is the chief 
method yet known for approximating, with tolerable facility, 
to the real and imaginary parts of impossible roots. 

Ex. 1. a;'-10a!''-Ga;-l = 

t (-50 - 10, 112, U83, 12512, 132330, 1399555, 14202042, &C. 
14202042 



1399555 



= 10-576. 
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Ex. 2. x'-x^ + ix^ +3; - 4 = 0. 

S('SJ=l,-7,-14, 29, 96,-34,-503,-347, 2083, 3838,-6159, 
% («J = -63,-399,-2185,-10202,-49444,-241211,-1168158, 

S(0= -69,-266,-2308,-11323,-50414,-245363,-1207713; 

tlie first series being a divergent one, shews that a and h are 
imaginaxy ; 

4.84, 

■ 1168158 "" 
.-. a=i (1.03 + 4.3^^1), & = ^(1.03-4.3V~1). 

The remaining roots c and d may be foimd from the 
equations 

c + (Z+1.03 = l, crf = -^- 



THEOREMS FOR EXPRESSING SYMMETRICAL FUNCTIONS 
OF THE ROOTS BY THE COEFFICIENTS. 
158. Every rational symmetrical function of the roots 
of an equation can be expressed by the coeificients of that 
equation, 

First, to find the value of the double function 5 {a"'i^). 
If we multiply together the two equations 
S™ = ffl™ + 5"' + c"'+...+r, 

s^=aF +s*+c''-!- ... + ;", 

we have 5^ 8^ = oT*^ + ^^ + c™^" + . . . + 1'"^ 
+ «'"6^ + «V +&'V + &c. 
Now the first line is equal to 8^^; and the second consists 
of all the permutations of the roots taken two together, the 
first letter in each being affected with the index m, and the 
second with the index ^, and is therefore equal to the double 
function % (a"'5^) ; 

.-. 8„,8^ = 8^^ + t(ar'b^), 
or •Z{a'-V) = 8^,8,-8„^,... (1). 

25 
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Next, to find the value of the triple function 2(a'"5''c')- 
Multiplying together the equations 

t {oTb'') = a"V + oTc" + l^a" + &c., 
S, = a^+ J' + c' + &c., 
the result will consist of three different partial products ; 

(1) the sum of products of the form a'^*^h' = t{a'^h'), 

(2) the sum of products of the form a'^h^^tioTh^), 

(3) the sura of products of the form a'^^c" = X ((t^^c') ; 

a formula which enables us to calculate a triple function from 
knowing how to calculate a double one. 

Hence, replacing S^^^), 2(tt"'*'&^), 2(ffl™&^), by their 
values obtained from formula (1), we have 



In the same manner might the c[uadruple function 
2 {(^h^c^d'), or the sum of any succeeding combinations, be 
expressed by the sums of the powers ; and aa these latter are 
expressible by integral fimctions of the coefEcients, it follows 
that all the above symmetrical functions can be expressed 
by integral functions of the coefficients. And as every sym- 
metrical polynomial in «, h, c, &c. must be composed of the 
assemblage, by addition or subtraction, of several symmetrica! 
functions of the fonn %{a'Vd'...), it follows that the value of 
every rational symmehical function whatever of the roots of 
an equation (without the roots being known) can be expressed 
by the coefficients of the equation. 

Obs. The above expressions for the elementary sym- 
metrical functions will require to be modified, when any of 
the indices become equal. Thus, if m = ja in the fonnula 

since tt^J" = 5™</, the terms in 2 (a"V) will become equal tn'O 
and two, and 2 {a"V) will be reduced to 22 («"'&'") ; 
.-. S(a-S-)-i(S>.-S.)- 
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Similarly, if m=i> = q in X(a'"5V), tlie six combijiations 
formed by interclianging a, h, c, in a^bV are reduced to ono, 
and 2{a™S''c') is reduced to 6S (a^S^c") ; 

.-. S (a-J-c-) - JSV - !«..«., + i&. ; 
and in general, if i of the exponents become eq^ual, tlie gene- 
ral foraiula must be divided by 1.2, 3 ... (. If X {a^h'c^ . . .) 
have T roots in each tei"m, it will consist, as we have seen, 
oln{n — 'i)...{n~r + l) terms; and if i of the indices "become 

r + i) ^ 

teims. 

Ex. 1. Let the roots of :^ ^-px' + qx + r = be a, h, c, 
to find the value of X {a'h). 

= (- p) (/ - 25) - (- 3)- + 5pq -f) (Art. 154) 
= 3r-pq. 
Ex. 2. Let the roots of a;" — 1 = be a, h, c, &c., to find 
the value of S (a^"}. 

Hence the value is t^ — m, when m and p are both mul- 
tiples of n ; and — n, when m +p only is a multiple of n ; and 
zero, in all other cases. (Ex. 2, Ai-t. 1 54.) 

Ex. 3. Let the roots of a;" +yja;""' + ... +p„ = Obe a,S,c, 
&c., to find the value o{%{aVc). It will be found to be 
PiPiPa ~ ^PiPi ~ ^Pi + ^PsP4 + TPii's ~ l%o ■ 

159. Any rational function whatever of a root of an 
equation of the m*"' degree, can be reduced to an integral func- 
tion at most oi n — l dimensions ; or to a fraction whose nu- 
merator is at most of m — 1 dimensions, and denominator of 
n~m dimensions, if the proposed function be integral and of 
m dimensions. 

If a, h, c, ... I be the n roots of f{x) = 0, and if the pro- 
posed function of one of them a be integral, and of the form 
F(a) = A^ + A^a+...+A^a'^, 
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where m is greater than n ; tHen considering fix) as divisor, 
and forming the identical equation 

and making !c = a, we get F (a) — R, where B is at the most 
of n — 1 dimensions in a. 

We may therefore always suppose the dimension m of 
F{a) to he leas than n; and now taking F{x) for divisor, 
and forming the identity 

f{x)=F{x)xQ' + E', 

and making x=^a, we get F{a) ^ — -jyi where 5' is at the 
most of M^ — 1 dimensions in «, and Q of n — m dimensions. 



suppose, then, 

+ (,.) ''^''' >(<•).+ (*) ■■■ + (!) ^'' 

t}ie denominator is a symmetrical function of tlic roots of 
/(a;) = 0, and can he expressed by the coefficients of /(ic) = 0. 
The numerator is similarly an integral symmetrical function 

x — a 

coefficients of that equation ; that is, in terras of « and the 
coefficients of /{a;) = ; therefore the equation (1) takes the 

and is reduced to the preceding case. 

By the same method any rational function of several roots 
of an equation, may be replaced hy an integral function of 
the same roots. For if other roots 6, c, ... of/(3;) = 0, be 

contained in the e 



place he put under the form 
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where ^1^,, A^, &c. ai'e rational functions of tlie coefficients of 
f{x) = 0, and of 5, c, &c. ; then the q^uantities A^, A^, &c., 
can be rendered integi^al with respect to another root h ; then 
with respect to another root c ; and so on, till the expression 
is rendered integral ivith respect to all the roots involved 



The theory of symmetrical functions will enable us to 
transform an ecLuation, whose roots are nnhnown, into another 
whose roots are all the combinations, formed after an assigned 
law, of the roots of the proposed, taken two, three, &c. at a 
time. "We shall first exemplify the method in tlie following 
transformation, m being the moat convenient practical one of 
solving a problem of considerable interest. 

160. To transform an equation into one whose roots are 
the squares o£ the differences of its roots. 

Let a, b, c,... I he the n roots of the proposed, then the 
roots of the transformed equation will be 

ia~h)\ (a~cf, (5-c)S&c., 

in number ^n {n — 1), since they include all the combinations 
of the n quantities a, b, o, ... I taken two together; hence the 
degree of the transformed equation will be ^n{n — l)=m 



Let the transformed equation be 

J," + g',?/™"' + 2,3/™"' + Sif^ + . . . + 5„, = 0, 

and let s„ s^, ...Si denote the sums of the first, second, &c., 
;*" powers of its roots ; then (Art. 155) all the coefficients may 
be expressed by these sums, thus 
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tLei-efore it only remains to calculate s„ s,, &c. Now if 
S^, S^, &c., denote, as iisual, the sums of tlie powers of the 
roots of the proposed equations, and k be any positive integer, 
we Lave 

{x-a)''+{x-bY+... + (x~l)''^naf--kS,a^' 

Thei-efore, changing x successively into a,h,c...l, and taking 
the sum of the resulting equations, we have 

(^a-by+{a-cY + ... + {a-l)''+{h~ar+{h-cr + ... 

+ {1-1)"+... 

= n8,-}cS,8,_, + h'^-^^ 8,8^- ... + (-l)*«fi». 

Now if k be an odd number, eaeh member of this equa- 
tion is separately zero ; but if k be an even number and = 2i, 
then the value of the first member is 2s( ; and in the second 
member, the terms iire equal, taken from the beginning and 
end; 

.-. s, = n8^-2iS,8^., + ^-^^^^ 8.^8^,- ... 

Hence to form the equation whose roots arc the squares 
of the differences of the roots of 

or, as it is called, the equation of differences, we must first 
calculate 8„ S^i '%> &c., in terms of ^,, jj^, &c.; and next 
®i' *s! *3' ^^•' ^y the formula just investigated; and lastly 
5,, 5j, g'j, &c., the coefficients of the required equation, by the 
method of (Art. 155). 

161. We have seen one use of the equation of differences 
(Art. 40) , viz. to determine a limit less than the least difference 
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of the roots of a proposed equation ; another is to deiermine, 
within certain limits, the number of impossible roots which 
the proposed equation contains. 

If the transformed ecLuation he complete and have no 
continuations of sign, it cannot have a negative root; and 
therefore the primitive equation has no impossible roots, 
because a pair must give rise to a real negative root in the 
equation of differences ; hut if the transformed equation have 
continuations of sign, then it has either impossible or nega- 
tive roots ; and as these ean only arise from impossible roots 
in the proposed equation, it follows that this latter has im- 
possible roots. Also if the proposed equation have p pos- 
sible roots, and if the difference of no two of its imaginaiy 
roots be a real quantity, the transformed equation will have 



PJP-'^) 



positive roots, and the rest will be either 



or imaginaiy ; hence if the last term of the transformed equa- 
tion be positive, ■ -■ - ■ — is even ; and therefore p, which 

must be of the same parity as w, will be of the form 4m or 
4m + 1, according as n is even or odd. Similarly, if the 
last terra of the transformed equation be negative, it may 
be shewn that the number of real roots in the proposed 
equation will be of the form 4m + 2 or 4m +D, according 
as n is even or odd. 

Ex. 1. x'— 2a: — 5 = 0. The equation of differences is 

f - Vlif + 3Gi/ + 643 = 0, 

which has not all its roots positive ; therefore the proposed 
has impossible roots. 



Ex. 2. To transform ic' + j-a; + s = into one whose roots 
shall be the squai-es of the differences of Its roots. 

Here, by Ex. (Art. 154), and by the formulfe of Arts. 160 
and 155, we have 
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S;=3J■^ 8,^7r8, 8,^ is', 8, = -Sr\ 
^,„ = - lOr's, 8,, = - ll^■s^ 8,^ = - 4s' + Sr'; 
s^ = 0, s^ = -16s, S3 = -78r', s, = 576s', 
s, = - mr's, s^ = - 7936s' + 2190/; 

5-^ = 0, ?j = 8s, g'a = 26r^ 2', = -112s', 
5^ = 216A, 2, = 256s' - 27/. 

Hence the transformed equation is 
y^+8«7/H26//-112sy+2l6/^ + 256s^-27/ = 0. 

Hence if tlie last term be positive, or [-] > (jj, the 

immber of real roots in the proposed will be of the form of 
im ; but there cannot be more than two, therefore there are 

none. If the last term be negative, or f ^) < [^ j the number 
of real roots of the proposed will be of the form 4m + 2, and 
therefore there will be two. These results agree with those 
found at p. 62, 

Obs. The absolute or final term of the equation of differ- 
ences, which put equal to zero expresses the condition for the 
proposed having equal roots, and in moat cases is the only 
one wanted, is a symmetrical function of the roots of the first 
derived equation ; and we shall shew that it can he calculated 
for any equation, supposing its expression determinable for 
an equation of the next inferior degree. 

Let q^, j„^, denote, respectively, the product o£ the squares 
of the differences of the roots oi/(x) = 0, and of 

£^ = x''-' + {a+2>,T~' + &c.=l) ... {)), 

But, by the supposition, q,^_^ can be expressed in terms of 
the coefficients of (1), that is, of a and^,, jj,, &c., and there- 



Hosted by 



Googh 



201 

fore q^, being an integi-al fanction of one of the roots of 
f[x) =0, can "be reduced (Art, 159) to tlie form 
q^'=A + ^.« + Afl" + — + ^«-i«""'. 
But eince q^ is a symmetrical function of the n roots 
a, h, ... % this equation must atiil remain true when 5, c, ... I, 
are severally substituted for a ; hence it is satisfied by n quan- 
tities and is only of n — 1 dimensions ; 

.•■ 5„ = A- {-^I't- !*)■ 
Ex. a? +^3? + qx + r = 0. 

fix) 
Here '^-^ =3?+ [a +i») x + a^ +pa + q, hence (Art. 84) 

^2= [h — cf^ (a+pY~ i{a^+pa -i- q) = — ^a'~2^a+p' — iq i 

{f{a)Y={Sa^+22>a + qy = ip'-^)a' + {pq~9r)a + ^-8pr, 

reducing by the relation 

c^ = —pa^ — qa~r. (2) Hence 

-q^=i3a''+1ipa + iq~f){(j)^~3q)a^+{^q~Sr)a + (f~Spr} 

= |3{/~32)a + 2/-3p2-27r}a' + ...+(43-y)(2''-3j»-), 

and as we only want the term independent of a when this is 
reduced so as to contain no power of a higher than the second 
by i-elation (2), we get by successive substitutions 

2s=!3(/-3§)« + 2/-3p2-27)-j {pa^-i-qa + r) + ... 

= (y-42) {q^-Spr) + {2p''-3j?q-27r)r+3^(p^-Sq)a' + &c. 

= {^Y - j>V - 4g° + dpqr — 27r* - Spr {p' - Zq) + A^a, + A^(i. 

•■• ?3=i'V-4i'V-45" + l.%>§r-27r'. 

In the particular case of a biq^uadratic equation, Mr Cayley 

hae shewn that, if it be put under the form 

iwc* + 453!' + Gca;^ + 4(ic + e = 0, 

aod if i"=ae — 45(? + 3c^ J=ace + 1'bcd — a^ — eV — c', 

then a, /9, 7, S being the four roots, 
«'(.-/3r(»-,)-(.-S)'(S-7)-(3-S)>(7-8)-=16(P-27j^. 
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3 tlie method of Art, 160, we may also trans- 
form an equation by means of eymmetrical functions, as 
follows. 

Suppose that each root of the transformed equation 13 to 
te a rational function, ^ {a, h, c, &c.), of any numher of the 
roots of the proposed equation ; then having formed al! the 
comhinations tf)(a, h, e, &c.}, 0(a, c, d, &c.), &c., the trans-, 
formed equation, resolved into its factors, -will be 

{y-4>{a, I, c, &c.)][i/-4>{a, c, d, &c.)} ... = 0; 
and as this product is not altered by interchanging a, h, c, &c,, 
among themselves, (for the only effect of that is to place its 
factors in a different order) we are certain that, after multi- 
plication, the coefficients of the different powers oiy will be 
symmetrical iunctions of a, h, c, &c., and may therefore be 
expressed by the coefficients of the proposed equation. 

Hence if we can discover a rational function of four letters 
which, when the letters are permuted in all possible ways, 
admits of only three values, we may transform a biquadratic 
into a cubic ; and the roots of the cubic may be so composed 
of the roots o£ the biquadratic, as to load to the determination 
of the latter. It is evident that each of the expressions ah+cd, 
and (a+b— o—dY, answers the abovenamed condition ; and we 
proceed to apply to the solution of a biquadratic this method, 
which has for its leading feature the circumstance that we can 
form functions of four letters which admit of only three values. 
Ex. 1. To transform x* + pa;^ + go? + rcc + s = 0, roots 
a, h, c, d, into one whose roots shall be 

ai + cd, ac + hd, ad+ho; 
the transformed equation is 

{y - («5 + cd)}.{i/ - (ae + M)].^ - {ad+ he)] =0, 
in which the coefficient of y evidently = — g, 
the coefficient of y 

= 2 {a%d) = {a + b + G+d) {abc + aid + acd+ bed) - iabcd 
=;pv — 4s, 
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and the last terra with its sign changed 

= S {a%cd) + S (ft'^'V) = (/ - 22) a + 

.•.f-qf+{pr~^)y~{T^-^qs-\-p's)=(i,...{l). 

Ex. 2, Hence, also, we can transfoi-m the proposed 
eq^uation into one whose roots Bhall be 

{a+h-c-df, {a + c-h~df, {a-\-d~h-c)\ 
For let s = (a + 5 - c - df 

= (a + i + c + 1^)^ - 4 (aJ + oc + «(? + ic + 6(f + c<?} 
+ 4 (dS + cd) =p' — 4^ + 4y ; 

and substituting in (1), the transfonned equation in s is 
/ - (3/ ~ 82) s= + (3/ - I6/2 + 162' + Upr - 64s) s 

-(y~4p2 + S»')° = *^' 
Either of these transformed equations may be employed 
in the solution of the proposed biquadratic. Thus, in the 
first case, let a be a value of y, then ab + cd=cL; abcd = s; 
therefore ah and cd are known ; also 

al{c^d)+cd{a + h)=-r, {a-Vh) -^ {c^d)=~p; 

therefore aA-h, and c + 1? are known ; hence all the roots are 
obtained from one root of the reducing cubic. In the second 
case, if we know Sj a^ z^ the three values of s, by means of 
these, and the equation a + b + c-\-d = ~p, we can find the 
roots of the biquadratic merely by addition and subtraction ; 
or they may all be expressed by a single formula 

4a; = Vi", + V^ + Vs^ -jp, 
where the first two radicals cany double signs ; and the sign 
of the third radical is deteimined by the relation 

4z^ Vs^ Vsj = —p' + 4j?2 " S'"' 
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Ex. 3. To tranafoima:'+^a;^+ $^ + ''■ = 0, roots a,h,c, 
into 

whose roots are 

(<■+»)' (»+»)■ (*+i", 

Itwai te tonni tliat-y'-S + a, (Art. 21) 
^ a c (too 



163. To tranafOTin an equation into another wliicli shall 
want an asaigned numljer of terms. 
Let the given equation be 

x''+py'+p,js"'^+...+j>^ = (1), 

and a&snmc 

y = a^ + a^x + a,^ + ... + a^x'' (2), 

where a^ a,, &c. are indeterminate, and m<n. Since y has 
the same number of values aa x, the transformed equation in 
^, resulting from the elimination of x between (1) and (2), 
will be of the Ji"' degree. This elimination may be performed 
'by means of symmetrical functions, as follows. Raising equa^ 
tion (2) to the j*'*" power, and not admitting any power of x 
■greater than aT by means of (1), we get 

f =^A^ + A^x + A^3f-\- ... + A^^x''~', 
where Ag, A^, &c. arc integral homogeneoUiS functions of «„, 
ffl,, &c. of the r^ degree. Hence substituting for x its n 
values in this equation, and taking the sum of the results, 
S; = n^„+^,s, + ^,s,+ ... + A-,s„_i (3), 
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where s^, 8^, denote, respectively, tho sum of the r'" powers 
of the roots of the proposed equation, and of the transformed 
equation in y, which suppose to be 

f'+^xf'' + iy+--+1^ = '^ (*). 

then (Art. 155) 

BO that hy roeans of (3) all the coefficients q^, q^, &c. can be 
expressed in terms of a^, %, &c. and the coefficients of (1). 
Now suppose that we wish to exterminate m successive terms 
beginning with the second in (4), then we must have 

5. = 0, S, = 0, &c. s;„ = o; 
hut as these equations are respectively of 1, 2, &c. «* dimen- 
sions in »o, ((,,...ffl^; therefore the determination of these 
quantities, one of which may he taken arbitrarily, will depend 
by Bezout's theorem on an equation of the degi-ee 1 . 2 . 3 . . . ct. 
If we wish to exterminate all the terms except the first and 
last, the problem will depend on the solution of an equation 
of the degree 1 . 2. 3 ... (ra-1). 

Ex. 1. To solve ^ -\-^ -\-qx-VT = ^, by taking away 
its second and third term. 

Assume y = a-\-hx-\-i^ (1), 

and let the transformed equation in y bo 

then from the equations P= 0, Q = 0, which are respectively 
of the first and second degree in a and h, those two quantities 
may be determined, and expressed by the coefficients of the 
proposed. The equation in y is then reduced to ?/' 4- -H = 0, 
and furnishes three values of y. But, squaring and cubing 

(1), and reducing by means of the proposed, we get 
j" = &o + h^x + h^, 
y^ = c^ + c^x-Vc^^; 

which two equations along with (1), will fumisli a value of a: 

expressed rationally by j, y, and jf ; so that the three values 

of X become known from those of ^, 
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Ex. 2, To eolve ai'+^a^+^a^+nc + s^O by taking away 
its second and foiu'th terms. 

Assume y = a + 'bx + ^, 

and let the transformed ecLnation in y be 

then from the equations P— 0, ii = 0, which are respectively 
of the first and third degrees in a and h, those two quantities 
may be determined and expressed by the coefficients of the 
proposed, by means of the solution of the Cubic. 
The equation in y is thus reduced to 
y'-VQf + 8=0, 

which can be solved as a quadratic, and will furnish four 
values of y ; then, as in the preceding example, obtaining the 
values of ^, y', and y* under the forms 

we get a value of x expressed rationally by the first four 
powers of ^ ; so that the four values of x become known from 
those of y. 

This method of solving the general equations of the third 
and fourth degree is Itnown aa TscMrnhattsm' s Method. 

Ex. 3. To take away the second, third, and fourth terms 
of 3f+j?,3^'""'+...+j'„ = 0, by means of the solution o£ a single 
cubic equation. 

Assume y = %-Va^x-\- a^ + a^ + a^-, 
and let the transformed equation in y be 

y^ + q^f-^ + 5',/"' + ... + ?,. = 0. 

Then by what was shewn above, B^ the sum of the r^ powers 
of the roots of this equation is a homogeneous function of the 
quantities o„, er, ... a^ of the j-"" degree ; consequently the co- 
etficients g,, %, &e. are homogeneous functions of those same 
quantities, tlie degree of each being equal to its s ' 
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index. To make the second, third, and fourth terras o£ tlie 
transformed equation disappear, we must have 

q^=0, q^=-0, 23 = ; 
the first of these is linear, let a„ he determined from it in 
terms of a,, a^, «j, a^, and suhstituted in the other two, and 
suppose the latter to hecome Q^ — O, Q3 = ; Q^, Q^ being 
respectively homogeneous functions of the second and third 
orders, of the four quantities a,, «j, a^, «,. Hence Q^ may 
he put under the form 

P'o/ + 2PQa^ + E, or {Fa, + Q)' + S - ^, 
where P is a constant, and Q, R, homogeneous functions of 
"n ^s< <*3' respectively of the first and second degrees; simi- 
larly R— (^, being a homogeneous function of the second 
order of the three quantities a^, a,, a^, can be resolved into a 
squai-e, and a homogeneous function of two of them a^, a^; 
and this latter can be reduced to the form 

so that by these reductions ^^ = assumes the form 

/=+/ + A' + Jt= = o, 

where f, g,h,h are linear functions of it,, e^, a^, a,; and this 
equation may be satisfied by mailing 

/= + / = 0, ft' + F = 0; or/=£rV"l, li = h'J~l. 
These latter equations are linear and give a^, a, in terms of 
«j and «j, ; and If the values of «„ a, be substituted in Q^ = 0, 
its first member will become a homogeneous function of the 
3rd order, of «, and a^ ; and if either a^ or a^ be taken arbi- 
trarily, the other will be detennined by solving a cubic 
equation. Thus the values- of «„, a^, a, become Imown, and 
the transformed equation in y is 

y'' + qy^ — + ^,^ = 0. 

By the same transformation the second, third, and fifth 

terms may be made to disappear from any equation, but the 

determination of %, a^ ... o, will require the solution of an 

equation of the fourth degree, instead of a cubic. Hence also 
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it appears that "by this process, joined to the transfoi-mation 
which conaiats in replacing the unknown quantity by its 
invor3e,we may extenninate in any equation either the second, 
third and fourth terms from the end; or the second, third 
and fifth terms from the end ; and in equations of the fifth 
degree, we may exterminate any three terms between the first 
and last, the solution at most of a biquadratic equation being 
required. This application of Tschirnhamen's method is due 
to Mr Jerrard, 

164. To determine the roots of f{x) = 0, an equation of 
the J!.'" degree, having given one of the values of a rational 
function of them that is susceptible of 1 . 2 . 3 ... m distinct 
values by the permutations of the roots. 

Let V denote this rational function, and F, the given value 
of it; also by V„ F^, ...F;, let the r = 1.2 .3 ... (ji-l) values 
be denoted, which V assumes when in its expression the m — 1 
-quantities x^, a;,, ...ar^ ate permuted in all possible ways 
without changing the place of 3!^. We may hence form an 
eijuation in F of the r"* degree 

(F- F,) (F- F,) ... (F- F,) = (1), 

whose roots are all different, and whose coefficients, being 
symmetrical fimctions of x^, x^, ... a;„ the roots of 

can be expressed rationally by the coefficients of the proposed 
equation and cc^. Then the first member of (I) takes the form 
F(V, iB,) ; and as (1) is satisfied by F= F,, we have inden- 
tically F{ F„ x,) = 0. Hence f{x) = and ^ ( F„ a;) = have 
1 root 3;,, and only one ; if therefore we seek the 
oi f{x) and F{V^, x), and continue the pro- 
cess tiU we obtain a remainder of the first degree in x, and 
equate that remainder to zero, we shall find iBj = (^,(F,). Next 
by fixing upon another root x^ with a different coefficient in 
the expression of V, and going through the same process, we 
shall find i^j= "^2 (FJ, and so on. 
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Ex. To find tlie roots »„ a;^, as^ of x^ - Qx^ -i- llx - C = 0, 
having given that a value of V— x^ + 2x^ — ix^ is 3. 
The equation in V for determining x, is 

{V-x,-2x^ + ix^) {V-x^~2x^ + 4x^)=<i, 
or ( F- xy + 2{x^+x^{ V- x^ + aOtc^a;, - 8 {x^ + ar/) = 0. 
But a^j + a!j + 3!j = 6, x^^+x^[x^-^x^ =11, x, ■\-x^-\-x^ = \i', 

.: V - 47a;j + 12 V+ 31<- 132^;^ + 108 = 0, 
or, putting for Fits given value 3, 

31ir,''-144a;^ + 153 = 0, 
which is found to have a common measure a:, — 3 with the 
proposed. Similarly, the equation in V for determining x^ 
will he 

(7- ix,~x, + 4a:,) (F~ 2a;, - x, + 4a:.) = 0, 
which may be reduced to 

31a:,'~159a;,+ 194 = 0, 
and is found to have a common measure x^ — 2 with the 
proposed. Also the equation for the remaining root will be 
found to be 

31a:/ -69x„+ 38=0, 
which has a common measure a:, — 1 with the proposed. 

Obs. Any symmetrical function of the i-oots has hut one 
value, however the roots are interchanged amongst themselves ; 
but a function of the roots not symmetrical may assume 
several values by interchanging the roots amongst themselves. 
Thus the linear function of the thi-ee roots a, i, c, 

F= ma + nb + re, 
admits of sis values ; which we may form by taking along 
with aba, the other five permutations, 

acb, hoc, hca, cab, da, 
and substituting the letters of each in the same order in 
which they stand in it, in the expression for F. But \in = r, 

27 
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80 that V is symmetiical with respect to two of the roots, 
then V has only three distinct values ; for the two values in 
which a stands first, hecome identical : and the same is trae 
of the two values in which i stands first, and in which 
c stands first. 

Lagrange has shewn, generally, that the number of dis- 
tinct values which a function of n, letters can assume by the 
permutations of the letters amongst themselves, when it falls 
short of 1.2.3 ... n, is always a divisor of 1.2,3 ...n. 

The next step in the Prohlera would he to determine hy 
which of those divisors in any given case, the number of 
values which a function of n letters admits of, is expressed ; 
but at present the chief results which have rewarded the 
labours of Mathematicians in tliis inquiry, are the following ; 
(1) that a function of n letters (n > 4), if it have fewer than 
n values, has at most two values ; and (2) that a function 
of n letters {n different from 6) , if it have exactly )i values, is 
symmetrical with respect to w — 1 of those letters. We are 
prepared for the exception ji = 4 in the first result, because 
we have already met with fimctions of four letters that admit 
of three values ; and the exception n = 6 in the second result 
arises fi-om the circumstance that there are functions of six 
letters which have six distinct values, without being symme- 
trical relative to five of the letters. It is owing, as we know, 
to the fact of the existence of functions of three letters, such 
as [a + ah + c^cY where a°=l, which have but two values; 
and ot functions of four letters, snch as (a + & — c — dy, which 
have but three valines, that we are able to solve the general 
equations of the third and fourth degree. If we could form 
functions of five letters admitting of only four distinct values, 
we might expect to arrive, in the same way, at the solution 
of the general equation of the fifth degree; but a function of 
five letters, if it have fewer than five distinct values, has at 
most two values, so that, for the general equation of the fifth 
degree, it would be impossible to form a reducing equation of 
ft degree inferior to the fifth. 
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Hence we perceive the important hearing ■whicli the re- 
search of the mimber of values that a rational function atlmita 
of, from permuting the letters of which it is composed, haa 
upon the Theory of Equations. 

It is alwaya possible to form a function of n letters 
a,h,c...k,l, which shall have hut two values; for if from 
each of tlieae letters we subtract all that follow it, and then 
take the product of all these differences, wc shall find a 
function y of w letters 

(„_J)(.^c)...(«-i) (*-»)•■■ Ci-O 
having only two values ; for v' would he a symmetrical 
function of the n letters, and therefore would have hut one 
value ; and consequently v admits of only two values, equal 
to one another hut of contrary signs. Hence if A and B 
represent any two symmetrical functions of the n letters 
a, h, c ...I, then the function A + Bv will have only two 
values. The general form of a function of n letters having 
n values, is that it is symmetrical relative to n — l of these 
letters. 



QTJADEA.TIC FACTORS OF EQUATIONS. 

165. Every equation of an even degree has at least one 
real qrutdratic factor. 

Let the proposed equation, having roots a, h, c, &c., be 
a;" +j),a;""' +p^''^ + ■•• +i>, = ; 
and let n = 2/*, /i being an odd number. Let it he transformed 
(Art, 162) into an equation whose roots are the combinationa 
of every two of its roots, of the form i/ = a + 6 + •mah, m being 
any number ; also let the transformed equation be 0„,(j/) = ; 
then its coefficients will be symmetrical functions of a, h, c, &c., 
and therefore rational and known functions oi p,, ^'z' ^^-i 
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<f>^{y) = will have at least one real root, whatever be tl:e 
Value oi'tn. Hence, making m = 1, 2, 3, ... {/i(2/:i — 1) + l), 
successively, each o£ the equations ip^ {y) = 0, tj)^ {y) = 0, &c., 
will have at least one real root ; that is, we shall have 
(i. (2/i — 1) + 1 real values for combinations of two roots of the 
proposed equation, of the form a + S + maJ; but there are 
fm\y ji {2ii ~ 1) such combinations which are differently com- 
posed of the roots a, i, c, &c.; therefore two of these combi- 
nations, for which we have obtained real values, must involve 
the same pair of the quantities a, h, c, &c.; let this pair of 
roots be a, i, and a, a', the real roots of the corresponding 
equations <^„(y) =0, 0„'(^) =0, so that 

a + h + mab = a, a + b + m'ab = a' ; 
therefore a + h and ah are real, and the proposed equation 
has at least one real quadratic factor, and two roots, either 
real, or of the form a ± ^ */ — 1 . Hence every equation whose 
degree is only once divisible by 2, has at least one real quad- 
ratic factor, 

"We shall now prove that if it be true that every equation 
has at least one real quadratic factor when its degi^ce is 
r times divisible by 2, or when n = 2'^ where /t is odd, the 
same is true when the degree of the equation is »• + 1 times 
divisible by 2. For let n = 2''*'fi,; then the degree of the 
transformed equation will be 2''/i.(2'^^/t — 1), which is only r 
times divisible by 2 ; therefore, by supposition, the trans^ 
formed equation, (fi„ [y] = 0, will have two roots, either real 
or imaginary. If they are real, then exactly in the same 
way as for the preceding case of the index being only once 
divisible by 2, it may be shewn that the proposed equation 
has at least one real quadratic factor. If they are imaginary, 
we shall have !/ = a + ^V— 1, each of which quantities ex- 
3 the value of some one of the combinations 



a-^h + tnab, a + c + mac, &c. 
Suppose therefore that we have « + 6 + mab = a + ^ V — l : 
then, as shewn above, we can give m such a value m! , that 
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^^■{y) =0 shall have a root corresponding to the combination 
of the same letters, so that a + b + m'ah = a' + ^' 4^1, from 
which equations we can obtain values of ah and a + 6 tinder 
the forms 

... 3^_ (,y + SV=^) a: + 7' + SV-l is a factor of/(.7;) ; 
hut if any real expression have a factor of the form 

M + A^V^, 
it must also have one of the form 

M-N'J-l; 
.: x'-iy-B 'J~l) x + y-S' V^l is a factor oif(x) ; 
if therefore these two expressions have no simple factor in 
common, their product will be a biquadratic factor of f{x), 

{a?-jx + j'y+{Bx-Sy, 
which can always be resolved into two real quadratic factors 
(Art. 93). 

If they have a factor in common, since they may he 
written 

ar" — 7a; + 7 - V— 1 (Sa; - S') , a;' — 70; + 7' + V— 1 {8x — S') , 
it can only be of the form x — e; and the factors tliemselvea 



(a;-« + \V-l)(^-e), {x->c-X'J^l){x-e); 
and therefore the proposed equation admits the real quad- 
ratic factor 

Hence an equation whose degree = 2''"'"V 'will have a real 
quadratic factor, provided an equation whose degree — 2')i 
has one ; but we have proved this to be the case when r = 1 ; 
therefore it is universally true that every equation of an even 
degree has at least one real quadratic factor. If now this 
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factor te expelled, the depressed equation will have its co- 
efficients i-eal and its degree even, and will therefore, as before, 
have one real quadratic factor. Hence the first memher of 
every equation of an even degree may be resolved into real 
quadratic factors. 

166. Hence if ive divide the first memher of any equa- 
tion 

x" + p^af'' + jj^a;"'* + . ■ . 4-^„ = 

by a?+ ax + h, admitting no terms into the quotient that 
have X in the denominator, we shall at last obtain a remainder 
of the form Ax + B, A and B being rational functions of a 
and b ; and in order that x^ + ax + b may be a quadratic factor 
of the proposed equation, it is necessary and sufficient that 
this remainder should equal zero for all values of x, which 
requires that we separately have A = Q, B = Q. The different 
pairs of values real or imaginary of a and b which satisfy 
these equations, will give all the quadratic factors of the 
proposed; and as the number of these factors is ^n (w — 1) 
(Art, 17), the final equation for determining one of the quan- 
tities a, h, obtained by eliminating the other between tlie two 
preceding equations, will be of the degree ^n{n — l), which 
exceeds n, if w > 3 ; therefore the determination of the quad- 
ratic factors of an equation will generally present greater 
difficulties than the solution of the equation. 

As the proposed equation has necessarily ^n or ^(m~ 1) 
real quadratic factors, according as m is even or odd, there 
will always exist the same number of pairs of real values of 
a and b, satisfying the equations A = 0, 5 = 0; and if any 
of these pairs of real values be commensurable, they may be 
easily found ; and the commensurable quadratic factors being 
known, the equation may be depressed. 

Ex. 1, To resolve x*— Q^ i-nx — 3 = into its factors. 
Dividing hj x' + ax + h, we find a remainder 

{n + 2ah + '6a-a')x- (a% -h^-Gh + S); 
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tiierefore, to determine a and i, we have 
n + 2ah + Ga~a^ = 0, 
«^& - S' - 65 + 3 = 0. 
Solving fhe former witli respect to h, and aulDstituting in 
the latter, we find (a" - if = n^- 64, or a = Ji + ^ji' - 64 ; 
from whence b, and the other quadratic factor 

may he determined. 

Ex, 2. To resolve x* +^cc' + qx' + rx + s into its two 
quadratic factors 

x^ + mx + n, x'i- m'x + n. 
Since —p = a + i + c + d, the sum of any two roots is not^ 
in this case, equal to the sura of the other two with a con- 
trary sign ; and therefore the equation for determining 

m — "{a+h) 
would rise to the sixth degree. But we have 

2»i —p — ~{a + b)+c + d, 
a function of the roots the six values of which are equal two 
and two and of opposite signs, and which we may denote hy 
a" ; then s is detenninahle hy a cuhic equation, and the reso- 
lution may he effected by the following formula; : 

m-Ky + VI), m=i(_p-Vi), 

_r — qm + pm^ — m' , ^r— qm' + pm." — m." 
p — 2wi ' p — 2'in,' ' 

■where z is a root of the equation (whicli has necessarily a 
real root) 

^-{Sp^ - 82) s' + (Sy - l&p^q+Uq" + IGjw - 64s) 3 

~-{Sr-ipfi+py = 0. 

EVEEY ALGEBRAIC EQUATION HAS A EOOT. 

167. There is no uncertainty about the existence of a 

real root for every equation, except for an equation of an even 
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degi'ee with its last terra positive; an equation of this sort 
may not admit of any real root, hut then it must have an 
imaginary root ; and we are now ahle to supply a proof of 
what was assumed at Ai't. 11, namely that every equation 
has a root, in the following Theorem ; the ti-uth of whicli, at 
least for equations with real coefScients, may he considered 
to have already heen estahlished in the foregoing Proposition 
of Art. 165. 

An equation of any degree with eoefficients cither real or 
imaginary, has always at least one root of the form a + b V ~ 1 , 
where a and b are real finite quantities, hut either of them 
may be aero. 

We must first prove that this is true with regard to the 
hiuomial equations 

3^" = + !, a" = + VirT, 
to which the more general forms x''=±r, ic" = ± c V — 1 may 
easily he reduced. 

The equation a!'' = l is always satisfied by x—1, and the 
equation a:" = — 1 , when n is an odd nuraher, by a; = — 1 ; tho 
other cases of both equations are included in the solution of 

for suppose we have found a value ic = a, which satisfies this 
equation ; then since 

n'' = + \'~l, a^'=(a'')"=:-l, and a"" = (a')" = - V- 1 ; 
so that k' and a" are, respectively, roots of 

a;" = — 1, and of a;" = - V— 1. 

It is therefore only necessary to consider the equation 

if n be odd, n is of one of the forms 4m + 1, or 4m + 3 ; and 
the equation is satisfied by a; = + V— 1 in the first case, and 
■jjy _ V— 1 in the second ; if n he even, and equal to 2n' where 
n' is odd, then, putting x^ = y, the proposed equation is re- 
placed hy y"' = + V^, which, as n' is odd, admits of a root 
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± V^ ; and then two valn^ of x can be olDtained under the 
form a + h V— 1 hy extracting the eqnare root of + V— 1 after 
the ordinary method. Similarly, if m=2'*' x m', where n' is 
odd, putting ic^ = J, the equation is replaced hyy'"'= + 'v'— 1; 
and if this give a yalue of ^ under the fomi a + b V^l, we 
get, hy extracting the squai-e root, two values of x under the 
same form. But if)-=l, we have proved that ar""=+ V— 1 
admits of a solution of the form a + hv — i; therefore 
a;" = + V — 1 always admits of a solution of the same form, 
n being any even or odd number. 

Next let us consider the general case of 

the coefficients being real or imaginary. If in it for x we 
substitute a + h '/^l, where a and b are real quantities, the 
first number will assume the foi-m A + B'Z—l, A and B de- 
noting real quantities functions of a and b ; and in order that 
a+iV— 1 may be a root of the proposed, we must have 
A = 0, B—0, or we must have the modulus of ^ + 5^—1, 
viz. Vj4'' + -Zf" = 0. Let us suppose that this condition is not 
satisfied ; we shall shew that a corrected value of the same 
form, can be given to x such that the result of the substitution 
of this new value will have a modulus smaller than VJ^hTB' 
the modulus of the first result. To this end assume 

x = a-\-b V^ + 6u, 
where e denotes a number as small as we please, and u an 
indeterminate quantity which may receive either real or ima- 
ginary values. If in the development of /(a; 4- li) 

=/W + ¥'(^) + 4^!/"'W + - + '*" - (1) 

we put X ^a-Vh V- 1, and li = eu, 

f{x) will become A + B'^~l ; some of the coefficients of the 
powers of h may vanish by this substitution, but not all of 

28 
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them, since the coefficient of A" is unity. Let ¥ be the lowest 
power o£ A which does not vanish , and M + S v — 1 its coeffi- 
cient, where B and yS are not equal to zero at the same time. 
Calling therefore the result of the substitution in f{x) of 

« + J VITi+ewfor X, A'+BW^, 
■we get 

A- + B' V^ ^A + £ V^l + {li + S V^) {my + terms 

inH-...(ew)''(2). 
Now as m'' = c always admits of a root of the fonn 
a + ^ V^l, 
we may suppose «"■ to be a real quantity c ; therefore, substi- 
tuting for u its value, and equating to one another the real 
and imaginary parts of (2), we find 

A' = A+ Mce' + real terms in e^*' ... e", 
B' = B + 8c^ +real terms in e'~*'' ... e". 
Consequently, the square of the modulus of A + B' v— 1 is 
vl'*+ B'^ = A^-vff^2 {AM + BS) c£ + real terms in e'"^^ ...i". 

Now we may assume the number e so small that the 
aggregate of the terms that follow A?-\-T? may take the sign 
of the term 2{J.B4--BjS) ci; and we may always render this 
last term negative by taking c = + 1 or — 1 according as 
AB + B8 is negative or positive. "When these conditions 
relative to 6 and c are satisfied, we have 

A'^ + B'^ less than A^ + B=. 
This demonstration requires that AU + B8 must not = ; 
if this should be the case, then, as m"" = c V— 1 always admits 
of a root of the form o + ,8 V^ , we may assume m'' to be an 
imaginary quantity c V— 1 ; therefore, substituting for m its 
value and equating to one another the real and imaginary 
parts of (2) as before, we get 
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A'^A~Sr.e' + &c., £-=B + Bce' + &c.; 
.: A'' + B'' = A' + B'~2 {AS- BR) ce' + &c., 
the terms which follow being real, and containing no power 
of e inferior to r. Since AR + BB = 0, we cannot have also 
AB~BB, = ^\ for if these coexist, then we find the sum of 
their squares or (^"4--B') (^ + S^)=0, which resolves itself 
into either X = 0, 5 = 0; orS = 0, 5' = 0; contrary to the 
suppositions that have been made. The quantity AS — BR 
being different from zero, we may, as before, assume e so 
small that the term involving ^ shall exceed the aggregate 
of all the succeeding terms ; and that term may be rendered 
negative by assuming c = + 1, or — 1, according as AS— BR 
is positive or negative. Consequently, when the two con- 
ditions relative to e and c are satisfied we still find A^ + B'* 
less than A + B^. 

If therefore \ A' + B'', the modulus of the result of sub- 
stituting a + h V— 1 for a; in f{x], does not vanish, we may, 
by assigning suitable values to u and e, obtain a corrected 
value oix = a + b'J—l + eu, such that Vj.'^ + S", the modulus 
of the result of substituting it in/(a;) , may be less than ■^A'-vB''. 
Hence it follows that there must exist a value of x of the form 
a + h V— 1 such that, upon substituting it in the proposed 
equation, we shall eventually obtain a result whose modulus 
is zero ; such a value is a root of the equation. And in this 
value of X the quantities a and h are finite; as we shall 
establish by shewing that the result of the substitution cannot 
be a finite quantity unless a and b be finite. For representing 
as before the result of the substitution of « + & V ~ 1 for x in 
f{x) by J. + SV^, we get 

^+i?V::i = («+JV^ir!i + fi^+...+; 71=^- 

\ ft + fiV-l (a+ZiV-l)") 

Now the real or imaginary quantities p^, p^ ■■•pn have 
each a finite modulus ; if therefore we suppose the quantities 
a and h, or one of them, to increase indefinitely, the modulus 
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-1 

finitely ; and these fractions will iDccome 

a, + j3,V^, «a + ^jV^, &c., 

wliere tlie quantities ctj, ^,, &c, may be as small as we please; 

for any one of them, hy Art, 85, admits of the transformation 

p^ p (cos ip + V — 1 sin 1^) 

{a+h V^)"' ~ )■'" (cos md + V^ sin m0) 

- ^, [cos {'P - mff) + V^ sin {-^ -mff)]. 

Consequently the factor of (« + J V^)" will te reduced to an 
expression of the form 1 + 7 + 8 V— 1, where 7 and S may 
he as small as we pleaac ; and the modulus of this factor 
V(l+7)'' + S' will approach indefinitely near to unity. But 
the modulus of (a + 6 V^)" will incres^e indefinitely ; there- 
fore the modulus of j4 + B -/^l will itself increase inde- 
finitely. 

Without therefore assigning the ■\ i,lue of the root, and 
without examining whetiiei thcic exiit several yalues of x 
which make /"(ic) = 0, ■w e may at all events conclude, from 
the above inve8tij,ation, that an equation of any degree, with 
either real or imagmaiy coefficients, ha'? necessarily one root 
of the form a-\-V V— 1 , wheie a and h are real finite quan- 
tities, but either of them may be zero 
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SECTION IX. 
ON ELIMINATION. 



168. An ec[nation between two unknown* cLuantities x 
and y, supposed to contain no term which is fractional or 
irrational, is said to be of the degree which is expressed hy 
the sum o£ the indices of x and y in that t«rm where the 
sum is the greatest. The general equation of the m* degree 
between x and y ought to contain all the terms in which the 
sum of the , indices does not exceed n ; therefore, when comr 
plete and arranged according to descending powers of x, it 
will he 

«X + {K + Ky) ^"" + {<^» + c.^ + o.y') ar^ + ... 
+ {\ + ky + ky^+ — + kf) = 0. 

When an ec[uation is incomplete, that is, when it does not 
contain all the terras which belong to its degree, we must 
suppose, in the general equation, the coefficients of the deficient 
terms to be eq^nal to zero. 

Although we are always at liberty to divide an ecLuation 
by any one of its coefficients, we cannot in the above general 
equation suppose o, = 1, for then it would not comprehend 
Uiose equations which want the tei-m involving cc". After 
having divided the equation by any one of its coefficients, 
there will remain as many indeterminate constants as there 

are terms, wanting one ; the number of these constants will 

therefore be 

2 + S + i+... + (n + l)=in(n + Z), 

which expresses how many conditions an equation of the w'" 

degree may be made to satisfy, by a suitable determination 

of its coefficients. 
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To eliminate between two eq^uations of any degree involv- 
ing two unknown cLuantitiea, is to obtain an equation con- 
taining only one of the unlcnown quantities, and wliicli gives 
all tlio values of this unknown quantity, which, together with 
the corresponding values of the other unknown, can satisfy 
the proposed equations. This equation, involving only one 
unknown quantity, is called the final equation, and its roots 
are called suitable values. 

In wliat follows, we shall suppose the polynomials which 
form the first members of the equations to be freed from any 
common divisor which they may admit; for if they had a 
common divisor containing both vai-iables, it might be re- 
duced to aei-o, and therefore the proposed equations might 
he, satisfied, by an infinite number of systems of values of x 
and ^ ; or if they had a common divisor containing only one 
of the variables, there would be a limited number of values 
of that variable, and an unlimited number of values of the 
other, by which the proposed equations might be satisfied; 
so that in both cases there could be no final equation. 



METHOD OF ELIMINATION" BV THE GREATEST COMMON 
MEASURE. 

169. To determine all the systems of values which will 
satisfy two equations between two unknown quantities, each 
being of any degree. 

Let F {x, y) = 0, f {x, y) = 0, be two equations, respec- 
tively of the m"" and n"" degi'ees, admitting only a limited 
number of pairs of values of x and y, and their first members 
consequently having no common divisor, involving either both 
or only one of the variables. Then in order that any value 
y = j3, may be a suitable value, it is necessary that there 
should exist one or more values of x which, substituted in the 
polynomials F{x, 0),f{x, ^), will reduce them to zero; these 
polynomials must therefore have a common measure a func- 
tion of X, which, equated to zero, will give one or more values 
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of », that, jointly with y = P, satisfy the proposed ecLuatio 
If therefore we perform the operation for finding the { 
common measure of F{x, y), f[x, y), (which we suppose ar- 
ranged according to descending powers of x) introducing or 
suppressing factors, functions of y, 30 that no quotient shall 
have any term with y in its denominator, we shall at last 
arrive at a remainder independent of x, which put ei^ual to 
zero will give the final equation i/r [y) = 0. For i£ j3 he a root 
of this equation, and ^ (a;, y) he the last divisor, since y=^ 
makes the remainder vanish, {x, ^) is a common measure 
of the polynomials F [x, |S), f{x, ^) ; therefore ^ (a:, ^) =0 
will give valnea of x which, jointly witli y^&, satisfy the 
proposed equations. 

Obs. In those cases where the process for the common 
measme requires neither the introduction nor suppression of 
factors, we are certain that the last remainder put equal to 
zero, or ■^ [y) — 0, will furnish all the suitahle values of y, 
and no more ; hut we cannot affirm this in other cases, unless 
we are certain that the last remainder is unaffected hy the 
factors that have been rejected or introduced ; and it frequently 
happens that in the final equation, values aiy are found which 
are foreign to the prohlem, and others are deficient which 
helong to it. On this account the method of elimination by 
the greatest common measure is imperfect, but it is still the 
moat convenient practical one for numerical equations. 

170. In particular cases we. ai-e able to find all the sys- 
tems of values which satisfy two proposed equations, by easier 
methods than tlie one just described. 

Thus, whenever we are able to solve one of the equations 
with respect to one of the unknown quantities, x for instance, 
we have only to substitute the resulting expressions for x in 
the other equation, and we shall obtain equations containing 
y only; and if we substitute the values of y given by these 
equations in the corresponding expressions for x, we shall ob- 
tain all the pairs of values required. Also, if the two equations 
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are of tho Game degree witli respect to the variable wliieh 
we wish to eliminate, we may, by introducing factors, if ne- 
cessary, and subtracting, depress one of them to an inferior 
degree. And if the first members of tho equations are, or can 
be, resolved into their factors, then the solution of them is 
reduced to the simpler ease of finding all values of x and y 
which reduce at the same time a factor of each to zero. 

171. In all cases of elimination between the equations 

besides expelling any common factor which the polynomials 
admit, the application of the general method may be simplified 
by previously ascertaining whether either has factors contain- 
ing only one of the variables. 

This may be done by arranging each, first according to 
powers of y, and finding the greatest common measure of 
the coefficients of the several powers of 2/ in it ; and secondly 
by arranging each according to powers of a;, and finding the 
greatest common measure of the coefficients of the several 
powers of a;. Let X, F, be the factors thus discovered of 
Fi^y y), and M its remaining factor ; and let X', Y', N, be 
similar quantities ioi/{x,y) ; then the proposed system may 
be replaced by 

XYM=0, X'TN^O, 
which will be satisfied by simultaneously putting any factor 
of each equal to zero, provided we do not take X and X' 
together, or Y and Y' togetiier ; for X and X' cannot be 
reduced to zero by the same value of x, unless they have a 
common factor; and that they cannot have, since by the 
supposition ii^(a;,?/),/(ic,y), have no common factor. Hence, 
with the exception of jlf=0, ^=0, each of the systems into 
which the system i''(a;,y) = 0, _/(a;,^) =0, is resolved, has at 
least one of its equations involving only one unknown quan- 
tity; and therefore its solution is attended with no other 
difficulties than what belong to equations of that description. 
But the system M—0, Jf=0, whose first members contain 
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both yariaWes, "but have no factors depending on x only, 
or y only, will require the process of elimination hy the great- 
est common measure to he applied to them, in order to reduce 
their solution to that of equations containing only one unknown 
quantity, aa we shall now more minutely explain. 

172. To examine the consequences of introducing or sup- 
^ factors in the process of elimination by the greatest 
t measure, and to investigate the means of obtaining 
an exact final equation. 

Let M^ 0, N^ 0, be two equations between x and s/, 
of the m*, ind w* degree, respectively; the polynomials M 
andA'"hemg aiianged according to descending powers of a:, 
and not admittmg a common divisor, and neither of them 
ha\ mg a factor composed of x only, or of y only ; and let m 
be greater than n Divide M by N, and let Q be the quotient 
(ccntammg no teim with y in its denominator) and R the 
icmimd r, «o thit 

M= QN+ It ; 
then all -values ot x and y which satisfy M= 0, N= 0, also 
satisfy JV"=0, ^ = 0; but if tlie division cannot he per- 
formed without putting powers of »/ in the denominator of 

the quotient, i. e. if Q be of the form -^, where K contains 

y, then we cannot affirm that all values which satisfy the 
proposed system, also satisfy N— 0,21 — 0; for the equation 



shews that values which make ilf = 0, iV= 0, may make 

K^ 0, so that -^-^ may assume the form - , the real value 

of which, and therefore of R, may be finite or infinite, instead 
of zero; and, conversely, values which make JV=0, R = 0, 
may still not make the second member equal to zero, and 
therefore not make M equal to zero. To avoid fvactional 

29 



Hosted by 



Googh 



quotients, we muBt use the same means as in finding tlie 
greatest common meaaitre ; tliat is, we must multiply M by 
the coefficient of the fii-st terra of N, or hy certain factors 
of that coefficient; then no common factor -will have been 
introducetl into both polynomials; and if P, a function of ^, 
represent this multiplier, Q the quotient, and M the remainder, 
we shall have 

which shews that the solutions of N= 0, S, = fS, ai'C the same 
as those of PJJf = 0, JV= 0, But these latter equations resolve 
themselves into the two systems 

Jf=0, iV=0; -P^O, iV"=0. 
Therefore, besides furnishing the solutions of the proposed 
equations, the system N= 0, R — (i, will fiu-nish those of 
P=0, N—Q, Hence we must solve the two latter eqaationa, 
one of which P= contains only y, and substitute all the 
resulting pairs of values of x and y in M= ; then those pairs 
of values which do not satisfy it must be rejected, and we 
shall thus obtain those solutions of if = 0, S = 0, which belong 
to the proposed system M= 0, N= 0. 

The remaining solutions of the proposed system are con- 
tained in the equations N= 0, E = 0, R being a polynomial 
of smaller dimensions than N, Now if S, have factors con- 
taining only one of the variables, (which may be discovered 
by seeking the greatest common measure of its coefBcients, 
when arranged according to the powers of each rariable in 
succession,) so that R = XYR', then the system JV^O, .5 = 0, 
may be resolved into the three systems, 

N^O, Z=0; N=% y=0; W"=0, -B' = 0; 
the two former of which present no difficulty, because one 
equation in each contains only one variable; and the third 
]^— 0, B! = 0, is exactly of the same nature as the one we 
started with; fori*/, B!, have no common factor, othei'wise 
M and ^ would have the same common factor, which is 
contrary to the supposition, and neither iV" nor B' admits a 
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factor containmg only one of tlie rarlalilea. This system then, 
hy exactly tlie same process, may he replaced by another 
similar system R' = 0, B" — 0, the latter heing of a lower 
degree in x than the fonner ; and the system M' = 0, R" = 0, 
"by another, of which the second equation will he of a degree 
in X, inferior to that of It" = 0. In continuing these uniform 
operations, we shall at last aiTive at a remainder not contain- 
ing X ; suppose this to be It", then the solution of the pro- 
posed system is reduced to that of B' = 0, E"= 0, and is thus 
made to depend upon the solution of an equation containing 
only one unhnown quantity. 

173. In ascending from B' = 0, B" = 0, to the preceding 
system JV= 0, iJ' = 0, it may happen that some solutions 
will have to he added, and others suppressed ; and, similarly, 
in ascending from N— 0, B' = 0, to M= 0, N= ; and so on, 
if there were a greater number of successive divisions. This 
method then, as we perceive, will not always lead to a single 
equation in ;/, but to several, some of which may give un- 
suitable values for that variable. When we have recognized 
all those which really enter into the solutions common to the 
two proposed equations, we may, if necessary, combine thera 
into one final equation. 

It may he observed that, since M and N are prepared 
so as to admit no common measure, we can never find zero, 
hut we may find a namber, for the last remainder B"; in 
that case, the final equation, B" = 0, is absurd ; and the 
proposed equations (unless solutions have been suppressed in 
the process) are incompatible with one another- ; i. e. incapable 
of being satisiied by finite values of x and y. It is easy to- 
form equations of this sort; sueh for instance are P=0, 
PQ + k=0; P and Q being integral functions of x and j/, 
and h a number ; for the condition expressed by the fonner, 
reduces the latter to ^ = 0, which is absurd, since h is a 
number. 

Also from the final equation JS" = 0, we can never deduce 
a value ^, of y, which will reduce the preceding divisor B! 
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to zero independently of the value of x ; for in that case, i?' 
would Lave a factor, y — Q, which is impossible, because in 
the procesa each remaincLci, before being employed as a divi- 
sor, is cleared of factors containing x only, or y only ; but 
y = ^ may desti'oy some of the terms in R\ and so cause 
i^' = to famish a greater or smaller number of corresponding 
values of x, or none at all if ^ = /3 reduce R' to a number. 
Of the above peculiarities, and of the application of the general 
method, the following are instances : 

Es. 1. yj?~{f-^y-\)x+y^ 0, 

The first division gives the remainder x-^y; and the 
division ofar" — y + 3 byte + j gives the remainder 3. The 
proposed equations are therefore incompatible. 

Ex.2. {y-\)x' + {y'-\-y)a? + {Zf + y-2)x^-2y^(i, 

(^ _ 1 ) a;= + (y^ + 1,) a; + 3/ - 1 = ft. 
The final equations are 

y-l=0, [y~l)x + 2y = {i; 
the former gives y = ±l) but the value y = 1, furnishes no 
corresponding finite value of x, since it reduces the latter to 
2=0. 

Ex. 3. a:'-3f/a!^ + (3/-)/ + l)a;-y + /-2j/ = 0, 
a? — lyx +y'' — y = 0. 
x'^2yx + ^^y'ja?~^ya?+{Sy^-y + \.)x-^+y'-2y(a~-y 
af-2yiK'+if-y)x 

~yx' + {'2y^+l)x-f + f-2y 
-yi^ + 'ifx-f^f 



x~-2yj ii-%jx\f~y [x 
o?-^x 
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therefore the final equations arc 



which give ^ = 0) ^ "^ l] 



and as no factor has hccn introduced or 8 
sohitiouB ai'e those of the proposed syatera. 

Ex. i. (?/ - 2) i/ - 2a: + % - 2 = 0, 
yx' — 6x + iy = 0. 
Multiplying the dividend "by y, 
ya?-'ox + ly^ {y - '^) yx' - 2yx + 5f - 2y {y~2 
{y-2)yx^~{5y-10)x + if~Sy 
(Sy-10)x+f+Qy. 
Next multiplying the dividend hy (Sy — 10)', 
(Sy - 10) x + f+ey) 

(3)/-10)'ya?- 6 {Sy-mfx + d {^y-lQ'fy ({Sy-lO)yx - &c. 

{^-Wyc^ + [Sy - 10) if + 6y) yx 
- (3)/ -10) (y + ey + I5y - 50) ic + i {dy - 10) V 
~{8y-10){f+&f + l5y-^0)x-{f+ey){f+&f+l5y^50) 
y^ + 12v* + 87?/' - SOOw" + 1 OOy. 



Therefore the final equations are (suppressing the factor 
y, since the solution y = 0, x = 0, doea not satisfy the pro- ■ 
posed system, and is due to the factor introduced in the 
operation) 

(3j/-10)iC+y+67/ = 0, 
y* + 12/ + 87/ - 200^/ + 100 = 0, 

which contain no false values ; for the only false value which 
the final equation in y could contain, would be ^ , which is 
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impossible, since all tlie coefficients of tbat eq^iiation are inte- 
gers. One pair of values is y—1, ic = l; tlie other solutions 
can be obtained only approximately, 

Ex.5. a;(4/+3)-8ai/-0, 

% (3 - 2a^ ~ 4/ + 3 = 0. 

Here we can solve with respect to one of the variables, 
and we find for the final equations 



Ex.6. ?/ = 'p{x), x = <^{y). 

The final ecLuation resulting &om the elimination of either 
of the variables between simultaneous equations of this form, 
admits of a remarkable reduction. For, suppose a to be a 
root of a;-^(a;) = 0, and put x=y^a in the proposed 
system of equations ; then they are evidently satisfied ; there- 
fore x = a satisfies the final equation 

te = i,[i,(x)}, or/H-Oi 
therefore every factor oi x — <j> {x) is a factor off{x) ; 

.•./(x) = lf(x)-«l./,W, 

which leads to the reduced final equation _^ (a;) = 0. 
Thus, let the system of equations be 

_ Ux (1 - xf 16y ( l~y)\ 

^ {l + x)^ ' {l+yT ' 

then 

x{l + xY - Ux (1 -'xY = x{x'~2x + 5) (a^ + Ga; - 3) 
is a factor of the final equation. 

174. It was observed (Art. 23) that the problem of trans- 
forming an equation, in its widest sense, required the general 
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methods of elimination. This is especially the case wliei^e 
each root of the new equation is to he composed of several 
roots of the primitive equation. Of this use of the methods 
of elimination we shall now give some instances. 

To transform an equation into one whose roots shall he 
the differences of every two roots of the proposed equation. 

Let/(a;) = he an equation of n dimensions, having roots 
a,b,c,..,l; to obtain another equation whose roots are the 
differences between all the roots of the proposed and a, we 
must make y = x — a at x = a + y, and the substitution of this 
value for x in fix) = 0, will give f{a 4- ?/) = 0, the requned 
equation; or, developing (Art. 27), 

/(«)+/'(») ■y+/»i^+-+»--o (!)■ 

Since, hy the supposition, » is a root of the proposed, 
y(<t) = ; therefore the preceding equation has y for a factor, 
or admits a root zei-o, corresponding to the difference a — a; 
suppressing this factor, we have 

/'W+/»^ + -+»" = (2), 

an equation having for its roots the difference hetween a and 
the n- — \ other roots -of the proposed equation. If in this 
equation we replace a hy h, c, &c,, successively, we shall 
form equations whose roots are the differences between h and 
the 91 — 1 other roots, between c and the n — \ other roots, 
and so on. Hence it follows that the differences of every 
two of the roots of the proposed equation are the values of y 
furnished by the equation 

/w+/"Wi^ + -+,r'-o. 

when we substitute successively in it, for x, all the roots of 
the equation f{x) = ; which amounts to solvmg the system 
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formed by the above ec[ttation, and /(.i;) = 0, I£ therefore we 
eliminate x between the equations 

/W=o, /(,r)+/».^ + ...+y-.o, 

the resulting equation in y will be the one i-equired. The 
proposed equation being of the m"" degree, the transformed 
equation will be of the n{n — 1)'" degree ; for the number 
of its roots is equal to the number of permutations which 
can be formed with the n quantities «, 5, c, , . . I, taten two and 
two together ; also the transformed equation will contain only 
even powers of y, for if it have a root a — & it will also have 
the root h — a; so that its roots are equal two and two, and 
of contrary signs. Hence if n (k — 1) = 2m, and ^ = s, the 
transfonued equation wiU be of the form 

3"' + 5;S"'"' + q^'""^ + . . . + 5„i = 0, 

and the values of s are the squai'es of tlie differences of every 
two roots of the proposed equation. 

Ex. ar' + ga; + r = 0. 

In this ease/'(a^) -\-f\ai). ^ +/= gives 

3a;' + g + 3^2/ + J/' = 0. 

3ic^+3a:j/ + ;/' + 2j Sar' + S^^ + Sr (x-y 

3a^ + ga;+ ... 



^{■>f+q)x + y' + qy + ?,r 

^q)x + y'^ + qy + ^r\ 

6(2/= + 2)V+6(y+2)V+2(2/'+2)'(3a:(i/^+5)4 

6( /+g)V+3(/ +g) V+.-. 

4(j/=+2)=-3(/+^.y + 3r)(y+j?/-3)-) 
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therefore, equating the laat remainder to zero (since the 
factor y' + q put equal to zero, reduces the laat divisor to 
Zr, which ia dliFerent from zero), we have the equation of 
differences 

y" + Hy* + Hy^ + ^s" + 27)-= = o ; 

and putting !/' = s, the equation of the squares of the differ- 
ences Ja {as at p. 45) 

3' + 653' + %<fs + 45^ + 27/^ = 0. 
By similar reaaoning it may be shewn, that to transform 
,f{x) = fl, into one whose roots shall bo the sum, product, 
or ratio of every two of its roots, we must eliminate x between 
/(a,) = 0, and 



where A = )/ — 2iB, - — x, and a;?/ — a;, respectively; taking in 
the two former cases the square root of the result. 

175. To eliminate one of the unknown quantities between 
two equations containing two unknown quantities, by means 
of symmetrical functions. 

Let x" + p^x"'^ + p^"'^ + ... +J>„ = (1) 

a"' + 9',^"'-' + 2^''+... + 2„ = (2) 

he two equations respectively of n and m dimensions in x 
and !/; so that^j, p^, ■■■ p« are functions of y involving 
respectively no power of y above the first, second, &c., w'"; 
and ^j, q^, ... q,^ functions of y involving no power of y 
above the fii"st, second, &c., m!*''. If we can solve the first 
with respect to x, and deduce n values, «, 6, c, &c., functions 
of y, then upon substituting them in the second, we shall have, 
for determining y, n equations not containing x, viz. 






....(3). 

30 
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But in general the solution of (1) ia impossible, and our 
object must be to obtain a final equation containing in- 
differently all the suitable values of y, and this wc shall do 
by multiplying together the above n equations ; for the result 
will be satisfied by every value of y derived from any one of 
them, and by no other quantity; and to every one of these 
values of y there will correspond a value of x such that the 
pair will jointly satisfy (1) and (2). Por suppose a value 
of y deduced from the first of equations (3) to be ,8, and let 
the equation x — a = (i give, by making y = yS, tc = a ; then it 
is manifest that x=a, y = 0, will jointly satisfy the proposed 
equations. But in the result of this muUiplieation, the factors 
only change places when we interchange in any manner the 
quantities a, h, e, &c.; therefore the product will only involve 
rational and integral symmetrical functions of these quantities, 
which may be expressed by means of the coefficients of 
equation (1) ; and we shall so obtain the final equation in y. 
The calculations required by tliis method are in general 
tedious ; but it has the recommendation of giving the 
final equation with all the roots it ought to contain, and no 
others. 

176. When we eliminate one of the unknown quantities 
between two equations containing two unknown quantities, 
the degree of the final equation cannot exceed the product 
of the degrees of the two equations between which the elimi- 
nation is performed. 

To prove this, we must examine to what degree y may 
rise in the symmetrical functions composing the product of 
equations (3), Each term of this product will be itself the 
product of terms, ono taken out of each of the equations (3), 
and will therefore be of the form 

But the product of the n equations, being symmetrical, 
must contain, all the terms of the same form which we can 
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make with the above quantitiea ; consequently it will contain 
all tlie terms represented by 

S.,^?-,?^. ..■«(»"*"»'...) (4), 

and we must now aBcertain the dimensions of tbia expression. 

Now the degree of y in q„^, j'„_j, &c. cannot exceed 
m — h, m — h, &c., respectively; therefore in ?„,-» 2,^^^ 2,,^ ■ ■ ■ 
it will at most be equal to mn — k — h — l — &c. Also if 
we refer to the formulse which give the values of the 
double, triple, &c. functions in terms of the sums of the 
powers of the roots, we see that in 2(a'JV...) the term of 
highest dimension in y will be found in 8^ 8^8, ... , but 
the equations which give S^, 8.^, &c., in terms of ^,, p^, &c., 
(since these quantities do not involve powers of y exceeding 
the first, second, third, &c. lespcetivcly) shew that the degree 
of y in any sum 8^ cannot esceed h ; therefore the degree of 
^ in %{ab c' ...) cannot surpass h + h + l+&c.', consequently, 
in the expression (4), the degree of y will at the most be 
equal to mn. The same thing may be aimilai-ly proved of all 
the symmetrical functions whose sura makes up the product 
of the n equations. Therefore, lastly, the degree of the final 
equation cannot exceed the product of the degrees of the two 
equations from which it results by the elimination of one of 
the imltnown quantities. 

Although the degree of the final equation cannot exceed 
Tim, in particular cases it may be less than mn. If we 
extend the process to any number of equations, we shall 
have the general theorem discovered by Bezout,, viz, that if 
between equations equal in number to the unknown quan- 
tities, we eliminate all except one, the degree of the final 
equation will be at most equal to the product of the degrees 
of the several equations. 

Ex. To eliminate x between the equations 
y^ — 5x + iy = 0, 
(i/ - 2) a;' - 2a; + 5y - 2 = 0. 
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Let a and b denote the values of x given by the first 
equation ; then substituting them in the second ecLuation, we 
have 

(2/ - 2) «= - 2ffl + 5;/ - 2 = 0, 
(3' - 2) 6° - 25 + Sy - 2 - ; 
the product of these equations, which will he the required 
final equation in ^, is 

(y - 2)' S {«%•) - 2 (y - 2) S (o-i) + (y - 2) (Sj, - 2) S, 
-2(5y-2)S,+ 4X(o{) + (5y-2)" = 0. 

But o, = , », = 4, 10, = ; 

" y " " 

y y y 

Hence, substituting and reducing, we find for the final 
equation {aa at p. 229) 

y^ + 12y + 87/ - SOOy + 100 = 0. 

177. The following method of elimination, depending 
upon the expansion of an implicit algebraical function in 
descending powers of its variable, has the advantage of ex- 
hibiting as many terms as we please of the final equation. 

The two equations M{x, y) — 0, N{x, y) = 0, botivecn x 
and y, of the m"" and ji*" degrees respectively, if in each we 
collect in successive groups the terms which are of the same 

dimensions, may be written, putting " = u, 

a."'/M + ^""'/ («) + ■■■ = « (1). 

x-F{u) + x^-'F,{u) + ... = (2), 

where fiu), XWi &''■ ^^'^ polynomials with determinate co- 
efficients, of the degrees m, m — 1, &c.; a:QA.F{u), F^{u), &c. 
polynomials of the degrees n, n — 1, &c. The m values of u 
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famished by (1) ate functions of x; and for a; = ix tliey co- 
incide with the m determinate roots of _/(a) =0, which is an 
eq^uation of the ordinary form 

and we wili suppose it to he free from equal roots. We may 
therefore put u = ix + e, where e ia a quantity that vanishes 
wh6na; = co; then smce/(a) = 0, we get from (1) (Art. 27), 

X' i,/(.) + i.y"w + ...] + "•" iM") + '/;(') + ■■■] 

or, dividing by a;"'"', 

«/(.) +/,(«) + i iK.«)y"{«) +»/;(«) +/■(«)) +■■■=('• 

Now let x = <x> , and let tlie limit of &o be denoted by a, 
then «'■/'(«) +^(a) = 0, which will always give a finite value 
for a, as _/(«) = has no equal roots. Since ex has for its 
limit the quantity just determined a, wc may put ea; = a' + e' ; 
then 



and i/ = ax + a.' + e', 

the series for i/, when we restrict the development to the two 
first terms, e' being the remainder. 

Next, substituting this value a + e for w in (2), we get 
«" {F{>x)+eF'{a) ...] + a)-' [i?;(a) + e^/W + ..-l = 0, 
or, since ex = ai + e', where e' vanishes when a; = oo , 
a^-f (a) + ai"-* (a'^'(«) +-fi{«)! + ^"-^^ 0, 
E denoting a quantity that vanishes when a; ^ qo ; which I3 
the development of N{x,y)=0, restricted to its two first 
terms. If we now form a similar expression for every root 
a,, Oj... a,„ of/(a) = 0, and multiply all these expressions 
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together, we shall obtain the final equation in x, which will 
he of the form 

where A denotes the value o£ the symmetrical function of 
the roots of /(a) = 0, 

J'(oJ,J?W...J?(«..); 
and the symbol 2 extends to every one of those roots ; a' 
being equal to —jrr\. Also 5 expressea the Bum of a 
limited number of tei-ms that vanish when a; = co . 

Hence we have a new proof of Besouts theorem, the 
degree of the final equation being at most equal to mn ; and 
we observe that the sum of the roots of the final equation 
in iG, equals 

By proceeding in tlie same way, we may determine three 
terms of the development of « under the form 

•' = « + l + ? + 3' 

where «" is given by the equation 

and -5 is the remainder of the series ; and then three terms of 

the development of N{x,y)=-(i; and next three terms of the 
final equation in a ; and so on. The method ia applicable to 
the elimination of m — 1 unknown quantities from n equations ; 
and it leads to the proof of BezouSs theorem in its most 
general statement. 

178. As all the preceding methods suppose the equations 
to which they are applied to be rational, it is of importance 
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to be atle to reduce an equation involving radicals, to a 
rational form. The extermination of radicals, considered 
generally, is only a case of elimination, as will appear from 
tile following example. 

Ex. 1. To reduce x - Jx — i + 'Jx + 1 = to a rational 
form. 

Let / = a; - 1, s= = a; -1- 1 ; 

.*. ic — y + 2 = 0; 
this gives 2/ = ic + s, and therefore y'^x — l gives 

s" + 2sa! + 3!'' - ic + 1 = 0, 
and it remains to eliminate s between this and 



Using the process of the greatest common measure, wc find 
for the exact final equation, 

ic' - 3a^ + 83;' + a;' + 73^ - 7a; + 2 = ; 
a result that may also he obtained directly itom the proposed 
equation, by successive involutions. 

Ex. 2. To form the equation which has a root 
3! = (c + Vc^ - ff + (c " Vc=-2')% 
or x = a-\-h, suppose ; 
.-. x' = «" + 6° + 5a6 (a' + Jf) + lOaV (a + 1) 
= «' + £'+ 5aS (a + Vf - 5aW {a + h) 

.*. x'~hqx? ■'rb^x — 2c = 0. 

Also, if we assume a" + J™ = 2.c, <fh'" — rf, then 

ft™ - ?," = 2 Vc" — 2", and a™ or J" = c + Vc" — g'"; 

.-. a + S = (c + Vc'^ - 5'°)™ + (c - Vc" - §"')""^ 

is (Art. 154, Ex. 3) a value of x in the equation 

m fm — 3) 
af — rnqx"''^ + - ■ l . - - - . -' ^V'"' ~ &c. = 2c. 
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SECTION X. 
ON THE GENERAL SOLUTION OF EQUATIONS. 



179. A EEMARKABLE application of the theory of sym- 
metrical functions is that made by Lagrange to the general 
solution of equations; by that means he soivea the general 
ec[aation3 of the first four degrees, by a imiform process, and 
one which includes all others that have been proposed for 
that purpose, the common relation of which to one another 
is thus made apparent. 

It consists in employing an auxiliary equation, called a 
reducing equation, whose root is of the form 

II!, + aajj + a'iCj + . . . + ^t'^x^ , 

denoting by t^, , x^,...x„ the n roots of the proposed equation, 
and by a one of the m'" roots of unity ; and the principle on 
which it is based is as follows. Let y be the unknown quan- 
tity in the reducing equation, and let 

y=a^x^ + a^^+ ... + a^x,„ 

a,, Kj, ... a„ denoting certain constant quantities ; then if k — 1 
values of ^, and suitable values of the constants a,, cc^, ... a^ 
can bo found, so that we may have n — 1 simple equations ; 
those, together with the equation 

will enable us to determine the n roots. 

Now, supposing the constants in the value of ?/ to preserve 
an invariable order a„ a^, »S:c., since the number of ways in 
which the n roots may be combined with them to form the 
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1 i^Xj + fx^^ + &c. is the same as the number of 
permutations of n things taken all together ; therefore the 
espreaaion for ^ ■will have n (n — 1) . . . 3 . 2 . 1 values, and the 
eijuation for determining j/ will rise to the same numher of 
dimensions, or will he of a dcgi-ee higher than that of the 
proposed equation; hence the method will be of no use, unless 
such values can he assumed for the constants a^, a^, ... a„ as 
shall malie the solution of the equation in y depend upon that 
of an equation at most of m— 1 dimensions. Now this may 
be done {at least when n does not exceed i) hy taking the 
n'" roote of imity a", a, a°, a', ... a""' for a^, o^, ... «„, so that 
i/ = i^x^ + ax^+ ... + (f^x^ + a''x^^^ + ... +a"~'3;„. 

For, in the first place, with this assumption, the reducing 
equation will contain only powers of ^ which are multiples 
of m; for, since a"=l, 

a""'^ = oC'x^ + ff'^^x^ + . . . + a;,^, + aa-^,,, + . . - + a"''"'ir„ , 
or cf^'y = a'ar,,^, + a^^„ + -■■ + a""'a;^, 

w}iich is the same result as if we had interchanged a:, and 
x^^^, x^ and i^,^, &c., so that if ^ be a root of the reducing 
equation, a"~'y is also a root; therefore the reducing equation, 
since it remains unaltered when (f^y is written for y, con- 
tains only powers of y which axe multiples of m ; if therefore 
we make y' — &, we shall have a reducing equation in s of 
only 1.2, 3 ... (w— ]) dimensions, whose roots will be the 
different values of s which result from the permutations of the 
n — \ i"oota aij, x^, ...ic„ among themselves. We shall now 
have, expanding and reducing, 

s = / = M„ + M,a + u^fi + . . . + M,^. a""S 
in which u^, m,, Mj, ... v.^^ are determinate functions of the 
roots, which will he invariable for the simultaneous changes 
of a;, into cc,.^,, x^ into a;^^, &e., since z = {a^y)''; and when 
their values are known in terms of the coefficients of the pro- 
posed equation, we shall immediately know the values of the 
toots. For let s,,, s,, z^, ... s,, , be the different values of s, 

31 
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when I, a, /3,y, ...X, tlie roots of y" -1=0, are substituted 
for a ; then since y — Vs, we have 

x^-{-aa:^-V ... + a!''^x^ = \/zj 



x^+'kx^+ ... +X^'x„= \/s„_i; 
therefore, adding, and taking account of the properties of the 
sums of the powers of 1, a, 13, 7, &c. (Art, 154), we get 
nx^ = l/s^ + ^s^+ ... + C/^„_,. 
Again, multiplying the above system of ei^uations respec- 
tively by 1, a""', (3""', ... X"'', we got 

nx^ = C'3^+ a""" C'si + Z^""' 7s^+ ... + V ;/^, 
and so on for the rest. Hence, since —p^ = V^„ , and 

the problem is reduced to finding the values of % , u^, ... u^^ . 

180. The reducing equation of m — 1 dimensions, which 
has for its roots s,, s^, ... s^, the quantities by which the roots 
of the proposed equation have just been expressed, will re- 
quii'e, for the determination of its coefficients, the solution of 
an equation of 1 . 2 . 3 ... {ji - 2) dimensions. 
For if in the equation 

s = {x, + ax^ + a\-{- ...+ a"~'x„y\ 
we replace a by each of its powers a^, a', ... a"''-, and denote 
as before the corresponding values of ^s by Sj, Sj ... s^„ and 
call the above value of 2, s,, we get 

Sj = (a!j + fxx^ + a'x^ + a'x^ + ■ - - + a""'x J " 

s, =K+... +aX+ )" 

3, ={x, + + a\ + )"---(l) 
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In these expvesaiona x^ occupies, successively, the second, 
third, &c., 1^ place; that is, all the places it can occupy sub- 
ject to the condition that a;, always stands first. If therefore 
in each of these expressions we make all possible permutations 
of a!g , a;^ . . . £C„ [the number of which is 1 . 2 . 3 . . . (n — 2) } with- 
out altering the place of ic, or ic,, we shall from each obtain 
1,2,3 ... (« — 2) values of z ; and therefore on the whole we 
shall obtain the 1 . 2 , 3 ... (si — 1) values which z admits of 
from the permutations of the n — 1 roots x^, x^, .■■x„. 

Now let 

s"-' + i^r^ + 2,^"-= + . . . + §^, = 0, . . . (2) 

be the equation which has the above quantities Sj, s^, and s,^, 
for its roots; then the coefficients q^, q^, &c., will depend for 
their determination upon an equation whose degree is 

1.2.3... (w--2). 

For suppose that, by causing another root x^ to stand first in 
the expressions (1), we form another system of values of 
3„ Zj, ...Sft^i, and another equation of which they are the 
roots, similar to (2), viz. 

a""^ + 2'/'"^ + . . . + 5V1 = ; and so on ; 

and let h be the number of such equations necessary to be 
formed in order to furnish all the values of z ; then the first 
members of these equations multiplied together will be of 
the degree ^(ji — 1), and will be the final equation whose 
roots are all the values of z ; and whose coefficients, being 
symmetrical functions of the roots of the proposed, are ca- 
pable of being expressed rationally by ite coefficients. Hence, 
as the degree of the final equation is equally expressed by 
k{n-l) or 1.2.3... (k-I), we find J = 1.2. 3 ... («-2). 
Also since there will be k equations similar to (2), there will 
be the same number of values of 5,; and the coefficients, con- 
sequently, of (2) will depend for their determination upon an 
equation whose degree is 1.2.3 ... (li — 2). 
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To form tlic ecLtiation for determining q^, we mnat divide 
the final equation in z by the fii-at member of (2) which is one 
of its factors, and equate to zero the n — \ terms of the re- 
mainder ; then n — 2 of those equations will serve to determine 
Saj ?3' ^^•' ^ terms of §■;; and substituting the vabies of g-,, 
jj, &c,, in the remaining equation, we shall have an equation in 
q^ whose degree will be equal to 1 . 2 . 3 ...(?(— 3) , If we know 
one system of values of the coefficients 5,, q^, &c., and if we 
can solve the corresponding equation in s of n— 1 dimensions, 
80 as to obtain the values of a, , s^, &c., s^,, then the solution 
of the proposed equation follows, as has been shewn. The 
result of the entii'e process would bo that the equation of 
1,2.3 ... (ji— 1) dimensions, having for its roots all the values 
of z, woiiM be resolved Into 1.2.3... (n — 2) faetors of m — 1 
dimensions, by means of a single equation whose degree 
equals 1.2.3 ... (m-2). 

181. When n is a composite number, the above general 
method admits of simplifications. For let n have a divisor 
m so that n = mp where m is not greater than p, and let a be 
a root of ^z™ — 1 = ; then since «"*=!, a"^' = a, k™"^ = a^, &c. , 
a°" = 1 , a^'"^' = a, &c., we have 

y ^ x^ + aa^g+ a^x^-i- ... + a"'' a-,, 
= X. + aX^ + C5«X, + . . . + a""-'X„ , 
where X, = x,. + w„^ + x^„^ + ... + x,^,^,., and consists of 
p roots ; 

where Mo, u^, &c., ai'e known fimctioia ofX,, X^, &c.; and 
when they ai-e found in terms of the coefficients of the pro- 
posed equation, we shall he able to determine immediately the 
values of X^, X^, &c., as before. To deduce the value of the 
primitive roots x^, x^, ccj, ... «;„, we must regai-d separately 
those which compose each of the quantities X^, X^, &c., as 
the roots of an equation of p dimensions. Tims let the roots 
whose sum is X^, be those of the equation 

x''-X,x''-' + Lx'>'^-Mx'^-'+...=Q (]), 
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where h, M, &c., are unknown ; then the first memher of this 
equation ia a divisor of the first memher of the proposed, since 
all its. roots helong to the latter. Hence, effecting the division 
and equating to zero the coefficients of a;*"', 3^"°, &c., in the 
remainder, we shall have p equations in X, , L, M, &c,, of 
which the ^ - 1 first will give the values of L, M, &e., in 
terms of X^. It will then remain to aolve the equation (1) 
so determined of^ dimensions. Similarly, substituting the 
value of X, In place of that of X,, we shall hare an equation 
giving tiie next group of roots x^, a:„^, &c.; and so on. 

182, In this case, that is when n is a composite numher 

and — mp where m is a prime number, the formation of the 

reducing equation will require the solution of an equation o£ 

, 1.2.3 ...n ,. 

only - ,- ■ ■ ■ r / T — ^— T rs dimensions. 

*' (m— l)m(l .2 .3 ...^) 

For since y = X^ + aX, + a'X, + ... + a^'X,,,, 

if every one of the roots found in X^, Xj, &c., were affected 
with a difl'erent coefficient, since there are n of those roots, the 
number of distinct values, which y would be capable of ac- 
quiring from their permutations, would be 1 . 2 . 3 ... Ji. But 
on account of the p roots in each group having the same 
coefficient, the number of values of «/ is diminished. Let ft be this 
number ; then supposing all tlie roots in the group X, to have 
distinct coefficients and so to furnish 1.2.3 ...^permutations, 
the number of values of ^ would be increased to 

1.2,3 ...p X ft; 
next, if all the roots in X^ received distinct coefficients, the 
nmnber of values of ^ wouldbecome (1 .2. 3 ,..jt)° x/i; and 
so on ; so that if every root in every group had a distinct 
coefficient, the number of values of y would be 

(1.2.3..._prxft 
which, as we hare seen above, is equal to 1 . 2 . 3 ... w. But, 
as shewn in Art. 179, the number of values of s, where 
3 = {X, + aX, + a'X,+ ... + a!"-' XX (1) 
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is —til of tlic numljer of values of y, and therefore is eq_tial to 

fi-^m. Also, if as before we denote lay s^ tlie value of z, in 
equation (1), and by z^, z,, ... s«^, the values which s assumes 
when a. is successively replaced hy its powers a', a', ... a""*, 
we may form an equation which has the quantities s^, s^, s^^ 
for its roots, viz. 

s-^-i + q^s'"^ + &c. + 2.^, = ; (2) 

and next by causing another of the quantities X^ to stand 
first in the valne aiy, we may form another system of values of 



and another equation similar to (2), viz. 

s™~' + gV"""^ + . . . + 5',^, = ; and so on. 

Let h denote the number of such equations necessary to be 
formed, in order to. furnish all the values of s ; then the firat 
members of these equations multiplied together will be the 
final equation in z, and its degree will be /c (m, — J), which 13 
the same as the number of values of s, and equals fj, 4- m. 
Therefore, substituting for /i its value, we find 
1.2. 3... w 
■ot(m*-1) (1.2.3...^)™' 

Since, therefore, thei'c will be 1c equations similar to (2), 
there will be the same number of values of the coefficient q^ ; 
and the coefficients, consequently, of (2) will depend for their 
determination upon an equation whose degree is equal to the 
value of h above written. 

183. This is the point to which the investigation of the 
algebraical solution of equations was brought by Lagrange, 
and where it still remains at the present time. The method 
leads to the solution of equations of the 3rd and 4th degree, 
as we proceed to shew ; hut for the equation of the 5th degree 

a? -Ypx^ + ja^ + »-3!' + sa; + * = 0, 
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if, taking a for an imaginary root of a^ - i = 0, we assume 

z = {x, + cta^j + «X + c^x^ +■ aX)^ 
we may form the equation with deteimined coefficients whose 
roots aie all the values of z, and whose degree will 

= 1.2.3.4 = 24: 
and its first member will be capable of being resolved into 
2 X 3 or six biquadratic e(juations of the form 

2' + q/ 4- j,a' + 53Z + 2, = ; 
where each of the coefficients 5'j, q^, &c., admits of 2 x 3 values, 
for different permutations of the roots ; and will therefore 
depend upon the solution of an equation of the sixth degree. 
So that by this process the solution of an equation of the fifth 
degree will necessarily involve the solution of another equa- 
tion of a higher degree than its own. 
Ex. 1. :;^ — pa? -\- qx — r = 0. 

Let the roots he a, b, g, and let 

y = a + a& + a^c ; 
,-. s = y = aV S^ + c' + &abc + 3 (r/J + Jfc + cU) a 
+ 3 {a'c + Fa, + eh) a\ 
= M„ + M,a + M,a^ 
But Mj, Mj, are roots of the quadratic 

«^-K + «,)« + «,M,= 0, 

and M, + M^ = 32 {a%) = ?,pq - 9r (Art. 159), 
M,M, = 9 {ahcS^ + t («'6') + iaV}'^] 
= 9/ + 9 (j5" - &pq) r + 81r\ 
Hence u^, u^ are known, 

and /. Mj, =y ~ (Wi + "a)) is known. 

Hence, denoting by a,, iSj, the valuea of 2 when a and d' 
are respectively wi'itten for a, we have 
a^-h + o=p, 
rt + a5 + a^c = v'^i! 
a + a"?' + at = IJ^^ ; 
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from wliich we olotaiii the values of «, h, and c, viz. 

Ex, 2. x" — pa^ + qx^ — rx + s = 0. 

Since 4 = 2.2, let a lie a root of ^ — 5 = 0, so that a^ = 1 ; 
then ^/ = x^+(xx2 + x^-^(xx^ = X^ + aX^, 
if X,==x^ + x,, X, = x^ + x^; 

where m, = X,° + Z/, Mj = 2X,X2, and m,, + m, = 2^, =y . 

Hence w,= 2 (cc, + a;g)(3!j + a'j), hy intercbanging the roots 
among themselves, will admit the two other values 

2 (ic, + X.) (as, + xj , and 2 {x^ + a;,) (a^, + x^) , 
and will therefore be a root of an equation of the form 

the coefficients being symmetrical functions of x^, x^,x^,x^, 
and consequently assignable in terms of p, g, r, s. It is 
easily seen that if we malce m^ = 2g' — 2m, we shall have an 
equation in u whose roots are 

x^x^ + x^^, x^x^ + x^„ x,x^ + x^^; 
and the transformed equation is (Art. 162) 

w.° — qu^ + {pr — is)u~{p' — iq) s — )•' = 0, 
Let u' he a root of this equation, then u^ = 2q — 2ti' ; hence, 
making a = — 1 , 

2j = w„ — M, —p' — 2Mj —p' — 4g + 4m' ; 

.■- X.+ X,-^, X.-X, = Vz.; 

■■■ ^.^Mi' + Vi;), X, = i(_p-v'2j. 

Hence a^j, a^g, may be regarded as roots of a quadratic 

x'-X,x + L = 0; 
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dividing the proposed by this, and putting the first term of 
the remainder ecLual to zero, we find 

therefore x,^, x^, are known; and x^, x,, will result from the 
same formulje by interchanging X, and X^, or by changing 
the sign of the radieal Vz,, 

Ex. 3. - — —IT- — 0, n being a prime number. 

If r be one of the roots, and a be a primitive root of the 
prime number n, (that is, a number whose several powers 
from 1 to « — 1, when divided by n, leave different remain- 
ders) it is proved {Art. 80) that all the roots of this equation 
may be represented by 



Let y = J- + ar" + aV + ■ ■ ■ + a""^/"' , 
a being a root of the ecLuation ^"~' — 1 = 0. Therefore, ob- 
serving that a""' = 1, and r" = 1, 

z = y"-' = u^ + au^ + a\+... + a''-^u^, (I), 

u^, Mj, &c. being rational and integral functions of r which 
do not change by the substitution of r", r"', r"', &c., in the 
place of r; for these quantities, regarded as functions of 
a;,, 3Tj, a;,, &c., do not alter by the simultaneous changes of 
ar, into a;,, x^ into ar,, &c., nor by the simultaneous changes 
of a;, into a^j, x^ into x^, &c., to which correspond the changes 
of r into r", into r"', &c. 

Now every rational and integral function of r, in which 
r" = 1 , may be reduced to the form 

A + Br+Cr' + Dr'+...+Nr-'-'\ 
the coefficients A, B, G, ... N being given quantities inde- 
pendent of r; or, since in this case the powers 



P.-2 
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may te represented, altliougli in a different order, lay 

we may reduce every rational function of r to the form 
A + Br+Or» + Dr''°+...+NT<''-\ 

Therefore, if this function is such that it remains un- 
altered when r is changed into r", it follows that the new 
form 

A+£;^ + Cr^' + Dr^' + ...+Nr 

coincides with the preceding ; 

.-. B^C, a^D, D^E, &c., N=^B, 
and therefore the function is reduced to the form 

ji + 5 (»■ + )"' + »-'' 4-... -i-J-"-"'), or^-B, 

since the sum of the roots = — 1 ; hence each of the quan- 
tities «„, w„ Mj, &c., will he of the form A—S, and its value 
will be found by the actual development of a = y"'^ ; so that 
we have the case where the values of u^, «,, m^, &c., arc 
known immediately, without depending upon the solution of 
any equation. Hence if we denote hy 1, a, 0, 7, &c., the 
n — 1 roots of the equation a;""' — 1 = 0, and hy 3„ , a, , z^i ^^-j 
the value of s answering to the euhstitution of these roots 
in the place of a in equation (1), we shall have, as in the 
former cases, 

'' n-1 ' 

an expression for one of the roots of the equation a;" — 1 = ; 
and the other roots are r°, r', &c. 

Thus the solution of a;" — 1 = is reduced to that of the 
inferior equation ^"~' — 1 = 0, of which 1, a, ^, 7, &c. are the 
roots ; also since n — 1 is a composite number, the deter- 
mination of a, ;8, 7, &c. will not require the solution of an 
equation of a higher degree than the greatest prime number 
in « — 1 ; that is, the solution of »" — 1 = {n prime), may be 
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made to depend upon the solution of equations whose d 

do not exceed the greatest prime number which is a divisor 

of m-1. 



The least primitiTe root of 5 is 2 ; for the powers of 2 
from 1 to 4, when divided hy 5, leave remainders 2, 4, 3, 1 ; 

.-. 7/ = J- + ar^ + aV + aV ; 

also a' = l, r^ — 1, and *■ + c^ + / + / = — 1 ; 

,-. E = y = - 1 + 4a + 14a° - lea'. 

Bat the four roots of y — 1 = 0, are 

1, -1, V^, -V^; 

.-. 2„ = 1, s, = 25, s^ = -15 + 20V^, 

S3 = -15-20V^; 

.-. a; = i (- 1 + Vs + ■^- 15 + 20 V^ + V- 15 - 20 V^). 



ABEL'S BXTENSIOH OF LAGEANGE'S METHOD. 

Some of the principal extensions of Lagrange's method 
made by later Mathematicians, are contained in the following 
Propositions relative to equations whose roots have the same 
property as those of a;"— 1 = 0, namely, that all the roots can 
he expressed rationally in terms of one of them, 

184. If two roots of an irreducible equation are so con- 
nected that one of them can he expressed rationally in terms 
of the other, then all its roots will be capable of being repre- 
sented either by one group or by several groups of quantities 
of the form x 6x ff'x...6''''^x, where Bx denotes a rational 
function of x such that 0"x = x. 
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Let /(ic) = "be an irreduciUe eciuation of the /**" degree, 
and let two o£ its roots x' and x^ be connected by the equation 
a;' = fej, where 6x denotes a given rational function of x. 
Then since x ia a root of/(3;) =0, we have/(fej =0 ; there- 
fore/(^3:) =0 admits om of the roots x^, and consequently it 
admits all the roots of / (a;) = ; for, otherwise, f{dx) and 
f{x), which are both rational functions of x, would have a 
common divisor ; and that is impossible since/(a;) = is irre- 
ducible. Hence f{dx) = I) is satisfied by every one of the roots 
of/{a:) = 0; in other words, if a^, be a root of /(cc) =0, then 
is 9Xf likewise one of its roots. But 6x^ is a root of f{x) =0, 
therefore d (fej or ^x^ is a root ; hence also 6 {B'x) or ^a;, is 
a root, and so on; so thaty^{a:)=0, has for roots all the terms 
of the series 

■x^ dx^e^x, 0^x, (1). 

Bat asf{x) —0 cannot have more than ft different roots, 
some of these must recur ; suppose therefoi-e 



ff^'-'x^ = e"\, or fl" {ff"x,) - e"'x^ = ; 
this shews that the equation $''x — x = has the root $"'x^ in 
common with f(x] = ; it consequently admits all the roots 
of/(a:) = 0; 

therefore ^X-^i^O- or^a;^ = a!, and ^-"^ = ^a;, . 
Hence the operation expressed by ia anch that, after being 
repeated a cei^tain number n of times Upon x, it reproduces x ; 
and if the series (1) be continued beyond the ji*" term, the 
same values will recm- in tlie same order ; so that in fact there 
will be only the n different values 

x^ 0x^ e'x,...&'-\; (2) 

and if )i = ft, which is necessarily the case for ^ a prime 
■number, these are all the roots of f{x) = 0. Tliis happens, 

as we have seen (Art. 76), for the equation ———- = when 

ft is a prime number. 
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Bwt if /* be greater than n, let x^ be another root of 
f{x) = not comprisecl in group (2) ; then, as Ijefoie, it may 
be shewn that all the terms of the series 



, ff'x,...: 



are eq^ually roots of /(a;) = 0; and that it is only the m first 
that are different from one another ; for since the equation 

e"x~x = 
admits one of the roots x, oif{x] — 0, it admits all the other 
roots ; and we have 

80 that the terms of (3) are reproduced in the same order after 
the n*. Also the roots 

x.^ ex^ e\...e''~\; {4) 

are all distinct from one another-, and from the roots (2). 

For suppose ^x^ — 6x^, i and S being both less thanm; 
then since the ecLnatlon Q x—9x = f) admits the root x^ , it also 
admits the root a;j; therefore ^x^'^&'x^, which is impossible 
because the quantitica (2) are all unequal. Neither can we 
have fl'iBj = 0'ic, ; for it would follow that 

fl""'(fl'a;,) = &'~\^x^, or ff'^'^x^ = 6^x^ = x^, 

so that x^ would belong to series (2), which is contrary to the 
\ made relative to x . 



Hence the number of ditiei-ent roots oifix) — contained 
in the groups (2) and (4) being 2n, we must either have 
/i = 2w or > 2k. If ju > 2n, then taking another root a;, not 
comprised either in scries (1) or (3), we may foi-m another 
group of M distinct roots a^^ 8x^ 0'x^... ^~'ic,, all different from 
the former; from whence it will follow that we most have 
either /* = 3ji or > 3n. By continuing this process we shall 
produce all the roots ; and as they appear only in groups each 
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consisting of n roots, the entire number of them will be mn, 
which must equal fi the degree oif(x) = 0. Hence we shall 
have all the roots distributed into a certain numher m of 
groups each consisting of n terms, where mn — ft ; and the 
roote in every group will be liaMe to the same condition as 
the roots in the iirst group (2). When fi is prime ao that 
m= I, the roots can he all represented hy a single group 
X 8x ff'x... &'~'x, where ^ic = x. 

185. Let X'' + p^a^-' + &c. +jj„=0 (5) 

he the eqtiation which has for its roots the group 

3!, 0x, e%...e"-%; 

then for each of the m groups of roots there will be a similar 
equation; so that any one of the coeiBcients ^, wiU admit 
of m values, and will depend for its determination upon an 
equation of the m"" degi'ee, 

»,"'+?y" + &c. + j^ = o .(s). 

Aiel has shewn how to form these reducing equations; 
and he has proved that the coefficients ^j,^^, &c. of (5) are 
all rational functions of the same root ?/, of (6} ; that the 
coefficients of the equation having for roots the next group 

x^ Bx^ 0'x^...e''-\, 
are all rational functions of another root y^ of (6) ; and so on ; 
so that the solution oi/{x) = whose degree is a composite 
number, is thus reduced to the solution of equations of inferior 
degrees. 

The reducing equation (6) cannot, of course, he solved 
algebraically, when m exceeds 4 : but the equation (5) , whose 
roots have the property that they can be represented by 

a;, fo, e^x.-.e-'x,, 

whei-e Ox denotes a rational function of x such that d^x = x, 
and all similar equations belonging to the other groups, if we 
suppose their coefficients to be known, admit of algebraical 
solutions, as we shall shew in the next Article. 
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186. If the ft roots of any equation f{x) = can be re- 
presented by X, 6x, d'x, ... ff^'x, dx being a rational function 
of X sucb that &^x — x, the equation may be solved alge- 
braically. 

According to Lagrang^s assumption, let 
^„(a;) = (3, + a". fe + a=". ^x + ... + a"""", e^-'xf... (1), 
a" being a root of iK« — 1 = 0, Then since 6'^*"x = B'x, if x be 
replaced by some other root ff^x, it will be found that 

SO that the only change which tj-^a{^) undergoes, when ff^x 
is substituted in it for x, is to be multiplied by a"'""'" ; and 
by the same substitution ■^„{x) remains unaltered, and we 
have i\r„{x)='^„{&^x}. Therefore, giving m all its values 
from a \o (j. — \, and taking the sum of the results, we get 

/^t.H =t~(^)+f«(N + ... ^f.ifi^'x), 
which shews (Art. 153) that ^„{x) is a symmetrical function 
of all the roots oif[x) = 0, and can therefore be expressed by 
the coefficients of f{x) and 6x, and may be considered as 
known and denoted by v„. Hence, substituting this value 
for '(jr„(a!) in (l), taking the /x"" root of both sides, and then 
giving n all its values from to ^ — 1, we get 
x^-Bx-VS^x + .-.-V ^"a; = ^7^, 



x^ar.ex + aT-'Ke'x+...^or'^\6''^x^''J^^. 
Therefore, adding together these equations, and taking 
account of the properties of the roots 1, «, a^ &c., we get 

/ia; = ^„ + V^ + 7^s.+ ---+iyVi (2), 

where ^/% = — ^j, supposing /(ai) = a^ +j>jay'"' + &c. 
This expression (2) for x may be transformed so as only to 
admit of ji* values. For since by changing x into &"x, ^u^ is 
only altered by being multiplied by a"^"'", and consequently 
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lyv,"^ by being multiplied by a"""'"^"', therefore ^v^ . tfo^ 
remaina unaltered since it is only multiplied by the factor 
«"""■'*' = 1. If therefore we assume 

from whence it follows, as in the case oi-i^^{x), that tf>^{x) is 
a symmetrical function of all the roots oif{x) — 0, and may 
te considered as a known quantity and denoted by m„ ; 

■■• Ts; . 7<~- ■= «.„ »■ 'Ji - \ (», ■ 

a formula which enables us to express each of the radicals in 
(2) by a power of ^Vj; and we thns get 

>'»i=-j'.+:ys;+^(V^)"+^(Vi^)'+-+^'(73". 

a value of x expressed as a rational function of Jv^, and con- 
sequently admitting of only \i. values, which arc the roots of 
the proposed equation. Hence it follows from Art. 184, that 
if two roots of an irreducible equation /(a;) = whose degi-ee 
is a prime number, are connected by a rational equation 
a;' = fej, then /(a;) = can be solved algebraically ; and when 
the coefficients both of /(a;) and Q {x) are real quantities, the 
only operations requisite for that purpose are those detailed 
in the following proposition, 

187. In order to solve an equation with real coefRcients 
/(a;) = 0, whose degree is a prime number /x, and whose roots 
can be represented by x, &x, 6^x, . . . 6^''x, where Ox denotes a 
rational function of x with real coefScients such that &^x = x, 
it is requisite only to divide a right angle and another known 
angle each into /* equal parts, and to extract the square root 
of a single quantity. 

Since it has been proved that 
1^, {x) o^v, = {x + a.6x + a\e'x+...+ a""'. d^-'x)" 
18 a rational function of the coefficients of/(3;} = 0, if those 
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coefficients he all renl, and also those of 6x, then v, will con- 
tain no imaginary qioantitiea except tliose of the root a, which 

equals cos h V~ 1 sin — . Moreover v„ , is dcducecl from 

^ ^ /J. *■-' 

w, by changing a into its conjugate cf"' ; hence v^, w^_^, are 

known imaginary quantities conjugate to one another, and we 

may consequently assume 

Dj = p (cos (0 + '^-~ 1 f^In (o), 

Vl"^ P (cos w — V— 1 sin w). 

But since ^-y,,, v'ii,''~'' = M„, making h = /l — 1, we get 
'ifv ^.'tjv^—-u ^. Now W|,_j can be expressed rationally hy 
the coefficients o?f{x) and fe, and contains therefore no other 
imaginary quantities except those found in a ; and the value 
just obtained shews that u , does not change when a is re- 
placed by ite conjugate a^'', therefore m^_, is a real quantity. 
Let a denote the numerical value of u , then since 



Hence 1^^ = Ja(co 

where k is an integer, from which the value of any power 
(nA*!)" *^^ ^^ immediately obtained ; also il» coefficient — , 
since both m„ and «j are known quantities of the form 
^ + iy V— 1, may be represented by _^ + 5'„ V— 1, where f^, g„ 
are rational functions of the coefficients oi f{x) and 0x, and of 

cos — sin — , quantities introduced by the root a. Conse- 

quently the value of every root is given by the equation (the 
second member of which has /* — 1 terms) 
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and to get all the roota, h must be taken from to /i — 1. 
This result shews, as was asserted, that tlie determination of 
the roots requires only the division of the angles tt and to 
into IX eq^ual parts, and the extraction of the square root of a. 
The condition to which the roota are anhject, namely, tliat 
they can he represented hy x, 6x, d'x, ... ^"'tc, where 9x 
denotes a rational function of x, shews that the roota of the 
proposed equation are either all real or all imaginary. 
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ON SOME PJROPEETIES OF NUMBERS CONNECTED 
WITH THE THEORY OP EQUATIONS. 



As introductory to the propositions which follow on the 
Theory of Numbers, we may consider the properties of the 
BuccessiTe remainders when the terms of the arithmetical and 
geometrical progressions 

«, 2a, 3a, ... {p~l)a, 
1, a, a% a\ ... a""', 
are divided hy p, a and^ heing two whole numbers. 

188. lip be prime to a, and if we divide by p the p — i- 
successive multiples of a, 

a, 2a, 3ra, &c., {p - 1) a, 

the remainders of these divisions will he all different from 
one another. 

Tor suppose that two multiples ma and m'a, both less 
than pa, give the same remainder r ; then taking q and g' to 
3 the integral quotients, we get 



ma=pq + r, ma—pc[+r; 
.-. {7r;-m)a=p{q~q}. 

Hence as p is prime to a, it must divide W — m, which is 
impossible since m and in' are both less than p ; therefore no 
two reraaittders arc alike. 

therefore r, r, r", &c. to be the ^ — 1 different 
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remainders ottamed by dividing a, la, &c., {^ — 1) a by j), 
and q, 2', (('■, &c- l^he corresponding integral quotients, then 

a =pq 4- »", 2a =^g' + »*', 3o =f^' + »*", &c. ; 
therefore, adding^ to both sides of each eijuatioit, 

Hence after having passed pa, which is the first terra 
divisible by^, the following terms give the remainders already 
found in the same order; and it is evident that the same 
period of remainders will constantly recur after every term 
that is exactly divisible by p. 

189. li,p and a being prime to one another, we divide 
by^ the series of powers 1, a, a', a", &c., there will be at least 
one of them before a"", which will leare a remainder unity ; 
and up to this least remainder, all the remainders will be 
different ; and beyond it, the same remainders will recur in 
the same order. 

As the remainders are all less than p, there cannot be 
more than p — 1 wliicli are different ; therefore amongst the p 
first terms 1, a, a', a', ... a^' of the series, there must be at 
least two which give the same remainder. Let these be a™, «"*', 
and let their common remainder be r ; then 

a"'=pq + r, a"''=pq' + r (1); 

■■• «™'-»"'=(2-2)i'. or a^{ar'-'"-l)^{q-q)p; 
and as ^ is prime to a, it must divide a'"""*" — 1. 

Hence we get unity for a remainder, on dividing by^ the 
power d"'"'" which ia leas than a". But i£p be not prime to 
a, tlie theorem is no longer true ; for the equation a"' =pq + r 
shews that any factors common to a and p must divide r, 
which cannot therefore be equal to unity; so that no term 
except the first can ever produce a remainder 1, wlien divided 
hyp. 

190. Next let a" denote the least power, other than a°, 
which, divided by p, leaves the remainder miity; then all 
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the preceding remainders will be unequal. For if for two 
powers a"*, a"', less than «", we could have the cquationa (1), 
we might thence conclude, as before, that the power a'"'"'" 
would leave a remainder 1 ; and coneecLuently «" would not 
be the least power that had that remainder. Now let 

then for the next succeeding powers we shall have 

a"*'=^gtt + (i, a''^=^qa^+<^, &c.; 
thei-efore for the period a", a!'*'- ... «*""*, the remainders wiU 
he successively the same as for the period a", a}, a^, ... a"'^. 
For a™ the remainder will be the same as for a", because the 
eq^nation a" =pq + 1 leads to a™ = pq<f + o." ; and in the same 
way it may be shewn that from a^ to a'"'', and for all suc- 
ceeding intervals, the same period of remainders constantly 

191. Moreover we perceive from the equations 
a''=pq + l, a^'^ = pqa" + a", <^=pqi^" + (^, &c., 
that the remainder Unity belongs to all indices that are mul- 
tiples of n; and that if any index greater than n gives a 
remainder unity, it most be a multiple of n ; for if it were 
not so, then by continually subtracting n from it we sliould 
at last descend to a power, less than a", leaving a remainder 
1 ; which is impossible, as a" ia the least power that has that 
reraaindei'. 

Hence we are fm'nished with an easy method of finding 
the remainder for any power of a, provided we know the 
remainders of the first period; and these are easily calculated, 
by observing that, in order to pass from the remainder of any 
term «' to that of a"'^, it is sufficient to multiply the remainder 
of a' by a, and to divide the product by p. 

Ex. 1. To find the remainder of 4^' when divided by 11. 
Powers 4° 4' 4" 4' 4' 4', 
Eemainders 14 5 9 3 1; 
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each remainder being formed by multiplying tlie preceding 
one by 4, and dividing by 11 ; thua the product 4 x i gives 
the remainder 5 ; the product 5x4 gives the remainder 9 ; 
and so on. We stop at 4' because it reproduces the remain- 
der 1, and the first period of remainders has been obtained. 
Hence dividing 898 by 5, we find a remainder 3, which shews 
that 4^' leaves the same remainder as 4*, viz. 9. 

Ex. 2. The remainder of 3'™" divided by 13, is 3. 

192. If p be a prime number, and a a number not divi- 
sible by p, then a''' — 1 ia divisible by p. 

Let g, j', g", &c., r, r, r", &c., be the quotients and re- 
mainders obtained by dividing by p the p — 1 quantities 

a, 2a, 3«, &c., {p-l)a; 
so that 

a=pq + r, 2a=pq' + r', 3a=j?g" + j-", &c. ; 

then multiplying all these equations together, and denoting 
by Q a whole number, we get 

a.2a.Sa...ip~l)a={pq + r) {pq' + r') . .. 

The first member is 1.2.3 ... (^ -1) «*'"'; and as the 
^ — 1 remainders are all less than^, and all different, rr'v" ... 
must coincide with 1 . 2 . 3 . . . ( j) — 1) ; 

.-. 1.2.3...(p-.l)K-'-l)=^.a 
Consequently, the first member is divisible by f ; and if 
we suppose j9 to be a prime number, as it cannot divide 

1.2.3... (i)-l), 
J) must divide «''''— 1, <t being any number not divisible by^; 
which is Fermais Theorem. 

193. When a*"* is not the least power, other than «", 
which produces the remainder 1, we know from Art. 191 that 
the index of that least power will be a divisor of j> - 1. Thus 
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in the following series of powers of 5, witli their remainders 
after iDeing divided by 11, 

5° 5' V 5' 5'°, 

15 34915349 1, 
we see that the index of 5°, the least power which has the 
remainder 1, is a divisor of 11 ~ I or 10. 

But whenever a^'' is the least power, other than <t", which 
gives the remainder 1, then ^ is a prime numljer. Yot from 
Art. 190 it appears that the remainders which precede the 
division of a""^, are ail distinct ; they must therefore coincide 
with the number 1,2, 3, ...^ — 1, but not in the natural order. 
Now if p admitted a prime factor r, then r would be one of 
those remainders, and we should have an equation such as 
t^=Pi + r, so that J- would be also a factor ofa; and con- 
sequently a and p would not be prime to one another ; in 
which case, as we know, there would be no power of a, after 
a", that would give a remainder 1. 

194. Suppose a and p not to be prime to one another ; 
and let p be replaced hy pp', where^ is prime to a, andjp' is 
the product of factors found in a ; and let a" be the lowest 
power of a that is divisible by ^' ; then the remainders ob- 
tained by dividing the first n terms of the series from a" to 
«""' ^y !Pp\ ■will be all diiferent, and wiil not recur. 
For if possible, m being less than n, let 

a^=pp'.q + r, «"'^ =^/. §' + r. 
.-. dr{or'-~\)=pp'{>i-q). 
Now a"'' — I cannot be divisible by p' since a and p' are 
not prime to one anotlrer (Art, 189) ; therefore a" is divisible 
by p', which is impossible since m<n. Hence any remainder 
belonging to a power less than a", cannot recur. But if m be 
not less than n, the above equation is possible ; and it shews 
that p, which is prime to a", divides a"' — 1 ; so that 
a™' =^5 + 1, 
and ffi"'*" ^pqa" + a". 
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But a" is divisible by p', therefore pa" is divisible by pp'; 
consequently a^'*^ divided by pp' leaves the same remainder 
as a" divided by pp'. Hence the tci'ms 'beginning with a", 
when divided hj pp', produce remainders that rectir; and the 
n terms that precede a" produce remainders that do not recur ; 
n being the indes: of the lowest power of a that is divisible 
by the product of all the factors eq^ual and unequal that a 
has in common with pp'. 

195. If therefore ^ be a prime number, and a a number 
not divisible 'hjp; on dividing by ^> the scries 



it is either «^', or a" where w is a divisor of ^ — 1 , that first 
reproduecH the remainder unity. In the former case, the re- 
mainders are all distinct and form a complete period of the 
numbers 1 , 2, 3, ... ^> — 1 in a certain order ; in the latter case, 
the remainders are diifeient from one another up to the division 
of a", and afterwards recur in the same order, forming only 
an imperfect period of some of the numbers 1, 3, 3 ... p — 1. 
Thus if ^ = 11 and a = 2. we have a complete period of re- 
mainders 

12485 10 9736 

ending with the division of 2' ; because the division of 2'° by 
11 reproduces the remainder 1, and the peiiod of remainders 
comes over again. But i£« = 4, we have seen (Art. 191) that 
there is only an imperfect period of remainders 1, 4, 5, 9, 3. 
Any number less than p, whose powers from to j> — 2, when 
divided by^, produce all the integers less than^ for remain- 
ders, is called a primitive root of the prime number^. Hence 
for a number « to be a primitive root of a prime number^, it 
must be less than p, and such that «*"' is the lowest power, 
other than cs", which when divided by p leaves unity for a 
remainder. Every prime number p may be shewn to have 
as many primitive roots as there are numbers prime io p~\ 
in the series 1, 2, 3 ... p. 
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196. From the result of Art. 194, may be deduced some 

propertiea of recurring Decimals ; for let - be a proper fraction 

in its lowest terms, and let it be converted into a decimal in 
a scale of Notation whose radix is a, bo that 

then g, is fonnd ty dividing ra by p leaving a remainder r^ , q^ 
by dividing )■«, by^ leaving a remainder r^, and so on ; so that 

r r^r^, &c. 
are in fact the same as the remainders obtained by dividing 
by p the quantities 

r ra rd rd, &e (1). 

Now, supposing^ not to be piime to a, the division "by jj 
of the series of quantities (l), as we have seen, will produce 
first a set of n remainders that do not recur, and then a set 
that constantly recur : so that the recurring period of quotients 
will commence only at the (m + I)"' figure from the decimal 
point, n being the lowest power of a that is divisible by all 
the factors equal and unequal that a has in common with p. 
If J) be prime to a, the recurring period of quotients will 
commence immediately after the decimal point. Hence in 
the common scale of Notation, the recurring decimal which 

expresses — ■ ^ ■ , where ^ is prime both to»* and 10, will have 

m or n places of figures before the recurring period, according 
as wi or « is the greater. 

197. li. p be a prime number, 1 . 2 . 3 ... (jp — 1) + 1 is 
divisible by p. 

It appears by Art. 188 that, a being any number less 
than p, there is one and only one of the products 

a.l a.2 a.3 ...0!(^-l) 
which leaves a remainder 1 after being divided by ^, If a = 1 
it is evidently the first term, and if a =p — 1 it is the last 

34 
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tena that has this property. Therefore if we limit the values 
of a to the numhcra 2, 3, ... {i> — 2), then there is some one 
term of the series of products 

(8'„) a.2 «.3, &c. a.{p-2) (1), 

which when divided hjj> leaves 1 for remainder. Hence, if 
in 8a we suhstitute for a successively the numhei's 

2, 3,...n, ... (^-2), 
and call the resulting series of products iS, S^, &c., there will 
"be in each, one terra which when divided hy^ leaves a re- 
mainder 1. Let those terms he respectively represented by 

2.a Z.^...n.B... {p-2)X (2), 

where the factors that stand first ai-e the values 

2, 3, 4,... {p-2) 
that have been assigned to a, and the latter factors all belong 
to the same numbers 2, 3, &c. {p — 2), which are the latter 
factors in the series of products (l). Then the numbers 

a, ^, ...S...\ 
are all different from one another ; for if we would have 8 = a, 
then we should have two terms 2«, na in 8^ leaving a re- 
mainder 1, after being divided by j>, which is impossible. 
And we cannot have the factors of any term jiS equal to one 
another, for n" — 1= (w+l) (m — I) cannot be divisible by ji 
unless n—1, or n—^ — l, and both those values of a are ex- 
cluded. Therefore the numbers a, ^, ... S, ...X must in a 
certain order coincide with 2, 3, 4, ... (^ — 2). Also in the 
series (2) each product »iS must be repeated in the form Sn, 
which is the term belonging to the series 8s that leaves a re- 
mainder 1 after division by^. Therefore out of the series (2) 
there can be selected ^{p — 3) terms whose product is 

2.3.4... {2>-2); 
and as each of these terras is of the form inp + 1, where m is 
an integer, their product will be of the same form : and we 
shall have 

2.3.4 ... (^-2) = mp4-I; 
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therefore, multiplying hyp — I, we get 

l.i.3...{p~l)=m]>{p-i)+p-l,0T 1.2.S...{p~l) + l = m'p, 
shewing that 1 . 2 . 3 ... (^ — 1) + 1 is divlsihle hyp, which la 
Wilsons Theorem, The number p is exclualvely a prime 
number ; for if it had a divisor p, then p would divide 
1.2.3... (p — l); therefore p', and consequently^, could 
not divide 1 . 2 . 3 ... (_p - 1) + 1. 

198. To find the highest power of any prime number j?, 
which is contained in the product 1 . 2 , 3 . . . ?i. 

Let m be the integral part of the quotient of n divided 
by^; then the product 

p.2p.3p ...mp = l .2.3 ...m.p'^, 
contains all the factors of 1.2.3 ...« that are divisible by^. 
Next let m' be the integral part of the quotient of m divided 
by^; then 1 . 2 . 3 ... m'p™' contains all the factors of 1.2.3.. .m 
that are divisible by p. In the same way, if m" be the quo- 
tient of m' divided hy p, 1.2.3... mfp"' contains all the factors 
of 1.2.3 ... m' that are divisible by ^ ; and so on, till we 
arrive at a quotient leas than j? ; suppose this to be m"; then 
the index of the highest power oip contained in 1 . 2 . 3 ... «, 
is m + m' + m", 

Ex. To find how often 7 is contained in 1.2.3 ... 1000. 

„ 1000 ,.., U2 „^ 20 „ 

Here — =— = 142, -— ■ = 20, -=- = 2 ; 

7 '7 ' 7 ' 

.-. m + m' + m' = lU. 
199. Hence if m, n,p, g, &c. fee whole numbers, and 
m = n+p-fq + &c. 
then the quotient of 1 . 2 . 3 . . . m divided by 

1.2.B...nxl.2.B ...px 1.2.3... qx&C. 
will be a whole number. Tor let t be any prime factor of 
the divisor, then 

5 = 5+i + U&c.; 
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or, calling m', n', p', q', &c. the integral parts of the several 
quotients, 

m' = or > «' +j>' + g' + &c. 

Dividing again by t, and calling m", n",p", q", &c. the inte- 
gral parts of the new q^KOtients, we get 

m" = or > n" +p" + g" + &c., 
and so on, as long as the cLuotienta are not all less than (. 
Therefore, hy addition, we get 

{m! + m" + &c.) = or > 
(V + n" + &c.) + ip' +y + &c.) + (2' + g" + &c.) + . . . ; 
but these different sums express the highest power of ( con- 
tained in the several products of which the proposed expres- 
sion is made up. As, therefore, there is no prime factor of 
its denominator which does not enter to at least an equal 
power in its numerator, the value of the proposed expression 
must he a whole number. 



200. If a — S = Mp, a multiple of ^, where ^ is a positive 
integer, and a and h integers positive or negative ; a and i 
are said to be congruent, or equivalent, relative to p ; and are 
called residuals one of the other relative to p, which is termed 
the modulus. Instead of writing 

a^h + Mp, 
the notation generally adopted is 

a = &, mod.jj. 
Hence if r be the remainder after dividing a hy^, 

a = r, mod. p, 
where r is comprised between and p ; or, if we do not con- 
fine ourselves to positive remainders, but take »■ to be the least 
number by which a must be either diminished or increased 
so as to become divisible by^, r will lie between ~\p and 
i^p. Hence every number has a residual whose absolute 
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value is less tlian half the modulus, and is called ita minimum 
residual ; but if we consider only positive residuals, r lies 
between and^. 

201, The advantage of this notation is that it is analo- 
gous to that employed for equations ; and most of the ti-ans- 
formations which equations are capable of, may be applied to 
congruences. Thus if we have, relative to a modulus jj, two 
congruences 

a = l, a' = h' (1), 

then, adding or subtracting, we shall have 

a±€^ = l±h' (2). 

For the congniences (1) amount to 

a = J + a multiple of^, «;' = J' + a multiple of p.... (3) ; 
.*. « + a' = 5 + h'-V a multiple of ^ ; 
which is what (2) expresses. 

Again, we may multiply a congruence by any whole 
number m ; for if we have 

a = & + a multiple of j>, or « = J, 
then ma = raS + a multiple of p, or ma = mh. 
Also we may multiply together any number of congniences 
relative to the same modulus. For, multiplying together the 
equations (3), wc get 

aa' = JJ' + a multiple of ^, or aa' = W, 
the result of multiplying together the two congruences (1). 
Similarly, if we multiply by a third congruence relative toj>, 
a" = b", we get aa'a" = hf/h" ; and so on, to n congruences ; 
and if they all become identical with the first a = S, we find 
«" = &": so that we may raise to any power the two members 
of the same congruence. Hence if 

f{x) =j>^x'' +i)ia;"-' + ... +j)„ 
be a rational and integral function of x, with its coefficients 
whole numbers ; and if we have, relative to a modulus j?, 
a~h, then we shall have the congruence /(a) =/(J) relative 
to the same modulus. 
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202. Also we may BimpTify a congruence by rejecting 
from both its members the same divisor, provided it be prime 
to the modulus. For if we have ma = mh, then 

ma — mh + g. multiple oip — mh + m'p suppose ; 
and as m is prime iop, it must divide m'; and consec[uently 
we get 

a — h + & multiple of j?, or « = 5, 

Or, we may reject different divisors provided they be prime 
to the modulus and congruent relative to it. For suppose 
that we have ma = nb, and that the divisors m and n are both 
prime to the modulus p, and such that m = n; then we shall 
have a = b; for if not, let a = h + r where r is leas than p ; 
.*. ma s w6 + nr, 
or, since ma snb, nr = 0; 
but n is piime to p, and r is less than p, therefore we must 
have 1- = 0, or (t s S. Hence we cannot from a" = h", mod. p, 
infer a=l, mod. p. Thus 7' = 3^ mod. 5, does not lead to 
7 = 3, mod. 5 ; but 7° = 3°, mod. 4, leads to 7 = 3, mod. 4. 

203. If (T be any number not divisible by the prime 
number j), then fl^"" — 1 is divisible by^; in other terras 
a?"' si, mod.^. 
If we form the p — l multiples of a, 

a, 2a, Za, ... (p — l)a (l), 

we see that not one of them is divisible by p ; and that every 
one of them, when divided by p, leaves a different remainder ; 
for if two of them ma, na, left the same remainder, then their 
difference {m—n)a would be divisible by p, which is im- 
possible because m — w is less than p. Those remainders 
must therefore be, in a certain order, the numbers 

1, 2,3, ... (i>-l) (2). 

Hence the numbers (1) being congruent with the numbers (2), 
we might form with them p — 1 congruencea of the form 
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ma=fi, where ma is one of the products (1), and jj. one of tlie 
remainders (2). Then multiplying all these congruenees to- 
gether, we should find 

1.2.3... (^-l)or' = 1.2.3... {p-l); 
and as the common factor of this congruence is prime to j; the 
modulus, we may suppress it, and we get 
a''""' = l, mod, ^. 
This proof of Fermafs Theorem, it will be perceived, docs 
not in reality differ from that at Art, 192 ; hnt it shews the 
advantages, in point of breyity and clearness, of the Notation 
for Gongrnencea, for conducting researches of this sort. 

204. If^ be a prime number, then 1.2.3 ... (^ — 1) + 1 
is divisible by p ; or in other terms 

1.2.3... (j>-l) = -1, mod,^. 
Let a be one of the numbers 1, 2, 3, ... {p — l), and let 
■the ^ -1 products be formed 

a, 2a, 3(T, ... {p--l)a. 

In this series there is some one term ma that, when divided 
by^, lea,ves a remainder 1; and its factors must be unequal 
unless a = l or j>—l, for tt^—1 = («+■!) {a — 1) cannot be di- 
visible by ^, as a is less than ^, unless either k = 1 or«=p— 1; 
consequently the numbers 2, 3, 4, ... (p — 2) maybe grouped 
in pairs, so that the product oT each pair is congi'uent with 
unity; and multiplying together all the congruences thus 
obtained, we find 

2.3,4... (j)-2) = l; 
therefore multiplying this by ^ — 1, 

1,2,3.„(^-1)=^-1, or 1.2.3,,, (^-"1) + 1hO; 
which is Wilson's Theorem, As was observed at Art. 197 
this property belongs exclusively to prime numbers. For 
if ^ be a composite number, and p' one of its divisors, and 
therefore less than ^; then jj' will divide 1 .2.3 ... (p — 1) 
and cannot therefore divide the same product augmented by 
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unity ; and of course p cannot divide a number which one of 
ita factors does not divide. 

205, If by/(tc) we denote as usual a polynomial of the 
iiycia ^^a!" + p^3^^ + ... +^„ whose coefficients aie whole num- 
bers; and if when x receives any integral value a or —a, 
f{x) becomes divisible by the positive integer j?, then/(ic) for 
that value of a; is aaid to be congruent with zero relative toj?: 
so that, as has been stated, the equation 
f{x) = a multiple otp 
is called a congruence, and is generally expressed by 

fix) = Oj mod. p, 
and a is called a root of it. 

The Theory of Numbers solves several of the same 
Problems relative to congruences, that the Theory of Equations 
solves relative to equations : and in particular proposes to find 
the values of x which satisfy the congruence 

f{x) = 0, mod. j?. 

206. If this congruence is satisfied by a; = a, it will also 
be satisfied by a; = a + inp, m being any integer ; for/(3;) by 
this substitution will evidently become /(a) 4- a multiple of^. 
Hence every solution of/(a;) = 0, furnishes an infinite number 
of other solutions, which however are all equivalent relative 
to the modulus^. The different solutions contained in the 
formula x = a + 'mp may be deduced from any one of them ; 
and such a value may always be assigned to the integer m, 
that every value of o + nip may be comprised between the 
limits ~ ^j9, and ^p, or between and p. It is only necessary 
therefore to consider the solutions contained within" these 
limits; so that the roots of the congruence /(a;) = 0, moA.p, 
may be restricted to mean the values of x between and p, 
which render f(x) divisible by^. A congruence f{x) = is 
identical when aU its coefficients are divisible by the modulus ; 
and it is impossible, if all its coefficients are divisible by the 
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modulus except tlie term which is independent of x ; for no 
integral value of x can make pf, (x) +p„ divisihle by p, if p„ 
he not divisible by p. 

207. If ^(x) denote another rational polynomial with in- 
tegral coefficients, we may for the congmence 

f{x) = 0, mod. p 
substitute the equivalent congruence, 
fix) +pF{x) = 0, 
and dispose of the indeterminate coefficients of F{x) so as to 
reduce below ^, or below ^p, all the coefficients of the con- 
gruence. When the modulus is a prime number, we may 
always transform a congruence so that the coefficient of its 
first term shall be unity. 

Let j)„a:" +_pja;""' + .,. +^, = be a congmence whose 
modulus j) is a prime number, and whose coefficients are all 
comprised between and p, or between — ^j> and ^p> : then 
if we add to its first member another polynomial 
p {q,x''-' + sX"" + ■ . . + 5„) , we get 
■&c,) = 0, mod.^; 
now p^ being less than p ia prime to p ; and we may determine 

(7.. <7„, &c., 80 that ■^'^ — ^, &c., may be whole numbers 
21' 2a' Pa 

(, , (j , &c. , comprised between and p ; or between ~^p and 

^p. The congruence will then become 

p„ (ic" 4- ^lic""' + •■■ +0 = 0, mod. p, 

or, since p^ is prime to the modulus, 

af 4-(,af""'-|-... -|-(„=0, 

where the coefficient of the first term is unity. 

Thus the congruence {2x — 1) {3x — 2) = 0, mod. 7, whicli 

has 3 and 4 for roots, may be reduced to 

Sa;" + 1 = 0, or ic° - 2 = 0, 

by adding or subtracting multiples of 7. 
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208. A congruence relative to a prime modulus, and 
wliich is not identical, has at moat as many roots as there are 
units in its degree. 

Let a congruence of the w'" degree, and having unity for 
the coefficient of its first term, be 

/(cc) = 0, inod._p, (1), 

and let « he a root ; then dividing f{x) by x — a, we get 

/M = («-«)i;W+/(a), 
and since/(a) is divisible by^, the congruence is reduced to 
{x-a)fjx) = 0,^oi.i,. 
Now let J be a second root, then 

(6-a)/,(&) = 0, mod.j>; 
but 5 — a is less than ji, and therefore prime to it, 

.-. /j(6)^0, mod.^, 
80 that & is a root of /,(»)) = (2), the coefficient of its first 
term being unity. Hence it results that the congruenee (1) 
whose degree is n, can have only one root more than the con- 
gruence (2) whose degi-ee is w — 1. Similarly, the latter can 
have only one root move than /^{x) = (3), whose degree is 
n — 2, and the coefficient of its first term unity. Consequently 
the proposed congruence can have only two roots more than 
(3) ; and in the same way it may be shewn that the proposed 
can have only m—1 roots more than the congruence of the 
first degree, x — l—d, which admits but the single root I. 
Therefore a congruence of the n"" degree, relative to a prime 
modulus, cannot have more than n roots ; but it may have 
fewer or none at all. 

209, Suppose that f{x) = 0, a congmence of the w*'' 
degree and with unity for the coefficient of its first term, has 
actually n roots a, h, c, ... I; then these n roots will also 
belong to the congruence 

/(»)-(»-«) (x-6)...(r,-i)sO; 
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but this is only of the {n — l)*" degree ; it is therefore iden- 
tical, and consequently we have (Art. 206) 

f{x) - (x-a) {x-i) ... {x-l) +p.F{x), 
where F(x) denotes a rational and integral function of x with 
its coefficients whole numbers. 

210. By Fermai's Theorem, the congruence 
ic"^' — 1 = 0, mod. p, 
admits of the ^ — 1 roots 1, 2, 3, &c. {^ — 1) ; if therefore /(ic) 
be a divisor of a:""^ — 1, or more generally of a^' — 1 increased 
by a polynomial of the degree p — 1 such as pF {x) , then the 
congruence f{x) = will have as many roots as it has dimen- 
sions. For let 

x^^~l+p.F{x)=f(x).f,{x); 
then the congruence of the degree p — 1, 

/(«)./,(»,) 3 0, 
admits the roots 1, 2, 3, &c. {p~l); but these roots also 
belong to the following congruences 

/W = o, /.W = o, 

and therefore each of them has as many roots as it has dimen- 
sions ; for if one of them had fewer roots than the units in its 
degree, the other would have more, wliich is impossible. 

211. We are hence conducted to a simple process for 
determiiiing the roots of a congruence relative to a prime 
modulus. First we observe that if q denote the quotient of 
the division oi f{x) by f^ix), and^(a!) be the remainder, 
we have 

which shews that if any value of x make /' {x) along with 
either/(a;) or f^{x), divisible by^, it must make the third 
function also divisible by p. Consequently the roots common 
to two congruences f{x) = 0, /^ {xj = 0, must also belong to 
<^ (x) = 0, where {x) denotes the greatest common divisor 
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of f{x) and f^ (x) ; regard being had to the way in whicli 
(^ {x) is found. Now if f{x) = be any proposed con- 
gruence relative to a prime modulua^, it can only have for 
roots whole mimhers less than p, which all belong to the 
congruence ic"^' — 1 = relative to the same modulus. There- 
fore we have only to find the roots common to the two con- 
gruences/(a;) = 0, x^' — 1 = 0; and these belong to [x) = 0, 
where <ji (x) is the gi-eatcst common divisor of their first 
members. If ^ (x) does not exist, the proposed congruence 
has no root ; if (a;) exists and is of the m* degree, the pro- 
posed has m roots which are those of (a;) = ; roots that 
necessarily exist, because <p(ai) is a divisor of a!"^'- 1. In 
finding this greatest common divisor, we may pursue the 
ordinary method ; except that we may neglect all the terms 
that have p for a factor; and in order that all the divisions 
may be effected without introducing fractional coeificients, we 
may add to the coefficient of the first term of each dividend 
Buch a multiple of p as to make it divisible by the first term 
of the corresponding divisor. 

Ex. To find the roots of the congruence 

af-Sx'~2x^~2c^+x-2 = Q, mod. 7. 
Dividing a;' — 1 by the first member and neglecting mul- 
tiples of 7, we find for the first remainder 
— Sas' + ic' — 2a? - a; - 2. 
Next dividing the first member of the congruence by this 
remainder, we find ^^ — a? — 'ix + l for the second remainder ; 
in which operation the terms — Taf and — Ix* have been suc- 
cessively added to the dividend to avoid fractional coefficients. 
Finally, dividing the first remainder by the second and neg- 
lecting, as before, multiples of 7, we find the third remainder 
equal to zero ; it having been necessary to add the term — 7a;* 
to the dividend before effecting the division. Hence the pro- 
posed congruence has three roots belonging to the congruence 
of the third degree 

2a!' - a;'^ - 23! + 1 = 0, mod. 7 ; 
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or, adding 7x^ — 1 to the first memlMr and dividing by 2, 

a? + So? -(e- 3, or (a;-!) (a;+l) (cc + S) = 0. 
Consequently the proposed congruence admits the three roota 
1, —1, —3; -which may be replaced by 1, 6, 4. 

212. I£ the modulus ^ be a prime number, the con- 



{x-l){x-2){x-S) ... (a;-^) + l)-x^' + lsO, mod.p, 
admits of the ^ — 1 roots 1, 2, 3, ...p — 1; and as its degree 
is onlyj> — 2when its first member is arranged according to 
powers of x, all its coefficients muat be divisible by p. If 
therefore we denote by s,, s^, &c. the sum of the numbers 
1, 2, S, ...p — 1 ; the sum of the products of every two ; &c., 
and by Sp_^ the product of all of them, we have 
s, = 0, s^= 0, &c. Vi + 1 = 0, 
relative to the modulus p. The last of these congruences is 

Wihon's theorem. Moreover the coefficients of the equation 

{x-l){x^2){x-S)...ix-p + l)=0, 
when arranged according to powers of x, being, with the 
exception of the last term, multiples of p, Newton a fonnulat 
for the sums of the powers of the roots of an equation (Art. 

151} shew that the sum of tlie m*" powers of the j) — 1 roots 

1, 2, 3, ... {p — l) is always divisible by p, unless m be a 

multiple of^ — 1. 



BINOMIAL CONGRUENCES, PEIMITIVE ROOTS. 

The properties of Binomial Congruences are analogous to 
those of Binomial Bc[uations ; and throughout the following 
investigation of them we suppose the modulus j? to he a prime 
number. 

213. The roots common to the two congruences 

ar=l, ic" = l (1), 

also belong to a^ s 1, where ( is the greatest common measure 
of m and n ; this follows from Art. 211, because x'-l is the 
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greatest common divisor of a;™ — 1 and ce" — 1 ; and conversely, 
every root o£ the congruence crf = l, satisfies the two con- 
gruences (l). 

Hence the roots of any proposed congruence, ic" = 1, since 
they are integers tetwecn and p, all satisfy af^ = 1 by 
i'Wvrtffli's theorem ; and, consequently, are also roots of a:'=l, 
( feeing the greatest common measure of m and ^ ~ 1. As a^— 1 
is a divisor of a^"' — 1, af=l haa exactly ( roots (Art. 210), 
the same number of roots as the proposed has ; if m is prime 
to jp — 1 , then * = 1 , and the congruence af = l has no root be- 
sides unity. Hence we may limit our investigation of the roots 
of the congruence 

x'" = I, mod.^ 
to the caae where »» is a divisor oip — 1. 

214, If a be a root of ic"=l, mod.j), where m is a divisor 
of^ — 1, then a", any power of a, or the minimum residual 
of a", is also a root. 

For if we have a"' = 1, then a"™ = 1, or (a")'" = 1 ; and if /3 
denote the minimum residual of a", thena''^j3, .■. /3'"=1. 
Consequently all the terms of the series a, c^, a', &c., as well 
as the minimum residuals of those quantities, are roots of 
iK'"^ 1. But since a" = l, we have also «'"*' = «, a"'^ = ii', &g,; 
so that the series of powers of a contains at most m terms 
having different residuals ; and these residuals recur in periods 
of m terms. If no two of the first m terms a, a', ^ ... a" are 
equivalent, that is, congruent relative to the modulus^, then 
their residuals are the m roots of the proposed congruence. 
In the contrary case, if we have two terms whose indices are 
less than m congraent with one another, «"*"' = «"'; then, v. 
being prime to p, we get by dividing by a"', a" = 1 , and con- 
sequently a is a root of the congraencc x''= 1, of a degree 
inferior to m. 

It hence results that if a be a root of the congruence 
a^ = 1 , not belonging to any congruence a;" = 1 where n<m, 
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then the m roots of the proposed will be tlie residuals of the 
m poweia of a, a, a^, a', ... a"". The primitive roots of the 
congruence a:"" = 1, where m is a divisor of^ — 1, are those 
which do not belong to any congruence cc" = 1, where n<m. 
Any primitive root by its different powers can produce all 
the other roots. Any non-primitive root of af" ~ 1, belonging 
to of = 1 where n<m but is not a divisor of m, belongs also 
to a third congruence x"' = 1 where m' is a divisor of m. 

Ex. a^=l, mod. 7; here iK=3; and the powers of 3, 
1, 3, 3', 3^ %', 3' or their residuals 1, 3, 2, 6, 4, 6, are the six 
roots. Also the nxraibers 1, 2, 2^, 2', 2', 2' are roots ; but as 
their residuals are 1, 2, 4, 1, 2, 4, they only furnish thi'ee 
different roots. Hence 3 is a primitive root of the con- 
gruence x" = 1, and 2 a non-primitive root ; and we perceive 
that 2 is a root of ic° = 1, mod. 7, a eongraence whose degree 
is a divisor of 6. 

215. In the congruence x'^ = l, let m^q'^; then cveiy 
non-primitive root of ic'"= 1, (2) belongs to a;'= 1 where t is 
a divisor of ^ and also of g*^"' ; consequently the root belongs 
to ic''" = 1, (3). Moreover all the roots of (3) are roots of (2), 
and their number is g*^; consequently the number of primi- 
tive roots of the proposed is $" — g''"'. 

Suppose now that m = q>^r'' ...s", q, r, ...s being its un- 
equal prime factors. Let a, (3, ...\ be primitive roots re- 
spectively, of 

then will a^ ... X be a primitive root of the proposed congru- 
ence, x'"= I. First of all, it is evident that «/3 ... X, or its 
residual, is a root : for having 

a* = 1, ff'"^ 1, &c., X*°^= 1, we have 

Now if the product a^ ...\ be not a primitive root of 
the proposed, it will be a root of a;' = 1 whose degree ( is a 
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divisor o£ m ; and there will be at least one of the prime 
fiictors of m, a lesa power of which will he found in t than 
in m. Let this hej, then* will di vide gi^ *■"... a', and con- 
sequently aj3 ... X will be a root of the congruence 
^ ''"■■■'" =1- we shall therefore have 
(a/3 ... Xj^"''"-'' = 1 ; but wc have also 
{^y...\)'' '■''■■■''' = 1; therefore by division we get 

from which we see that a is a root of the two congi-uences 
^^-v..,,-^l_ and ^=1; 

and consequently of a;' = 1, since ^''' is the greatest common 
divisor of the degrees of the two preceding congruences. 
Therefore a is not, as was supposed, a primitive root oia^=l. 
Consequently a^ . . . X, or its residual, is a piimitiTe root of 
the proposed congrnence. 

216. By reasonings similar to those employed at Art. 79 
it may he shewn that all the roots, both primitive and non- 
primitive, of ic^s 1, where iri = <fr°...s'', are comprised in the 
formula x=a^...\ which is composed of the product of one 
root a belonging to of =1, one root y3 belonging to a^"- 1, 
&c., and one root \ belonging to of =1. And the same 
formula fui-nishea the primitive roots of the proposed con- 
gruence, if we take for a, ^, ... X the different primitive roote 
of the congruences to which those roots respectively belong. 

And as the number of primitive roots a is q" {\ — ) 
number of primitive roots (3 is r" 1 1 — ] , &c,, and that of the 

primitive roots X is s'fl — 1; therefore the number of pri- 
mitive roots of the proposed congruence, a;™ s 1, is 



,, the 
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a formula which also expresses how many numhers there are 
prirne to m and leas than m. 

Ex. ai" = 1, mod. 13. The roots will he found to he 
10 i 3 9 12 1; 
and the congruences of inferior degrees with their roots, are 
3:^ = 1, 5 8 12 1 
0^ = 1, 3 9 1 
x"- = 1, 12 1. 
All the roots of the proposed are the residuals of the pro- 
ducts of every root of a;' = 1 multiplied hy every root of x^ s I ; 
and its primitive roots, of which there can be only two, and 
which are evidently 10 and 4, are the residuals of 3 x 12 and 
9 X 12, the products of the primitive roots o£ the same eq^ua- 
tions. The root 12, which hclongs to x* = 1, helongs also 
to a^sl. 



PEIMITIVE EOOTS 01' PRIME NUMBERS. 
217, The primitive roots of a prime numher^ are the 
primitive roots of the congruence cc^"^=l, mod, ^; and they 
have the property that the several powers of any one of them 
from 1 to ^ — 1, when divided by p, leave different remainders. 
For let a he one of them, then a, a°, o^, ... a.^'- are roots of 
ai^'=l, and therefore their residuals relative to^ are roots; 
and consecLuently coincide with 1, 2, 3, ... ^ — 1, which 
by Fermat's theorem are all the roots of x^^ — 1 = 0. The 
primitive roots of any prime number may he found by means 
of the following propositions. 

218. lip be any prime number, ani p — l=mn, then 
the residuals of the m*'' powers of 1, 2, 3, ...p — 1, relative to 
p, are roots of the congruence x"—!, and are therefore in 
number n and cannot be primitive roots of af"' = 1 ; and, con- 
versely, if a be any root of a;" = 1, then will a be the residual 
of the m"" powers of m of the numbers 1, 2, 3,...p — l, the 
tc"" = a admitting of m roots. 
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For let a denote one of the numbers 1, 2, 3, ...p — 1, and 
p the residual of its m* power so that rf = p; then raising 
both membei^ to the w"' power, a"" = p" ; hut by Fermal's 
theorem a"''" — a.^'^ is congruent with 1, therefore p" is con- 
gruent with 1, or p is a root of tc" = 1, 

Also if a be a root of a;" = 1, then a" — 1 =p(i where q is 
a whole number ; and subtracting each member of this equa- 
tion from a;"^' — 1, we get 

x^'^ — a" = ai*^ _ 1 _ p2. 
But the first member, which ia the same as a;™" — a", lias 
x'^ — a for a divisor, therefore the second member admits the 
same divisor; and consequently (Art, 210) the congruence 
x'" = a admits of m roots taken from the numbers 1, 2, 3, ... 
p— I; and therefore a is the residual of the m"* powers of m 
of the same numbers. 

219. Grencrally, if ^ be a prime number, and 
p-1 = 2Pg''^■^..s', 
the non-primitiTe roots of x"''^ — 1 = 0, which necessarily 
belong to one of the congruences 

x^~l, J? = l, x^=l,...x^=i (1), 

are, by the preceding proposition, residuals, after dividing by . 
p, of the squai-es of the numbers 1, 2, 3 ... (p—l); of the 
2*" powers of the same, &c., and of the s"" powers of the same. 
And, conversely, every number that is a residual of the 
square, of the g"" power, &c. or of the s* power, of one of the 
numbers 1, 2, 3, ...p — l, is a root of one of the congruences 
(1) and cannot therefore be a primitive root of x'''^ — 1 = 0, or 
a primitive root of ^. We see likewise that half of the num- 
bers 1, 2, 3 ...^ — 1, are the remainders when the squares of 
the whole of them are divided by ^ ; a g"* part of them are 
the remainders when the g"" powers of the whole of them 
are divided hy p; an r'^ part are the residuals of their r"" 
powers, &c. ; and an s^ part of the s^ powers. And, more 
generally, if we only consider those amongst the numbers 
1, 2, 3 ...p — 1, which are at once residuals of the squares, 
5"' powers, r"" powers, &c., the s"* part of these latter will be 
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" r School Atlas of Classical 



M' 



Geography. Svo. cloth 
CORE'S Dictionary of Quotations. Svo. cloth 



NIBLOCK'S Latin-English and English-Latin Diction; 
square ISnto. bound . 

NUGENT'S French ftnd EngVish Dictionary, square, bound 
— — ■ Pearl. ItJmo. bound 

OLLENDOE.FFS (Dr. H. G.) French Method. N 
lion. Svo. cloth 

».* Key to ditto, by Dr. Ollendohff. 8 vo. cloth 
German Method. Part I. Seventh 



- Italian Method. Third edition. 8vo. 
* Key to ditto, by DrL Ollekdo'kff, Svo. cloth 

— ■ ■■ -■ Spanish Method, 8vo. cloth 

'»* Key to ditto, by Dr. Ollenbokfp. 8vo. cloth 



5 



12 

7 
12 



WHITTAKER'S IMPROVED EDITIOHS OF 

. C 
12mo. bound 



PINNOCK'S History of England. New and 
l2mo. bound roan .... 
— ■ — ■ ■ ■ ■ Rome, New edition 



— Greece, New edition. 12nio. bound 



- Arithmetical Tables. ISroo. sewed. New edition 6 

- Ciphering Book, No. 1. Foolscap 4to. sewed. 



No. 2. Foolscap 4to. half-bound. 



- Key to Ciphering Books. 12mo. bound . ,036 
"Child's First Book. 18mo. sewed 
-Explanatory English Reader, 12mo. bound . .046 

- Introduction to the Explanatory English Reader. 



I2mo. cloth ■ . , 

English Spelling Book. New edition. 12ino. cloth 

— — Exercises in False Spelling. l8mo. cloth . , 

— First Spelling Book. 18mo. cloth . , .0 

Juvenile Reader, 12mo. cloth . . . ,0 

. Mentorian Primer, l8mo. half-bound . . .0 

(W, H.) First Latin Grammar, Ollendorff's 

system. I2mo. cloth 
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WmTTAKER'B BTAHDAED WOEKS. 



-m 



£ s.d. 
PINNOCK'S Catechisms of the Art? and Scieticps. 12 vols. 

I8mo, cloth 3 12 I 

*,« Separately, 18mo. sowud each 

PLATO'S APOLOGY. With Latin Version, by Stanford. 9vo. 

clolh 10 6 I 

PLATT'S Literary and Scientific Class Book. New a " 

edition. l'2mo. bound 5 

SALLUST. With English Notes, by George Lono, M.A. 
12nio. clolh . . . ■ ' 

SHAKESPEARE'S Plays and Poems. A Library Edition. 

Edited by J. Payne CoLLiEE, F.S.A. 6 vols. 8vo. clolh 4 ' 

Edited by J. Payme Collier, Esq. With 

Portrait and Vignette. Bii|ier-royal 8vo, clolh . . 1 

. — -, Notes and Emendations on the Text of. 

By J. Payne Collier, Esq. 8vo. cloth . . , . 14 
SOPHOCLES (Miichell's). Wilh Ensliah Notes. Critical 

and Explanatory. 2 vols. 8vo. clolh . . . .18 
«»• The Plays can be had separately. 8vo. clolh . each 5 

TAYLOR'S (Dr. W. C.) History of France and Normandy, 
limo. bound 060 

— — History of llie Overthrow of the Roman Eni]ure. 

12mo. cloth 066 

THEATRE of tlie GREEKS. By Donaldson. New edition. 

8vo. cloth 14 



VALPY'S GRADUS, Latin and English. New edition, 
royal 12mo. bound i 

Greek Testament, for Schools. New edition. 



12mo. bound 

— :. . SALLUST. New edition. l2mo. cloth . ,0 

With English Notes, by Hickie. 

12mo, cloth C 

Cornelius NEP03. New edition. 12n.o. cloth . C 

Wilh English Notes, by 



Hickib. 12mo. eloth 
Sehreveiiiis's Greek and Enu;lish Lexicon. New 

edition, by Dr. Major. 8vo. elolh . . . .0100 

VENERONPS Italian Grammar. New edition. 12mo. bound .060 

WALKER'S DICTIONARY. Remodelled by Sm ait. New 

edition. 8vo. cloth 12 

Epitomised by ditto, limo. cl. 6 

WALKINGAME'S Tutor's Assistant. By Filaseb. New 

edition. 12mo. cloth 2 

*«* Kov to ditto. Now edition. 12mo. cloth . . .0 30 
WEBER'S 'Oullines of Universal History. Translated by Df. 

M. Behr. 8vo. cloth 9 

WHITTAKER'S (Rev. G.) Plorilegluni Poelieum. 18mo. clolh 3 
Latin Exercises ; or, Exempk Propria. 12nio. cl. 3 

XENOPHOITS Anabasis. Wilh lTotes,&c.,by the Rev. J. F. 
Macmichael, B.A. Fourth edition. 12mo. cloth . .050 

__ — : — Cyroptedia. Wilh English Notes, by the 

Rev. G. M. GoBHAH, M.A. 12mo. cloth . . .060 
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